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Abstract.  The computation of eigenvalues and eigenvectors of a symmetric non-negative definite matrix is a well-

known topic in linear algebra. Many algorithms such as QR decomposition algorithm, Lanczos algorithm, and Jacobi 

iteration algorithm, exist in literature. However, when the size of a matrix is very large, the eigen computation 

becomes expensive in both memory and operation time. Besides, all of these algorithms become unstable and 

ineffecient. In application, it is often that only a few leading eigenvectors need to be computed. In this paper, by the 

aid of randomization technique, we develp a fast multiscale algorithm for approximating leading eigenvectors of a 

symmetric matrix and estimate the approximation error for the algorithm. 
 

1 Introduction  
  

The computation of eigenvalues and eigenvectors of a symmetric matrix is a well-known topic in linear algebra. 

In many applications, such as principal component analysis, hyperspectral imagery data classification, fast 

search on network and so on, only a few leading eigenvectors (i.e., the eigenvectors corresponding to a number 

of greatest eigenvalues) need to be computed. The purpose of the paper is to study fast algorithms for the 

computation. The discussed problem has a close relation to the singular value decomposition (SVD) of a matrix. 

Let the set of  matrices be denoted by  and the set of all matrices in  of rank  denoted by 

 Let the set of  matrices, in which only the  entries may not vanish, be denoted by  

and the set of  matrices with orthonormal (o.n.) columns denoted by  The SVD of a matrix 

 ( ) is 

  (1) 

where   and  with 

. It is known that  can also be represented by 

  

Let 

  (2) 

Then the following theorem is well-known (P 11.5.5 in [8]).  

Theorem [Mirsky (1960), Eckart and Young (1936)] Let and . Then  

in (2) is the best approximation of  under the spectral norm: 

  

and the approximation error is given by 

  

 

When the real matrix  in (1) is a symmetric, non-negative definite (nnd) one, its SVD becomes eigen 

decomposition: 

  

and its -leading eigenvalues and eigenvectors leads to the best approximation matrix 



  

Many algorithms are developed for computing leading eigenvalues and eigenvectors of a symmetric nnd matrix. 

For example, QR algorithm [5], Lanczos algorithm [3], and Jacob eigenvalue algorithm [9] are of these 

algorithms. However, when the size of a matrix is very large, the computational cost and the memory usage of 

these algorithms are very high, and they also become unstable. Hence, researchers are seeking for fast and stable 

algorithms for approximately computing the leading eigenvalues and eigenvectors. This kind of approximation 

is often called the rank revealing approximation. In general, a -rank revealing approximation of  is 

the triple of matrices,   and  such that 

  (3) 

where  is the  greatest singular value of  and  is a constant. Let the set of all symmetric 

nnd  matrices be denoted by  Then a -rank revealing approximation of  is the couple of 

matrices, and  such that 

  

where  is the  greatest eigenvalue of  It is obvious that  and  provide the approximation 

of  greatest eigenvalues and their corresponding eigenvectors of  Recently, Coifman and Maggioni in [2] 

proposed the diffusion wavelet algorithm to compute a -rank revealing approximation of  by using 

the diffusion technique. Their main idea is as follows. Using diffusion processing created by the semi-group of 

 they construct a nested subspaces of  

  

where  is the numerical range of  Hence,  is an approximation of the eigen-subspace of  which is 

spanned by the -leading eigenvectors. Assume that  and the restriction of  on  is  

which has the size Then the eigen decomposition of  provides a -rank revealing approximation of 

 Diffusion wavelet algorithm is a multiscale approximation algorithm. It is very fast when the matrix A  

is sparse. However, if  is not very sparse, the computational cost and the memory usage of diffusion wavelet 

algorithm are still very high. In a quite different research area, the authors of [7] and [10] recently developed 

fast randomized algorithms for SVD approximation. The randomization technique is based on that each random 

matrix is almost surely invertible. In this paper, we apply randomization technique into the multiscale 

approximation algorithm. The proposed algorithm is fast and stable. It is also provides a better approximation 

order. The paper is organized as follows. In Section 2, we introduce the multiscale randomized algorithm for the 

rank revealing approximation to  In Section 3, we give the error estimate of the approximation.  

 

2 Multiscale randomized algorithm for approximation to symmetric matrices 
 

Let  be given and its eigenvalues be  The proposed algorithm applies the 

randomization and multiscale approximation techniques to compute the -rank revealing approximation of  

i.e., to approximately compute its -leading eigenvalues and their corresponding eigenvectors. Let  

denote the set of  matrices whose entries are i.i.d. Gaussian random variable of zero mean and unit 

variance. Let  and  be two positive integer sets such that  

 > 0. (4) 

The proposed algorithm contains the following steps. As an initial step, we set   

Step 1 Create  and compute 



  (5) 

 

Step 2 Find  and  such that 

  (6) 

where  is the  greatest eigenvalue of   

Step 3 Compute 

  (7) 

 

Step 4 For  to  repeat Step 1 to 3. That is, first compute 

  

create  and compute 

  

Then find  and  such that 

  (8) 

where  is the  greatest eigenvalue of  Finally, compute 

  

 

Step 5 Compute the eigen decomposition of  

  

Then  

  

provide a -rank revealing approximation of   

 

Remark When the size of  in (5) or (8) is large, the QR-approximation to  is computational expensive. To 

accelerate the computational speed, we may use rank-revealing QR factorization instead (see [6] and [1]).  

 

We now count the computational cost of the algorithm. Let  denote the cost of applying an  matrix to 

an  vectors. Then the total cost of arithmetic operation times of the algorithm is  In 

application, usually  is very large and  is very small, e.g.,  is about  Therefore, we may choose a 

relative small  in the algorithm so that the cost is  Hence, the algorithm is very fast. 

 

3 Mathematical foundation of the algorithm 
 
In this section, we establish the mathematical foundation of the proposed algorithm. First, we introduce the 

following lemma, which can be derived from Lemmas 3.9, 3.14, 4.3, and 4.14 in [7]. The details of the 

deduction refer to Section 5.2 there.  

Lemma 1 Suppose that  with  Suppose further that  

  and  such that 

  

where  is the  greatest singular value of  Let  be two real numbers such that 



  (9) 

Then 

  

with probability not less than   

 

In practice, we often choose  Then the probability  is near  For example, if we 

choose    and  then  Besides, there is a 

verification scheme, which can rapidly determines whether the algorithm has succeeded (see Section 3.4 in 

[10]).  

By Lemma 1, we derive the following.  

 

Theorem 1 Let  and  be the  greatest eigenvalue of  Let  

  such that 

  

where is the  greatest singular value of  Then 

  (10) 

with probability not less than   

 
Proof We have 

  

which yields 

  

By Lemma 1, we have (10).   

  

Example Let  Then by Theorem 4 

  

with the probability no less than   

 

Let  Then  is a -dimensional subspace of  and  is an 

o.n. basis of  The matrix  can be considered as the matrix representation of a linear transform 

under the standard o.n. basis of  Let  be the restriction of  on  Then 

 is the matrix representation of  under the o.n. basis  and  is the matrix 

representation of  under the standard o.n. basis of  When  is very small, Theorem 1 confirms that 

 is an approximation of the -leading eigen subspace of Particularly, if the rank of  is  then 

 which yields  i.e.,  is the -leading eigen subspace of  That is, we have 

the following.  

 

Corollary 1 Let   and be defined as in Theorem 4. If  

then 

  



with probability not less than   

 

In general, we have the following estimates for the eigenvalues of   

 

Corollary 2 Let   and be defined as in Theorem 4. Let  

be the eigenvalues of  and  be the eigenvalues of  Write 

 Then 

  (11) 

with probability not less than   

 

Proof By Poincaré Separation Theorem for Eigenvalues (see P 10.4.1 in [8]), we have  

It is clear that  has the same eigenvalues as  We write 

  

By Monotonicity Theorem for Eigenvalues (see P 10.1.1 in [8]), we have  

  

 

The corollary is proved. 

 

Finally we give the approximation error for the multiscale randomized algorithm. We set  and, for the 

sequences  and  in (4), write 

  (12) 

and 

  (13) 

 

Then we have the following.  

Theorem 2 Let be normalized to  Let  and  be the sequences in (4). Let  

and   be defined as in the multiscale randomized algorithm in Section2. Let  

be the eigenvalues of  and  be the eigenvalues of  Then for  we 

have  

  (14) 

and  

  (15) 

with probability not less than   

 

Proof.  For  (14) and (15) are derived from Theorem 1 and Corollary 2 respectively. By the mathematical 

induction, Theorem 1, and Corollary 2, we can complete the proof.  

   

The following is a directly consequence of Theorem 2.  



Corollary 3 Let  and  be defined as in the multiscale randomized algorithm in Section 2. Let 

 and  be the sequences in (4). Assume that the rank of  is not larger than  Then 

  

and 

  

with probability not less than   

 

In many applications, the rank of  is much smaller than  However, we do not know its exact value. The 

corollary confirms that a multiscale randomized algorithm will provide a better approximation order than a 

single-scale randomized algorithm if the similar arithmetic operation times are used. 
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