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ABSTRACT

A matrix filter is a linear and time-invariant operator on the space of vector-valued signals. Matrix filter bank
is the generalization of filter bank. A perfect reconstruction matrix filter bank consists of an analysis matrix
filter bank and a synthesis matrix filter bank. In the theory of filter design, generating a perfect reconstruction
matrix filter bank from a given lowpass matrix filter is considered. Such a lowpass matrix filter is called a primary
matrix filter. In this paper, we give a necessary and sufficient condition for a lowpass matrix filter being primary
and discuss the relation between perfect reconstruction matrix filter bank and biorthogonal multiwavelet.

1 INTRODUCTION

In this paper, we discuss perfect reconstruction matrix filter bank. We first briefly review some notions and
results from the filter theory.

A filter is a linear and time-invariant operator on l2. A filter can be represented as a sequence, which is called
a convolution operator. Let f = (fk) and a = (a(n)) be two sequences. The convolution f and a is defined by

b(n) = f ∗ a(n) =
∑

k

fka(n− k).

If , for any a ∈l2, b ∈l2, then f is a filter on l2. The z-transform of f , f(z) =
∑

fkzk, is called the symbol of f .
When f is a finite sequence, f is called an FIR; otherwise, f is called an IIR. However, for convenience, in this
paper, we consider FIR as a subset of IIR. The symbol of an FIR is a Laurent polynomial, (shortly, a polynomial).
Usually, only the IIR with rational function symbols are used in the construction of filter banks. Hence, in this
paper, any IIR is assumed to have a rational function symbol. Since a filter is an linear operator on l2, its symbol
has no pole on the unit circle Γ in the complex plane C. The inverse filter of a filter f is denoted by f−1, which
has symbol f−1(z). A filter f is invertible if and only if its symbol f(z) has neither pole nor zero on Γ. The
lowpass filters and highpass filters are extremely useful in signal processing. We accept the following definition.

Definition 1.1 Let f be a filter and f(z) be its symbol. f is called a lowpass filter if f(1) 6= 0 and f(−1) = 0,
and it is called a highpass filter if f(1) = 0 and f(−1) 6= 0.

From the definition, we can see that f = (fk) is a lowpass filter if and only if g = ((−1)kfk) is a highpass filter.
A two-channel filter bank is a set of filters linked by downsampling or upsampling operators. The downsampling
operators are decimators and the upsampling operators are expanders. A two-channel perfect reconstruction
filter bank,which is also called a biorthogonal filter bank, consists of an analysis filter bank combining with
downsampling operators and a synthesis filter bank combining with upsampling operators. Its structure can be
illustrated in the following diagram.

x(n) → → h0 → y0 (n) → (↓2) → v0(n) · · · → (↑2) → u0(n) → f0 →
↓ → h1 → y1 (n) → (↓2) → v1(n) · · · → (↑2) → u1(n) → f1 →↓→ x(n− l)

1Correspondence: Email: mth jxw@shsu.edu; WWW: http://euler.shsu.edu/˜jwang; Telephone: 936 294 3521; Fax: 936 294
1882. This paper is supported by San Houston State University Faculty Research Grant.
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where f0 and f0 are lowpass filters while h1 and f1 are highpass filters. We call (h0,h1) the analysis filter bank,
(f0, f1) the synthesis filter bank, and (h0,h1, f0, f1) the perfect reconstruction filter bank. It is known that a
perfect filter bank (h0,h1, f0, f1) satisfies the following two conditions. The alias cancellation condition is

f0(z)h0(−z) + f1(z)h1(−z) = 0, (1)

and the no distortion condition is

f0(z)h0(z) + f1(z)h1(z) = 2zl. (2)

(See Theorem 4.1 in Chapter 4 of [18].) Without loss of generality, we can assume l = 0.
The alias cancellation and no distortion conditions (1) and (2) can also be presented in the polyphase way.

For a filter f , we define fe = (f2k) and fo = (f2k+1). Both fe and fo are filters with the symbols fe(z) =
∑

f2kzk

and fo(z) =
∑

f2k+1z
k respectively. The polyphase matrix for the analysis filter bank (h0,h1) is the 2×2 matrix

hp(z) =
[

he
0(z) ho

0(z)
he

1(z) ho
1(z)

]

and the polyphase matrix for the synthesis filter bank is

f∗p (z) =
[

fo
0 (z) fo

1 (z)
fe
0 (z) fe

1 (z)

]
.

The alias cancellation and no distortion conditions now are changed into

f∗p (z)hp(z) = I.

A perfect reconstruction matrix filter bank is the generalization of the above model. In order to study it, we
first introduce the notion of matrix filters.

Definition 1.2 A linear and time-invariant operator on the vector-valued signal space (l2)r is called a matrix
filter(M-filter).

An M-filter can be represented by a matrix sequence. Let P = (Pk) be an r×r matrix sequence and a = (a(n))
be a signal in (l2)r

. The convolution P and a is defined by

b(n) := P ∗ a(n) =
∑

k

Pkx(n− k). (3)

In (3), if, for any a ∈ (l2)r, b ∈ (l2)r, then P is called an M-filter. The symbol of P is P (z) =
∑

Pkzk. The
the z-transform of (3) is b(z) = P (z)a(z),where P (z) =

∑
Pkzk is the symbol of P. An M-filters P is called an

FIR, if P (z) is a polynomial matrix (P-matrix), and it is called an IIR, if P (z) is a matrix with rational function
entries (R-matrix). It is clear that any P-matrix is a symbol of an FIR, and an R-matrix is a symbol of an
M-filter if and only if any entry of the matrix has no pole on Γ.

For an R-matrix R(z) = (rij(z))r×r,the following decomposition is useful. Let dR(z) be the least common
denominator of all entries of R(z).

dR(z) = lcd(R(z)) := lcd(rij(z); 1 ≤ i, j ≤ r).

We agree that dR(z) is a monic polynomial. Then, there is a P-matrix P (z) such that R(z) = 1
dR(z)P (z). P (z)

and dR(z) are uniquely determined by R(z). We say that (dR(z), P (z)) is derived from R(z) and denote the
relation of them by R(z) ≡ (dR(z), P (z)). For an M-filter R(z), m(z) := 1

dR(z) is an IIR filter.
An M-filter R is said invertible, if R−1(z) is an M-filter. which is equivalent to det R(z) 6= 0. Since any entry

of an M-filter R(z) is a rational function, “the matrix R(z) is invertible” is equivalent to “ R(z) has full rank
at some c ∈ C”, while the M-filter R(z) is invertible if and only if it has full rank on Γ, that is equivalent to
“detR(z) has neither zero nor pole on Γ”.
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Theorem 1.1 Let R(z) be an R-matrix and R(z) ≡ (dR(z), P (z)). Then R(z) is the symbol of an invertible
M-filter if and only if dR(z) and det(P (z)) both have no zero on Γ.

proof If R(z) is the symbol of an invertible M-filter R, then any entries of R(z) has no pole on Γ. It follows
that dR(z) has no zero on Γ. Since R is invertible, det(R(z)) = det P (z)/dr

R(z) has no zero on Γ. It follows that
detP (z) has no zero on Γ. The proof of the reverse is trivial. ¥

We now return to the discussion of perfect reconstruction M-filter banks. We first define lowpass M-filter and
highpass M-filter.

Definition 1.3 Let R(z) be the symbol of an M-filter R. R is called a lowpass M-filter if there is a vector ~a such
that R(1)~a=λ~a, λ 6= 0, and R(−1)~a=0, and R is called a highpass M-filter if R̃ = ((−1)kRk) is a lowpass filter.

We often normalize R so that λ in the definition is 1. Let H0 and H1 be two lowpass M-filters and F0, and
F1 be two highpass M-filters. Then (H0,H1,F0,F1) is called a perfect reconstruction M-filter bank if they satisfy
the alias cancellation condition

F0(z)H0(−z) + F1(z)H1(−z) = 0 (4)

and the no distortion condition

F0(z)H0(z) + F1(z)H1(z) = 2I. (5)

These conditions can be written in a matrix form

[
F0(z) F1(z)

] [
H0(z) H0(−z)
H1(z) H1(−z)

]
=

[
2I 0

]
(6)

The polyphase matrix for the analysis M-filter bank (H0,H1) is the block matrix

Hp(z) =
[

He
0(z) Ho

0 (z)
He

1(z) Ho
1 (z)

]

and the polyphase matrix for the synthesis M-filter bank (F0,F1) is

F ∗p (z) =
[

F o
0 (z) F o

1 (z)
F e

0 (z) F e
1 (z)

]
.

Then conditions of (4) and (5) become F ∗p (z)Hp(z) = I.
In filter design, we often meet the following problem. Assume that a lowpass M-filter L is given, to construct

a perfect reconstruction M-filter bank (H0,H1,F0,F1) such that H0 = L. If for an M-filter L,such a perfect
reconstruction filter bank exists, we call L is an primary lowpass filter.

In section 2, we shall find the necessary and sufficient condition for a lowpass M-filter being primary; and to
show how to construct a perfect reconstruction M-filter bank from a primary M-filter. In Section 3, we give a
briefly discussion of the relation between perfect reconstruction M-filter bank and multiwavelet.

2 NECESSARY AND SUFFICIENT CONDITION FOR PERFECT
RECONSTRUCTION M-FILTER BANK

In this section, we prove a theorem which gives a necessary and sufficient condition of an M-filter being primary.

Theorem 2.1 Let P be a lowpass M-filter with symbol P (z). Then P is primary if and only if the R-matrix
[P e(z), P o(z)] has full rank on Γ.
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proof It is trivial that P being primary implies [P e(z), P o(z)] having full rank on Γ. We now prove the reverse.
Assume that [P e(z), P o(z)] has full rank on Γ. From a well-known result of algebra, there exist P-matrices V (z)
and U(z) such that the R-matrix

H̃p(z) :=
[

P e(z) P o(z)
V (z) U(z)

]

is invertible on Γ. Note that P is a lowpass M-filter. Hence, there is a vector ~a such that P e(1)~a = P o(1)~a = ~a.

It follows that ~b := V (1)~a− U(1)~a 6= 0. Otherwise we have
[

P e(1) P o(1)
V (1) U(1)

] [
~a
−~a

]
= 0

which contradicts with the invertibility of Hp(1). Let C be an invertible (number) matrix such that C~b = 2~a and
B be a matrix such that B~a = (I − CV (1))~a. Set

Qe(z) = BP e(z) + CV (z)
Qo(z) = BP o(z) + CU(z)

Then the matrix

Hp(z) =
[

P e(z) P o(z)
Qe(z) Qo(z)

]
=

[
I 0
B C

] [
P e(1) P o(1)
V (1) U(1)

]

is invertible on Γ, and

Qe(1)~a = BP e(1)~a + CV (1)~a = ~a

Qo(1)~a = BP o(1)~a + CU(1)~a = −~a

which means that the M-filter Q is a highpass filter. Let Fp(z) = H−1
p (z). Write

Fp(z) =
[

F o(z) Go(z)
F e(z) Ge(z)

]
.

It is easy to see that F (z) and G(z) both are filter. Besides,
[

F o(1)
F e(1)

]
~a =

[
F o(1) Go(1)
F e(1) Ge(1)

]([
P e(1) P o(1)
Qe(1) Qo(1)

] [
~a/2
~a/2

])
=

[
~a/2
~a/2

]

and
[

Go(1)
Ge(1)

]
~a =

[
F o(1) Go(1)
F e(1) Ge(1)

]([
P e(1) P o(1)
Qe(1) Qo(1)

] [
~a/2
−~a/2

])
=

[
~a/2
−~a/2

]

Hence, F is a lowpass M-filter and G is a highpass M-filter. The theorem is proved. ¥
In practice, it is very attractive to construct a perfect reconstruction M-filter bank in which all M-filters are

FIR’s. We now present a condition for an FIR lowpass M-filter generating an FIR perfect reconstruction M-filter.

Theorem 2.2 A lowpass FIR M-filter P generates an FIR perfect reconstruction M-filter bank if and only if the
matrix [P e(z), P o(z)] has full rank on C\{0}.

proof If (H0,H1,F0,F1) is an FFR perfect reconstruction M-filter bank, both analysis and synthesis polyphase
matrices Hp(z) and F ∗p (z) are P-matrix. Hence, det Hp(z) = czm, c 6= 0..It follows that [P e(z), P o(z)] has full
rank on C\{0}. On the other hand, if [P e(z), P o(z)] has full rank on C\{0}, then, in the way used in the proof
of the theorem above, we can find P-matrices Qe(z) and Qo(z) such that the P-matrix

Hp(z) =
[

P e(z) P o(z)
Qe(z) Qo(z)

]
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has full-rank on Γ\{0}, where Q is a highpass M-filter. It follows that H−1
p (z) is also a P-matrix. Therefore,

M-filter P generates an FFR perfect reconstruction M-filter bank. ¥
For convenience, later we call the FIR M-filter in the above theorem an independent one. The theorems above

can be re-stated as follows.

Corollary 2.3 A lowpass M-filter P is primary if and only if the matrix [P (z), P (−z)] has full-rank on Γ, and
a lowpass FIR M-filter P is independent if and only if the matrix [P (z), P (−z)] has full rank on C\{0}.

In order to stated the theorems in terms of polynomial matrix factorization, we need to introduce the following
notion. Let R(z) be an R-matrix and R(z) ≡ (dR(z), PR(z)). If there are two P-matrices P (z) and Q(z) such
that PR(z) = P (z)Q(z), then P (z) is called an left factor of R(z), and Q(z) is called a right factor of R(z). We
have the following.

Corollary 2.4 A lowpass M-filter P is primary if and only if any common left factor of P e(z) and P o(z) is
non-singular on Γ. A lowpass FIR M-filter P is independent if and only if any common left factor of P e(z) and
P o(z) is non-singular on C\{0}.

We now briefly discuss how to construct a perfect reconstruction M-filter bank, starting from a given primary
lowpass M-filter H0. Fro simplicity, we only show how to construct a perfect reconstruction FIR M-filter bank,
from an independent FIR M-filter H0. The general construction can be completed in the similar way.

First, since H0 is independent, the Canonical Smith’s form of [He
0(z),Ho

0 (z)] is [I, 0]. Using elementary
transform, we can change the P-matrix [He

0(z),Ho
0 (z)] to its Canonical Smith’s form. That means we can find

an r × r P-matrix A(z) and an 2r × 2r P-matrix B(z), which are invertible on C\{0}, such that

[He
0(z),Ho

0 (z)] = A(z)[I, 0]B(z) := A(z)[I, 0]
[

B11(z) B12(z)
B21(z) B22(z)

]
.

Second, find the right common 1-eigenvector ~a for He
0(1) and Ho

0 (1), and set ~b = (B12(1) − B22(1))~a.

Then select a P-matrix C(z), invertible on C\{0}, such that C(1)~b = 2~a, and find a P-matrix B(z) such that
B(1)A−1(1)~a = (I − CB21(1))~a.

Finally, let

He
1(z) = B(z)B11(z) + C(z)B21(z)

Ho
1 (z) = B(z)B12(z) + C(z)B22(z)

Then Hp(z) =
[

He
0(z) Ho

0 (z)
He

1(z) Ho
1 (z)

]
and H−1

p (z) form an FIR perfect reconstruction M-bank filter. Note that

there are freedoms in the choose of P-matrices C(z) and B(z). These freedoms can be used to add particular
requirements on the M-filter bank.

3 CONNECTION TO MULTIWAVELET

Perfect reconstruction M-filter bank has a close connection to multiwavelet. A vector-valued function φ(x) =
(φ1(x), φ2(x), · · · , φr(x))T ∈ (

L2
)r

, x ∈ R, is said to be a scaling vector if φ̂(0) 6= 0 and φ satisfies a refinable
matrix equation

φ(x) = 2
∑

k∈Z
H0(k)φ(2x− k), (7)

where the r× r matrix sequence (H0(k))k∈Z is a lowpass M-filter called the mask of φ. The matrix Laurent series
P (z) :=

∑
H0(k)zk is called the symbol of φ. If φ is compactly supported, then H0(z) is an R-matrix. Sometimes,
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we also consider an exponentially decayed scaling vector with an R-matrix symbol. The semi-convolution of a
scaling vector φ with a vector sequence a := (aj,k) ∈ (l2)r is defined by

φ ∗ a =
r∑

j=1

∑

k∈ Z
aj,kφj(x− k).

If φ is compactly supported, then the semi-convolution defined above can be extended to (l)r. We now set the
subspace S2(φ) of L2 by

S2(φ) :=
{
φ ∗ a; a ∈ (l2)r

}
,

and the subspace S2
0(φ) of L2 by

S2(φ) := {φ ∗ a; a ∈ (l0)r} ,

where l0 consists of all compactly supported sequence. When φ is compactly supported, we can also introduce
the algebraic linear space

S(φ) := {φ ∗ a; a ∈ (l)r} .

Definition 3.1 A scaling vector φ is said to be stable if

φ ∗ a = 0 ⇒ a = 0, ∀a ∈ (l2)r,

and it is said to be finitely linearly independent if

φ ∗ a = 0 ⇒ a = 0, ∀a ∈ (l0)r.

A compactly supported scaling vector φ is said to be linearly independent if

φ ∗ a = 0 ⇒ a = 0, ∀a ∈ (l)r.

It is clear that φ being linearly independent implies it being stable and φ being stable implies it being finitely
linearly independently.

Only a stable scaling vector φ can generate a multiresolution analysis (MRA) in L2[3]. In the wavelet theory,
a basic task is to construct a multiwavelet basis of L2 by a given scaling vector, and to find the dual multiwavelet
basis so that the fast multiwavelet transform and the inverse multiwavelet transform can be provided. This pair of
multiwavelet bases is often called biorthogonal multiwavelet bases. The general study of biorthogonal multiwavelet
can be found in [6] and [12]. We now only discussion the relation between biorthogonal multiwavelet and perfect
reconstruction M-filter bank.

Let φ be a scaling vector and ψ be the corresponding multiwavelet. To find the dual multiwavelet ψ̃ with
respect to ψ,we first find the dual of φ, say φ̃, which generates another MRA and satisfies the conditions

< φi(x− k), φ̃j(x−m) >= δijδkm.

Then we can construct ψ and its dual ψ̃ so that

< ψi(x− k), φ̃j(x−m) >= 0,

< φi(x− k), ψ̃j(x−m) >= 0,

< ψi(x− k), ψ̃j(x−m) >= δijδkm.

We call (φ, ψ, φ̃, ψ̃) a biorthogonal multiwavelet. Assume that 1
2F0 is the mask of φ̃ , and ψ and ψ̃ satisfy the

following two scaling relations

ψ = 2
∑

H1(k)φ(x− k),

ψ̃ = 2
∑

F1(k)φ̃(x− k).

Then the following result is known.
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Proposition 3.1 Let (H0,H1,F0,F1) be the masks of a biorthogonal multiwavelet (φ, ψ, φ̃, ψ̃). Then (H0,H1,F0,F1)
is a perfect reconstruction M-filter bank. Thus, any mask of a stable scaling vector is a primary lowpass M-filter.

However, the reverse of the result above is not true.

Example 3.1 Let h0(z) = 1/2 + z3/2, h1(z) = 1/2− z3/2, f0(z) = 1/z3 + 1, and f1(z) = −1/z3 + 1. Then

[f0(z), f1(z)]
[

h0(z) h0(−z)
h1(z) h1(−z)

]
= [2, 0].

Hence (h0,h1, f0, f1) is a perfect reconstruction filter bank. But the scaling function with symbol h0(z) is an
unstable scaling function φ = χ[0,3].

To obtain a necessary and sufficient condition for a scaling vector being stable, we need the following definition,
which is first introduced by [16] and [17].

Definition 3.2 An invertible P-matrix T (z) is said to be a two-scale factor of a P-matrix P (z) if there exists a
P-matrix Q(z) such that

P (z) = T (z2)Q(z)T−1(z). (8)

In [19], we obtained the following theorem for a scaling vector φ being stable.

Theorem 3.2 [19] A scaling vector φ is stable if and only if (1) φ is finitely linearly independent, (2) any two-
scale factor T (z) of the symbol P (z) of φ is invertible on Γ \{1} and, if T (1) is singular, then φ̂(0) is not in the
range of T (1).

In the filter design, the symbol P (z) of a scaling vector φ is often required to satisfy the condition that 1 is
the single eigenvalue of P (1). Under this condition, the theorem can be simplified to the following.

Corollary 3.3 If the symbol P (z) of a scaling vector φ satisfies that 1 is the single eigenvalue of P (1). Then φ
is stable if and only if it is finitely linearly independent and any two-scale factor T (z) of P (z) is invertible on
Γ\{1}.

proof We only need to prove that if 1 is the single eigenvalue of P (1) and T (z) is two-scale factor of P (z) such
that T (1) is singular, then φ̂(0) cannot be in RT , the range of T (1). In fact, by (8), if 1 is the single eigenvalue
of P (1), then it is not an eigenvalue of Q(1). We now assume that φ̂(0) is . We denote the restrictions on RT

of the operators P (1), Q(1), and T (1) by P,Q and T respectively. Since, φ̂(0) ∈ RT , 1 is the eigenvalue of P.
Recall that P = TQT−1, for T is invertible on RT . It follows that Q, and then Q(1), has eigenvalue 1. This is a
contradiction. ¥

We already give an example showing that a primary M-filter is not a mask of a stable scaling vector. We now
point out that a primary M-filter may even be a mask of a finitely linearly dependent scaling vector.

Example 3.2 Let H0(z) =
[

1+z
2 0
0 1+z

2

]
, H1(z) =

[
1−z
2 0
0 1−z

2

]
, F0 = 2

z H0(z), and F1(z) = − 2
z H1(z).

Since

[F0(z), F1(z)]
[

H0(z) H0(−z)
H1(z) H1(−z)

]
= 2[I, 0]

(H0,H1,F0,F1) is a perfect reconstruction M-filter bank, that implies H0 is a primary M-filter. However, the
scaling vector with mask H0 is φ = (χ[0,1), χ[0,1))T , provided φ̂(0) = [1, 1]T . It is clear that φ is finitely linearly
dependent.
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The linear independence of a scaling vector is important in filter design. Jia in [12] proves that a compactly
supported biorthogonal multiwavelet can only be generated by a linearly independent scaling vector. In [19], we
also gave a necessary and sufficient condition for a scaling vector being linearly independent.

Theorem 3.4 [19] A compactly supported scaling vector φ with symbol P (z) is linearly independent if and only
if (1) φ is finitely linearly independent, (2) any two-scale factor T (z) of P (z) is invertible on C\{0, 1} and, if
T (1) is singular, then φ̂(0) is not in the range of T (1). Furthermore, if 1 is the single eigenvalue of P (1), then φ
is linearly independent if and only if φ is finitely linearly independent and any two-scale factor of the symbol of
φ is invertible on C\{0, 1}.

Note that the condition “any two-scaling factor of P (z) is invertible on Γ ” implies “ [P e(z), P o(z)] has full
rank on Γ. In fact, if the rank of [P e(z), P o(z)] is not full on Γ, then there is a matrix T (z), which is not invertible
on Γ, such that T (z) is the common left factor of both P e(z) and P o(z). Hence, T (z) is a two-scaling factor of
P (z). This is a contradiction.

Finally, we give an example to show that the condition “ any two-scaling factor of P (z) is invertible on Γ
(or in C\{0})” is stronger than the condition “[P e(z), P o(z)] has full rank on Γ (or in C\{0})”. That gives the
reason why there exist primary M-filters (independent M-filters), which are not the mask of stable scaling vectors
(independent scaling vectors).

Example 3.3 Let P (z) = 1
12 (1 + z3)(1 + 4z + z2). Then P e(z) = 1

12 (1 + z + 4z2) and P o(z) = 1
12 (4 + z + z2).

Hence P e(z) and P o(z) have no common factor, i.e., the 1 × 2 matrix [P e(z), P o(z)] has full rank on C. But,
P (z) = 1

12 (1− z6)(1 + 4z + z2)/(1− z3). Hence, P (z) has a two-scale factor (1− z3) which is singular on Γ.

Readers can find more materials on multiwavelets in the references.
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