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ABSTRACT A scaling vector φ = (φ1, · · · , φr)
T is a compactly sup-

ported vector-valued distribution that satisfies a matrix refinement equa-
tion φ(x) =

P
Pkφ(2x−k), where (Pk) is a finite matrix sequence. We call

P (z) = 1
2

P
Pkzk the symbol of φ. A symbol P (z) is said to be two-scale

similar to a polynomial matrix Q(z) if there is an invertible polynomial ma-
trix T (z) that satisfies P (z) = T (z2)Q(z)T−1(z). T (z) is called a two-scale
factor of P (z). In this paper we characterize linear independence and accu-
racy associated with a scaling vector via the two-scale factor of its symbol.
The necessary and sufficient conditions for either linear independence or
for accuracy are given. The relation between them are also revealed.

1 INTRODUCTION

In this paper, we study linear independence and accuracy associated with
scaling vectors. A compactly supported distribution vector

φ(x) = (φ1(x), φ2(x), · · · , φr(x))T , x ∈ R, (1.1)

is said to be a scaling vector or a refinable vector if it satisfies a two-scale
matrix equation

φ(x) =
n∑

k=m

P(k)φ(2x− k), (1.2)

where the finite r × r matrix sequence (P(k))n
k=m is called the mask of

φ while P (z) := 1
2

∑
P(k)zk is called the symbol of φ. If r = 1, then φ
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is reduced to a scaling distribution, whose mask is a sequence of complex
numbers.

The scaling vectors in a function space such as (L2)r are often used to
generate multiresolution analysis (MRA) and then lead to multiwavelet ba-
sis, which is generated by more than one “ mother” wavelets. One of the
motivations to study multiwavelets is to find wavelet bases with “better”
properties. As we know, in the wavelet theory, a “good” wavelet basis is of-
ten required to have short support, symmetry, certain approximation order
and regularity, and orthogonality etc. However, if a basis is generated by a
single wavelet, then we are in a dilemma such as a compactly supported or-
thonormal wavelet cannot be symmetric or anti-symmetric, a wavelet with
short support cannot have high approximation order. These limitations of
the single-wavelet bases push us to study scaling vectors and multiwavelets.
We expect to trade-in a “better” wavelet basis (often called multiwavelet
basis) by trading-off the number of scaling functions and the corresponding
wavelets generating the basis.

Scaling vectors have come up in several papers for different purposes. The
first multiwavelet perhaps occurred in the paper of Alpert and Rokhlin [2].
The authors of [2] constructed the multiwavelet using piecewise polyno-
mials for developing a fast algorithm to evaluate Legendre expansions (see
also [1]). Donovan, Geronimo, Hardin, and Massopust [16] first constructed
continuous, compactly supported, and symmetric (or anti-symmetric) or-
thonormal scaling vectors and the corresponding multiwavelets based on
the fractal interpolation method [17]. Their examples stimulate interest
in the study of multiwavelets. A general discussion of orthonormal scal-
ing vectors and multiwavelets, including how to construct the orthonormal
multiwavelets once the scaling vectors are known, can be found in Good-
man and Lee [18] and Goodman, Lee, and Tang [19]. The existence and
uniqueness of the solution of a two-scale matrix equation as well as the
regularity of the solution are studied in Heil and Colella [20]. Their results
were greatly improved by Cohen, Daubechies, and Plonka [13], Zhou [48],
and Jiang and Shen [32]. The support of a scaling vector is also an in-
teresting topic in multiwavelets. Massopust, Ruch, and Van Fleet in [33]
revealed that the support length of a scaling vector, unlike a scaling distri-
bution, does not always coincide with the length of its mask. [33] also gave
an estimate for the support length of a scaling vector. Using an algebraic
method, So and Wang [42] obtained a formula to locate the support of each
component of a scaling vector. Readers also can find an interesting relation
between the support length and the linear independence of a scaling vec-
tor in Ruch, So, and Wang [40]. A description of the approximation order
provided by a scaling vector was given by Heil, Strang, and Strela [21].
Later, Jia, Riemenschneider, and Zhou [29] improved the result of [21] by
analyzing the subdivision operator associated with a scaling vector. Chen
in [8] found that the criterion for approximation order obtained in [29] can
be simplified once a simple condition is added to a scaling vector. At the
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same time, another work on this aspect was done by Plonka [35] (see also
[36]), where she introduced the notion of two-scale similarity to character-
ize the approximation order. Two-scale similarity is now proved to be a
powerful tool in the study of properties of scaling vectors. For example,
[13] and Plonka and Strela [38] used it to build new scaling vectors with
higher regularity from a known one. Chui and Lian [9] used it in the con-
struction of symmetric (or anti-symmetric) multiwavelets (see also [38]).
The author of this paper in [46] applied it to characterize the stability and
linear independence of scaling vectors.

In this paper, we plan to give a systematic discussion on linear indepen-
dence ( including stability) and approximation order of scaling vectors via
their symbols. Linear independence and approximation order are two im-
portant properties of a scaling vector. It is well-kown that a scaling vector
generates an MRA only if its integer translates are stable. ( Stability is
a “weak” form of linear independence. We shall discuss it in Section 2.)
Stability of a scaling vector is also crucial for constructing its dual scaling
vector. (See [19] and Chui and Wang [12].) In many cases, generators of
MRA are required to be linearly independent. Hence it is desirable to give
criteria for linear independence of a scaling vector. The importance of ap-
proximation order of a scaling vector is also evident. Some results on these
two topics already exist in literature. Our goal is to reveal the intrinsic
relation between them and contribute some new results so that the essence
of these topics becomes more clear.

This paper is organized as follows. In section 2, we introduce the notions
and results of linear independence and accuracy of a distribution vector,
which is not necessarily refinable. In Section 3, we present necessary and
sufficient conditions for linear independence in terms of two-scale factor.
The characterization of accuracy of scaling vectors is established in Section
4, where we also show the relation between some existent results and ours.
Finally, we put a few remarks in Section 5 to refer other relevant works
which we will not discuss in detail.

2 LINEAR INDEPENDENCE AND ACCURACY
OF A COMPACTLY SUPPORTED
DISTRIBUTION VECTOR

In this section we introduce the notions and results of linear independence
and approximation order of a compactly supported distribution vector, of
which most exist in literature.
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2.1 Linear independence

The integer translates of a compactly supported distribution vector are
often used to span a “shift-invariant space”. Linear dependence describes
some kind of redundance among these integer translates. That is, if these
integer translates are required to be a basis of the space they span, they
have to be linearly independent in that space. We now give the precise
definition of linear independence.

Let l be the space containing all sequences of complex numbers, l∞ be the
subspace of l that contains all bounded sequences, and l0 be the subspace
of l that contains all compactly supported sequences. We define the semi-
convolution of a compactly supported distribution vector φ with a vector
sequence a :=(aj,k) ∈ (l)r by

φ ∗ a =
r∑

j=1

∑

k∈Z
aj,kφj(x− k).

Definition 2.1 A compactly supported distribution vector φ is said to have
linearly independent integer translates if

φ ∗ a = 0 =⇒ a = 0, a ∈ (l)r,

it is said to have l∞-linearly independent integer translates if

φ ∗ a = 0 =⇒ a = 0, a ∈ (l∞)r,

and it is said to have finitely linearly independent integer translates if

φ ∗ a = 0 =⇒ a = 0, a ∈ (l0)r.

Let S(φ) := {φ ∗ a; a ∈ (l)r}, Sb(φ) := {φ ∗ a; a ∈ (l∞)r}, and
S0(φ) := {φ ∗ a; a ∈ (l0)r}. Then the semi-convolution, φ∗, is a map-
ping from (l)r to S(φ) (from (l∞)r to Sb(φ), and from (l0)r to S0(φ) re-
spectively), which is one-to-one if and only if the integer translates of φ
are linearly independent ( l∞-linearly independent, and finitely linearly in-
dependent respectively). Sometimes we use the kernels of the convolution
mapping to describe linear independence. Let

K(φ) := {a ∈ (l)r; φ ∗ a = 0},

Kb(φ) := {a ∈ (l∞)r; φ ∗ a = 0},
and

K0(φ) := {a ∈ (l0)r; φ ∗ a = 0}
be the kernels of the convolution mapping in the spaces (l)r, (l∞)r, and (l0)r

respectively. Then φ has linearly independent, (l∞-linearly independent,
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and finitely linearly independent) integer translates if and only if K(φ) = 0,
( Kb(φ) = 0, and K0(φ) = 0 ).

For convenience, in the rest of the paper, we will simply say that φ is lin-
early independent,( l∞-linearly independent, and finitely linearly indepen-
dent) instead of that φ has linearly independent, ( l∞-linearly independent,
and finitely linearly independent) integer translates.

The various linear dependences describe the different degrees of redun-
dancy of distribution vectors. Linear dependence implies a “global”, or
“weaker” redundancy, while finite linear dependence reflects a “local”, or
“stronger” redundancy.

Example 2.1 Let B1 = χ[0,1) be the character function of interval [0, 1)
and B2 := B1 ∗B1 be the hat function on [0, 2]. Then

∑

k∈Z
(B1(x− k)−B2(x− k)) = 0,

which implies that the integer translates of these two functions are linearly
dependent (also l∞-linearly dependent). However, they are finitely linearly
independent, for any non-trivial finite linear combination of the integer
translates of B1 and B2 does not vanish. In other words, the redundancy of
B1 and B2 only occurs “globally”. If we add φ3(x) = xB1(x) to the vector
(B1, B2), then

B1(· − 1)−B2(·) + φ3(·)− φ3(· − 1) = 0,

which shows that the redundancy of B1, B2, and φ3 exists “locally”, i.e.,
they are finitely linearly dependent.

Jia and Micchelli in [28] pointed out that the exponential set contained
in (l)r ((l∞)r) is the testing set for linear independence (l∞-linear in-
dependence). Let θ ∈ C \ {0} and a ∈ Cr \ {0}. The sequence vector
fa,θ := (θka)k∈Z is called an exponential sequence vector. Let E be the set
of all exponential sequence vectors in (l)r. It is obvious that fa,θ is bounded
if and only if θ ∈ Γ, where Γ = {z ∈ C; |z| = 1} is the unit circle on the
complex plane. We now define

Θ(φ) = {θ ∈ C \ {0}; φ ∗ fa,θ = 0, fa,θ ∈ E} . (1.3)

Theorem 2.1 ([28]) Let φ be a compactly supported distribution vector.
Then φ is linearly dependent ( l∞-linearly dependent ) if and only if Θ(φ) 6=
∅ ( Θ(φ) ∩ Γ 6= ∅).
The set Θ(φ) also tests the finite linear independence. We obtained the
following in [46].

Theorem 2.2 Let φ be a compactly supported distribution vector. Then φ
is finitely linearly dependent if and only if Θ(φ) is an infinite set.
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Remark 2.1 Note that Θ(φ) is an infinite set is equivalent to that Θ(φ) =
mathbbC \{0}. In other words, if there exists a θ 6∈ (Θ(φ)∪{0}), then Θ(φ)
is finite.

From Theorem 2.1, we derive the following corollary.

Corollary 2.3 Let φ be a compactly supported distribution vector. Then φ
is linearly dependent, (or l∞-linearly dependent,) if and only if there is a
vector a ∈ Cr \{0}, such that ψ = aT φ is linearly dependent (or l∞-linearly
dependent).

Furthermore, if ψ = aT φ is linearly dependent, (or l∞-linearly depen-
dent,) then there is a compactly supported distribution ψ̃ ∈ S(φ) and a
complex number θ ∈ C \ {0} (or θ ∈ Γ ) such that

ψ = ψ̃(·)− θψ̃(· − 1).

Although the function ψ̃ in Corollary 2.3 is compactly supported, it may
be not in S0(φ).

We have discussed linear independence in the time domain. We now
give its characterization in the frequency domain. Let f̂ denote the Fourier
transform of a distribution f :

f̂(ω) =
∫

R
f(x)e−ixωdx.

The following theorem is a directly subsequence of Theorem 2.1 and The-
orem 2.2 (see [28] and [46]).

Theorem 2.4 Let φ be a compactly supported distribution vector. Then
(i) φ is linearly independent if and only if for every ω ∈ C the following

r sequences
(φ̂l(ω + 2kπ))k∈Z, l = 1, 2, · · · , r (1.4)

are linearly independent.
(ii) φ is l∞-linearly independent if and only if the sequences (1.4) are

linearly independent for every ω ∈ R .
(iii) φ is finitely linearly independent if and only if the sequences (1.4)

are linearly independent for at least one ω ∈ C.

If we set

Ω(φ) = {ω; aT φ̂(ω + 2kπ) = 0, a ∈ Cr \ {0}, ∀k ∈ Z},

then Theorem 2.4 can be re-stated as following.

Corollary 2.5 φ is linearly independent (l∞-linearly independent, and
finitely linearly independent respectively) if and only if Ω(φ) = ∅
(Ω(φ) ∩ R = ∅, and Ω(φ) 6= C respectively).
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The relation between Ω(φ) and Θ(φ) is the following.

θ ∈ Θ(φ) ⇐⇒ exp(iθ) ∈ Ω(φ).

Another useful corollary of Theorem 2.4 is

Corollary 2.6 Let φ be a compactly supported distribution vector. Then
we have the followings.

(i) φ is linearly dependent if and only if there is another compactly sup-
ported distribution vector ψ = (ψ1, · · · , ψr) ⊂ S0(φ) and a Laurent polyno-
mial matrix H(z), that is singular at some z0 ∈ C \ {0}, such that

φ̂(ω) = H(eiω)ψ̂(ω). (1.5)

(ii) φ is l∞-linearly dependent if and only H(z) in (1.5) is singular at
some z0 ∈ Γ.

(iii) φ is finitely linearly dependent if and only if H(z) in (1.5) is singular
for all z ∈ C \ {0}.

Finally, we briefly introduce the notion of stability of a compactly sup-
ported distribution vector and show that it is equivalent to l∞-linear inde-
pendence. Recall that the spaces S(φ), Sb(φ) and S0(φ) are all algebraic
spaces. In application, we often consider the linear normed space generated
by φ. Assuming φ ∈ (Lp)r, 1 ≤ p ≤ ∞, we define

Sp(φ) := {φ ∗ a; a ∈ (lp)r}.

where the norm of a vector sequence a ∈ (lp)r is defined by

‖a‖p = (
r∑

j=1

∑

k∈Z
|aj,k|p)1/p, 1 ≤ p ≤ ∞.

Evidently, Sp(φ) is a subspace of Lp and the convolution operator, φ∗, is a
continuous mapping from (lp)r to Sp(φ), 1 ≤ p ≤ ∞. The stability of φ is
defined as follows.

Definition 2.2 A vector-valued function φ ∈ (Lp)r is said to be lp-stable,
1 ≤ p ≤ ∞, if there exist two positive constants C1 and C2 such that, for
every a ∈ (lp)r,

C1||a||p ≤ ||φ ∗ a||p ≤ C2||a||p. (1.6)

Thus, for any p, 1 ≤ p ≤ ∞, if φ is lp-stable, then space Sp(φ) is closed,
and the integer translates of φ form an unconditional basis of Sp(φ). It
is known that (1.6) holds if and only if the r sequences (1.4) are linearly
independent for every ω ∈ R (see [28]). By Theorem 2.4, we have

Corollary 2.7 A compactly supported vector-valued function φ ∈ (Lp)r is
stable if and only if it is l∞-linearly independent.
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Recall that the concept of l∞-linear independence makes sense not only
for a vector-valued function in (Lp)r, but also for any compactly supported
distribution vector. Therefore, l∞-linear independence can be considered as
the generalization of stability for compactly supported distribution vectors.

2.2 Approximation order

We now turn to the discussion of approximation order of a compactly sup-
ported distribution vector. Let Πk be the set of all polynomials of degree
no more than k and Π be the set of all polynomials. Write

S(p)

(
= S(p)(φ)

)
= S(φ) ∩ Lp,

and
Sh

(p) = {g(·/h), g ∈ S(p)}.
Remark 2.2 For 1 < p < ∞, S(p)(φ) = Sp(φ). Another subspace of Lp

created by φ is Sp(φ) = ClosLpS0(φ). The discussion of the relations among
Sp(φ), S(p)(φ), and Sp(φ) can be found in Jia [24].

Definition 2.3 Let φ ∈ (Lp)r. The space S(φ) is said to provide Lp-
approximation order k if

distp(f, Sh
(p)) ≤ Chk,

where C is a positive constant independent of h.
A distribution vector φ is say to have accuracy k if

∏
k−1 ⊂ S(φ).

In general, these two concepts are not same (see [6]). However, for the com-
pactly supported vector-valued functions, Jia proved that they are equiva-
lent.

Theorem 2.8 ([24]) Let φ be a compactly supported vector-valued func-
tion in (Lp)r. Then S(φ) provides Lp-approximation order k, (1 ≤ p ≤ ∞,)
if and only if φ has accuracy k.

Since for the compactly supported vector-valued function in (Lp)r the con-
cepts of accuracy and approximation order are the same, we shall not keep
them distinct.

Similar to the description of linear independence, the accuracy of a com-
pactly supported distribution vector φ can also be characterized through a
special distribution ψ ∈ S(φ), which is called a superfunction. The follow-
ing theorem is a direct consequence of the result of [24] ( see also [7] and
[4]).

Theorem 2.9 Let φ be a compactly supported distribution vector. Then φ
has accuracy n if and only if there is a compactly supported distribution
ψ ∈ S0(φ) that has the same accuracy.
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In approximation theory, the Strang-Fix conditions are often used to char-
acterize the approximation order. A compactly supported distribution ψ is
said to satisfy the Strang-Fix conditions of order n if the Fourier transform
of ψ satisfies the following conditions:

ψ̂(j)(2kπ) = δ0jδ0k, j = 0, 1, · · · , n− 1. (1.7)

Note that (1.7) is equivalent to
∑

k∈Z
kjψ(x− k) = xj , 0 ≤ j ≤ n− 1.

Remark 2.3 The Strang-Fix conditions are variated slightly by different
authors. In some papers, the conditions φ̂(j) = δ0j are excluded from (1.7),
or only φ̂(0) = 1 is reserved.

If a superfunction φ has zero mean, i.e., φ̂(0) = 0, then it may cause
an unstable approximation scheme. Hence a superfunction satisfying the
Strang-Fix conditions (then it has non-zeromean) is desirable in order to
construct an effective approximation scheme. The following theorem con-
firms the existence of such a superfunction.

Theorem 2.10 ( [3]) A compactly supported distribution ψ has accuracy
n if and only if there is a compactly supported distribution ψ̃ ∈ S(ψ) that
satisfies the Strang-Fix conditions of order n.

This result can also be directly derived from the result of [24], Note that
the difference between Theorem 2.9 and Theorem 2.10: in the former, φ ∈
S0(φ) but it may have zero mean while in the latter, φ has non-zero mean
but it can exist only in S(φ) but not in S0(φ). For example, let φ(·) =
B2(·)−B2(·−1), where B2 is the hat function defined in Example 2.1. It is
clear that S(φ) provides approximation order 2 and B2 ∈ S(φ) satisfies the
Strang-Fix conditions. But B2 6∈ S0(φ) and there is no function in S0(φ)
satisfying the Strang-Fix conditions.

To ensure that there is a superfunction satisfying the Strang-Fix condi-
tions in S0(φ), Jia in [27] introduced the following condition, which was
re-introduced by de Boor, DeVore, and Ron in [5].

Condition(β1): 1 6∈ Θ(φ).
We can verify that Condition (β1) is equivalent to the followings.

(1) The r components of the 1-periodic distribution vector defined by
φp :=

∑
k∈Z φ(x− k) are linearly independent.

(2) The r sequences
(
φ̂(2kπ)

)
k∈Z

are linearly independent.

In [27], the following result is proved (see also [5]).

Theorem 2.11 ([27]) If the compactly supported distribution vector φ sat-
isfies Condition (β1) and has accuracy n. Then there exists a unique com-
pactly supported distribution ψ ∈ S0(φ) that has the following properties:
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(i) ψ is a linear combination of φj(· − i), 0 ≤ i ≤ n − 1 and 1 ≤ j ≤ r.
i.e., ψ̂(ω) =

(
p(e−iω)

)T
φ̂(ω), where p(z) is a polynomial vector with degree

less than n.
(ii) ψ satisfies the Strang-Fix conditions of order n.

There is an interesting relation between approximation order and B-
spline. The k-order cardinal B-spline Bk(x) is inductively defined by

B0(x) = χ[0,1)(x),
Bk(x) = χ[0,1) ∗Bk−1(x).

Form Theorem 2.10, we have

Corollary 2.12 Let ψ be a compactly supported distribution. Then S(ψ)
has approximation order n if and only if there is another compactly sup-
ported distribution γ such that

ψ(x) = Bn ∗ γ(x). (1.8)

It is obvious that the derivative of distribution ψ in (1.8) is linearly depen-
dent since ψ′(x) = ψ̃(x)− ψ̃(x− 1), where ψ̃(x) = Bn−1 ∗ γ(x).

3 LINEAR INDEPENDENCE OF SCALING
VECTORS

In Section 2, we discussed the linear independence and accuracy of com-
pactly supported distribution vectors. In this section, we study the linear
independence for scaling vectors. It is obvious that all conclusions for com-
pactly supported distribution vectors also hold for scaling vectors. We now
want to obtain further results which are described via symbols of scaling
vectors.

3.1 Symbol of a scaling vector

As we said at the beginning, in this paper, we always assume that the
symbol of a scaling vector is a polynomial matrix (shortly, a P-matrix),
where the term polynomial is also used for Laurent polynomial. A P-
matrix is not always a symbol of a scaling vector. Daubechies and Lagarias
proved the following result for scaling distribution (i.e., r = 1).

Theorem 3.1 ([15]) A polynomial p(z) is a symbol of a non vanished
scaling distribution φ if and only if p(1) = 2l−1, l ∈ N. Furthermore, if the
symbol p(z) of scaling distribution φ satisfies p(1) = 2l, l ≥ 1, then φ is the
l-th derivative of a scaling distribution ψ, that has symbol q(z) = 2−lp(z)
and satisfies ψ̂(0) 6= 0.
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For convenience, the number 2l−1, l ∈ N, is said to be of 2n-form. Thus,
Theorem 3.1 confirms that a polynomial p(z) is a symbol of a scaling dis-
tribution if and only if p(1) is a 2n-form number.

Recently Jiang and Shen (see also Zhou [48]) generalized this result to
scaling vectors.

Theorem 3.2 ([32]) A P-matrix P (z) is a symbol of a non vanished scal-
ing vector φ if and only if the matrix P (1) has a 2n-form eigenvalue. Fur-
thermore, if 2N , N ≥ 1, is the largest 2n-form eigenvalue of P (1), then
there is a scaling vector φ with symbol P (z) which is the N -th derivative of
the scaling vector ψ with symbol 2−NP (z) and ψ̂(0) 6= 0.

Theorem 3.2 (Theorem 3.1) gave the criterion for a P-matrix (a polynomial)
being a symbol of a scaling vector (a scaling distribution). Hence we suggest
the following definition.

Definition 3.1 A P-matrix P (z) is said to be a symbol if P (1) has at least
one 2n-form eigenvalue and is said to be a normal symbol if 1 is the only
2n-form eigenvalue of P (1).

By this definition, if a P-matrix is a symbol, then there exists a scaling
vector φ satisfying

φ̂(ω) = P (e−iω/2)φ̂(ω).

However it is possible that different scaling vectors have the same symbol.
The scaling vectors with the same symbol can be distinguished by their
“initial values”.

Theorem 3.3 ([32]) If P (z) is a normal symbol, then for an arbitrary
right 1-eigenvector ~r of P (1), there is a unique scaling vector φ that has
symbol P (z) and satisfies φ̂(0) = ~r.

By this theorem, a scaling vector φ with a normal symbol can be uniquely
determined by its initial value φ̂(0). For a scaling vector with non-normal
symbol, The following result is directly derived from Theorem 3.2.

Corollary 3.4 If 2N is the largest 2n-form eigenvalue of symbol P (z) and
~r is a 1-eigenvector of 2−NP (1), then there is a unique scaling vector φ
with symbol P (z) which is the N -th derivative of a scaling vector ψ with
ψ̂(0) = ~r.

The initial condition for a scaling distribution is relatively simple, because
two scaling distributions φ and ψ have the same symbol if and only if
φ = cψ, c 6= 0, i.e., a scaling distribution is uniquely determined by its
symbol up to constant. Hence we normalize a scaling distribution φ by
limω→0

φ̂(ω)
(−iω)N = 1 when p(1) = 2N . It is also easy to verify that a scaling

distribution has a unique symbol. However, if a scaling vector is finitely
linearly dependent, it has (infinitely) many symbols. A scaling vector has
a unique symbol if and only if it is finitely linearly independent.



INDEPENDENCE AND ACCURACY OF SCALING VECTORS 12

3.2 Two-scale factor of a symbol

To investigate the properties of a scaling vector via its symbol, an important
tool is two-scale factorization.

Definition 3.2 A P-matrix P (z) is said to be two-scale similar to a P-
matrix Q(z) if there exists an invertible P-matrix T (z) such that

P (z) = T (z2)Q(z)T−1(z). (1.9)

We call P (z) the two-scale transform of Q(z), and call T (z) the two-scale
transformation matrix from Q(z) to P (z). T (z) is also called a two-scale
factor of P (z) when Q(z) need not to be emphasized.

For polynomials, the two-scale similar relation (1.9) is reduced to

p(z) =
t(z2)
t(z)

q(z). (1.10)

Note that if T (z) is a two-scale transformation matrix from Q(z) to P (z),
then so is cT (z), c 6= 0. Hence we sometimes assign a free constant factor
to T (z). An invertible P-matrix T (z) may be singular at some z 6= 0. If
a P-matrix is invertible for all z ∈ C \ {0}, then we call it fundamental.
In other words, the determinant of a fundamental P-matrix is a monomial
czl, c 6= 0. Hence its inverse is also fundamental.

Our motivation of introducing the two-scale factors can be illustrated by
the following theorem.

Theorem 3.5 Let φ = (φ1, · · · , φr)T and ψ = (ψ1, · · · , ψr)T be two finitely
linearly independent scaling vectors with symbols P (z) and Q(z) respec-
tively. If there is an invertible P-matrix T (z) =

∑
T (k)zk such that

φ(x) =
∑

T (k)ψ(x− k), (1.11)

then P (z) and Q(z) satisfy (1.9).

Proof. By (1.11), we have

φ̂(ω) = T (e−iω)ψ̂(ω).

We also have
ψ̂(ω) = Q(e−iω/2)ψ̂(ω/2).

Since T (z) is invertible,

φ̂(ω) = T (e−iω)Q(e−iω/2)ψ̂(ω/2)

= T (e−iω)Q(e−iω/2)T−1(e−iω/2)φ̂(ω/2).

It follows P (z) = T (z2)Q(z)T−1(z). 2
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If T (z) in (1.11) is fundamental, then P (z) and Q(z) are two-scale similar
to each other. In this case, the scaling vectors φ and ψ both generate the
same space and both have the same accuracy, the same regularity, the same
linear independence and so on. Hence a fundamental two-scale factor is said
to be trivial.

We have seen that, for a symbol P (z), the matrix P (1) plays an important
rule. Hence we introduce the following notations. The eigenvalue set of an
operator O on a linear space is denoted by E(O). For a P-matrix P (z), we
simply write E(P ) instead of E(P (1)). The set of all 2n-form eigenvalues
of P (1) is denoted by Ed(P ), and the multiplicity of eigenvalue 1 of P (1) is
denoted by #1(P ). It is evident that, for a normal symbol P (z), Ed(P ) =
{1}.

In order to reveal the relation of the spectrum between P (1) and Q(1),
where P (z) is two-scale similar to Q(z) with two-scale transformation ma-
trix T (z), we need the following lemma.

Lemma 3.6 Let K be a subspace of a Hilbert space H and P be a linear
operator on H such that P (K) ⊂ K. Denote the orthogonal complement of
K by K⊥ and the identity restriction from H to a subspace S ⊂ H by IS.
Then

E(P ) = E(IKP ) ∪ E(IK⊥P )

Proof. Let λ ∈ E(P ) and e ∈ H be a λ-eigenvector: Pe = λe. If e ∈ K, then
λ ∈ E(K). Otherwise, we write e = e1 + e2, where e1 ∈ K and e2 ∈ K⊥.
Then

IK⊥Pe2 = IK⊥Pe− IK⊥Pe1 = λIK⊥(e1 + e2) = λe2,

which implies λ ∈ E(IK⊥P ).
We now prove E(IKP ) ∪ E(IK⊥P ) ⊂ E(P ). It is obvious that if λ ∈

E(IKP ), then λ ∈ E(P ). Note also that if λ 6∈ E(IKP ) and λ ∈ E(IK⊥P ),
then λ ∈ E(P ). In fact, assume that e2 ∈ K⊥ satisfies IK⊥Pe2 = λe2. By
setting a = IKPe2, e1 = (λI − IKP )−1a, and e = e1 + e2, we have

Pe = IkPe1 + a + λe2 = λe1 + λe2 = λe.

The proof is completed. 2

From Lemma 3.6, we derive the following lemma, which describes the
relation of the spectrums of P (1) and Q(1).

Let A and B be two finite sets in R. If there is a one-to-one mapping f
from A to B such that f(a) ≤ cf(b), c ∈ R, then we write A ≤ cB.

Lemma 3.7 Let P-matrix P (z) be two-scale similar to P-matrix Q(z) with
two-scale similar transformation matrix T (z). Let R be the range of T (1)
and K be the kernel of T (1). Then

E (IK⊥Q(1)) = E (IRP (1)) , (1.12)

E (IR⊥Q(1)) ≤ 1
2
E (IKP (1)) . (1.13)
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Therefore, Ed(Q) ⊂ Ed(P ) and #1(Q) ≤ #1(P ).

Proof. We decompose T (z) into the form

T (z) = L(z)D(z)R(z), (1.14)

where L(z) and R(z) both are fundamental and D(z) is the Canonical
Smith’s form of T (z). We write

Q̃(z) = R(z2)Q(z)R−1(z), (1.15)

and
P̃ (z) = L−1(z2)P (z)L(z). (1.16)

Then
P̃ (z) = D(z2)Q̃(z)D−1(z). (1.17)

Without loss of generality, We now assume that

D(z) = diag ((z − 1)α1d1(z), · · · , (z − 1)αkdk(z), dk+1(z), · · · , dr(z))
(1.18)

where dj(1) 6= 0, 1 ≤ j ≤ r, 1 ≤ αk ≤ . . . ≤ α1, and k < r. Let is, 0 ≤ s ≤ t,
be the indices such that i0 = 0, it = k, ii < ii+1, αm = βs, is−1 < m ≤ is,
and βs > βs+1. Thus, we have

P̃ (1) =




2β1Q11(1) 0 0 · · 0
∗ 2β2Q22(1) 0 · · 0
· · · · · ·
∗ ∗ ∗ 2βtQtt(1) · 0
∗ ∗ · ∗ Qr−k,r−k(1)




,

where Qss(1) is the principal minor of Q̃(1) containing the rows and columns
from αis−1+1 to αis and Qr−k,r−k(1) is the principal minor of Q̃(1) con-
taining the last (r − k) rows and the last (r − k) columns. Similarly,

Q̃(1) =




Q11(1) ∗ ∗ · · ∗
0 Q22(1) ∗ · · ∗
· · · · · ·
0 0 0 Qtt(1) · ∗
0 0 · 0 Qr−k,r−k(1)




.

Let RD be the range of D(1) and KD be the kernel of D(1). Then from
the representations of P̃ (1) and Q̃(1), we have

E
(
IK⊥

D
Q̃(1)

)
= E

(
IRD

P̃ (1)
)

and
E

(
IKDQ̃(1)

)
≤ 1

2
E

(
IR⊥D

P̃ (1)
)

.
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It follows that
E (IK⊥Q(1)) = E (IRP (1)) ,

and
E (IKQ(1)) ≤ 1

2
E (IR⊥P (1)) .

By Lemma 3.6,

E(P ) = E (IRP (1)) ∪ E (IR⊥P (1))

and
E(Q) = E (IK⊥Q(1)) ∪ E (IKQ(1)) .

Hence, Ed(Q) ⊂ Ed(P ) and #1(Q) ≤ #1(P ). 2

Under a condition for the initial value φ̂(0), we obtained the converse of
Theorem 3.5 in [46]. For reader’s convenience, we present it here with a
new proof.

Theorem 3.8 Assume the symbol P (z) of a scaling vector φ is normal
and P (z) has a two-scale factor T (z) that satisfies

rankT(1) = rank (T(1), φ̂(0)). (1.19)

Then there is a scaling vector ψ ∈ S(φ) such that (1.11) holds.

Proof. Let R and K be defined as in Lemma 3.7. Since (1.19) holds,
φ̂(0) ∈ R and IRP (1)φ̂(0) = φ̂(0), which implies that 1 ∈ E(IRP (1)). By
Lemma 3.7, 1 ∈ E(IK⊥Q(1)). The conditions Ed(P ) = {1} and E(IKQ(1)) ≤
1
2E(IK⊥P (1)) imply Ed(IKQ(1)) = ∅. Hence, there is a vector u ∈ Cr such
that Q(1)u = u and T (1)u = φ̂(0). Let ψ be the unique scaling vector ψ

with symbol Q(z) and ψ̂(0) = u. Then (1.11) holds. 2

Remark 3.1 If T (1) is not singular, then (1.19) is always true. Hence the
condition (1.19) needs to be verified only if T (1) is singular.

3.3 Linear independence of scaling vectors

We now give the necessary and sufficient condition for the linear indepen-
dence of a scaling vector. The following theorem is a directly subsequence
of Theorem 3.5, Theorem 3.8, and Corollary 2.6.

Theorem 3.9 A finitely linearly independent scaling vector φ with a nor-
mal symbol P (z) is linearly dependent if and only if P (z) has a non-trivial
two-scale factor T (z) that satisfies (1.19).

An important case of the normal symbol p(z) is that #1P (1) = 1. For
example, If a scaling vector φ ∈ (L1)r with synbol P (z) satisfies Condition
(β1), then #1P (1) = 1 and the modulus of other eigenvalues of P (1) are
less than 1 (see [30]). For this kind of symbols, the condition (1.19) can be
removed from Theorem 3.9.
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Corollary 3.10 Assume that the symbol P (z) of a finitely linearly inde-
pendent scaling vector φ is normal and 1 is the simple eigenvalue of P (1).
Then φ is linearly dependent if and only if P (z) is two-scale similar to a
symbol Q(z) with a non-trivial two-scale transformation matrix T (z).

Proof. We only need to prove that #1P (1) = 1 implies (1.19). Since Q(z) is
a symbol and 1 is a simple eigenvalue of P (1), by Lemma 3.7, Q(z) must be
a normal symbol and #1(Q) = 1. By (1.13), 1 6∈ E(IR⊥Q(1)) and therefore
1 ∈ E(IKQ(1)). It follows from (1.12) that 1 ∈ E(IRP (1)). Since φ̂(0) is
the unique 1-eigenvector of P (1) (up to a constant), we obtain (1.19). 2

Similarly we have the criterion for l∞-linear independence

Theorem 3.11 A finitely linearly independent scaling vector φ with a nor-
mal symbol P (z) is l∞-linearly dependent if and only if P (z) has a two-scale
factor T (z) that is singular at some z0 ∈ Γ and satisfies (1.19).

We have seen that the condition (1.19) is necessary for φ being linearly
dependent. A natural question arises. What property does φ possess if
(1.19) fails. The following theorem gives the answer.

Theorem 3.12 If the symbol P (z) of a scaling vector φ is normal and has
a two-scale factor T (z) with

rankT(1) 6= rank
(
T(1), φ̂(0)

)
, (1.20)

then φ has accuracy at least 1. Furthermore, there is a vector a ∈ Cr such
that the distribution ψ = aT φ satisfies the Strang-Fix conditions of order
1.

In order to prove Theorem 3.12, we need the following lemma.

Lemma 3.13 Assume that the symbol P (z) of a scaling vector φ has a
two-scale factor

T (z) = diag ((z − 1), 1, · · · , 1),

and φ̂1(0) 6= 0. Then φ has accuracy at least 1.

Proof. Without loss of generality, we assume φ̂1(0) = 1. By (1.9), we have

φ̂1(ω) = (z + 1)q11(z)φ̂1(ω/2) (1.21)

+
r∑

i=2

(z2 − 1)qi1(z)φ̂i(ω/2), z = e−iω/2.

For k 6= 0, let j be the odd integer that k = 2lj. From (1.21), we have

φ̂1(2kπ) = p11(e−ikπ)φ̂1(kπ)

= (e−i2ljπ + 1)q11(e−i2ljπ)φ̂1(2ljπ)

= (2q11(1))l (e−ijπ + 1)q11(−1)φ̂1(jπ)
= 0.
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Since φ̂1(0) = 1, φ1 satisfies the Strang-Fix conditions of order 1 and there-
fore has accuracy at least 1. 2

We return the proof of Theorem 3.12.
Proof. We assume the symbol P (z) of φ has a two-scale factor T (z) that

satisfies (1.20). As in the proof of Lemma 3.7, we decompose T (z) into the
form (1.14), in which D(z) is of the form (1.18). Let Q̃(z) and P̃ (z) be
defined by (1.15) and (1.16) respectively and

φ̂L(ω) = L−1(e−iω)φ̂(ω).

Then the symbol P̃ (z) of φL satisfies

P̃ (z) = D(z2)Q̃(z)D−1(z).

It is obvious that

rankD(1) 6= rank
(
D(1), φ̂L(0)

)
. (1.22)

By (1.22), at least one of φ̂L,j(0), 1 ≤ j ≤ k is not equal to zero. Without
loss of generality, we assume φ̂L,1(0) 6= 0. It is easy to verify that T1(z) :=
diag (z − 1, 1, · · · , 1) is a two-scale factor of P (z). By Lemma 3.13, φL,1

satisfies the Strang-Fix conditions of order 1. We now set aT = eT
1 L−1(1).

The function ψ := aT φ satisfies

ψ̂(2kπ) = φ̂L,1(2kπ) = δ0k, k ∈ Z.

The theorem is proved. 2

Remark 3.2 We proved Theorem 3.12 without the assumption of linear
independence of the scaling vector.

As an application of Theorem 3.12, we give a criterion for the linear de-
pendence of scaling vectors with non-normal symbols.

Theorem 3.14 Let the symbol P (z) of a finitely linearly independent scal-
ing vector φ be non-normal and 2N be its largest 2n-form eigenvalue. As-
sume that ~r := limω→0

φ̂(ω)
(−iω)N is a 1-eigenvector of 2−NP (1). Then φ is

linearly dependent (l∞-linearly dependent ) if and only if P (z) has a non-
trivial two-scale factor (a two-scale factor that is singular at some z0 ∈ Γ
).

Proof. The proof for l∞-linear dependence is similar to that for linear de-
pendence. Hence we only prove the result for linear dependence. It is obvi-
ous that the linear dependence of φ implies the existence of the non-trivial
two-scale factor of P (z). We now prove the converse. Let Φ be the scaling
vector with Φ̂(0) = ~r and the symbol of Φ be 2−NP (z). Then Φ(N) = φ.
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It is clear that 2−NP (z) has the same two-scale factors as P (z). Recall
that P (z) has a nontrivial two-scale factor T (z). If (1.19) holds, then Φ is
linearly dependent and so is φ. Otherwise, by Theorem 3.12, there is an
a ∈ Cr such that aT Φ satisfies the Strang-Fix conditions of order 1, i.e.,

∑

k∈Z

aT Φ(x− k) = 1.

Thus, we have
∑

k∈Z

aT φ(x− k) =
∑

k∈Z

aT Φ(N)(x− k) = 0.

The proof is completed. 2

3.4 Root criterion for linear independence

We now use Theorem 3.9 to obtain a criterion for linear independence of
a scaling distribution via the roots of its symbol. We first introduce some
notions of polynomial roots.

Definition 3.3 Let m > 1 be an odd integer, let z0 be a primitive m-th
root of unit, and let hm be the smallest positive integer such that 2hm ≡
1(mod m). Then we call

cm(z) = (z0 − z)(z2
0 − z) · · · (z2hm−1

0 − z)

an m-cyclic polynomial, or simply a cyclic polynomial if m is not to be
stressed.

Example 3.1 The followings are examples of m-cyclic polynomials.

1. m = 3, h3 = 2, and c3(z) = 1 + z + z2.

2. m = 5, h5 = 4, and c5(z) = 1 + z + z2 + z3 + z4.

3. m = 7, h7 = 6, and c7(z) = 1 + z + z2 + z3 + z4 + z5 + z6. However,

4. m = 9, h9 = 6, and c9(z) = 1 + z3 + z6.

Since z2hm

0 = z0, it can be verified that

cm(z2)
cm(z)

= cm(−z). (1.23)

We now define two special kinds of roots of a polynomial in the following.

Definition 3.4 p(z) is said to have m-cyclic zeros if cm(−z) (NOT cm(z)! )
is a factor of p(z), where cm(z) is an m-cyclic polynomial (m > 1). p(z)
is said to have symmetric zeros if there is an α ∈ C \ {0} such that
p(α) = p(−α) = 0.
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It is easy to see that if p(z) has the symmetric zeros ±α, then z − α2 is
a two-scale factor of p(z), while if c(−z) provides the cyclic zeros of p(z),
then c(z) is a two-scale factor of p(z). We can now derive the following
criterion from Theorem 3.9, which is first proved in [31] by Jia and the
author in a different way.

Theorem 3.15 ([31]) Assume that the symbol p(z) of a scaling distribu-
tion φ is normal. Then φ is linearly independent (l∞-linearly independent)
if and only if p(z) has neither cyclic zeros nor symmetric zeros (nor sym-
metric zeros on Γ) .

Proof. The proof can be found in [31]. For reader’s convenience, we give
a new proof here. Since the proof for l∞-linear independence is similar to
that for linear independence. Hence we only prove the later. The proof
of “ONLY IF” is trivial. we now prove “IF”. Assume that φ is linearly
dependent. Recall that p(1) = 1 implies φ̂(0) 6= 0. ByTheorem 3.9, p(z)
has a nontrivial two-scale factor t(z) that satisfies (1.19), i.e., t(1) 6= 0 and
there is a symbol q(z) such that p(z) = t(z2)

t(z) q(z). We decompose t(z) into
a product of linear factors t(z) =

∏m
i=1 ti(z), where ti(z) = (zi−z), zi 6= 0.

If t1(z) is not a factor of t(z2), then it is a factor of q(z). Hence t1(z2) is
a factor of p(z) which implies that p(z) has symmetric zeros. If t1(z) is a
factor of t(z2) then it must be a factor of tj(z2) for some j. Since t(1) 6= 1,
j 6= 1. Without loss of generality, we can assume that t1(z) is a factor of
t2(z2), which implies z2 = z2

1 . We will continue this procedure until we
meet an index J such that tJ(z) is a factor of q(z) or is a factor of tl(z2),
1 ≤ l < J . In the first case, t1(z2) is a factor of p(z). In the second case, If
l = 1,

∏s
i=1 ti(z) is a two-scale factor of p(z) which implies that P (z) has

cyclic zeros. Otherwise, z1(z) and
∏s

i=l ti(z) both are two scale factors of
p(z), and therefore P (z) has both symmetric zeros and cyclic zeros. 2

From Theorem 3.15 and Theorem 3.14 we obtain a criterion for a scaling
distribution with non normal symbol.

Corollary 3.16 If the symbol p(z) of a scaling distribution φ is not nor-
mal, i.e., p(1) = 2N , N ≥ 1, then φ is linearly independent (l∞-linearly
independent) if and only if p(−1) 6= 0 and p(z) has neither cyclic zeros nor
symmetric zeros (nor symmetric zeros on Γ).

4 ACCURACY OF SCALING VECTORS

We now discuss the accuracy of a scaling vector via its symbol. [21] and [35]
(see also [13]) discussed it via the symbol under the assumption of linear
independence. In this section, we use a new approach to the accuracy of
scaling vectors without that assumption.
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4.1 A criterion of accuracy of scaling vectors

A primary discussion on accuracy 1 is already in Theorem 3.12. We now
develop the idea there to obtain the general results.

Theorem 4.1 If the symbol P (z) of a scaling vector φ is normal and has
a two-scale factor T (z) with the Canonical Smith’s form

Dn(z) := diag ((1− z)n, 1, · · · , 1), (1.24)

and satisfies (1.20), then there exist n vectors v(k) ∈ Cr, 0 ≤ k ≤ n − 1,
such that the distribution ψ :=

∑n−1
k=0(v(k))T φ(x − k) satisfies the Strang-

Fix conditions of order n. Therefore, φ has accuracy at least n.

Proof. Let L(z) and R(z) be two fundamental P-matrices such that
T (z) = L(z)Dn(z)R(z). Let φL be determined by

φ̂L(ω) := L−1(e−iω)φ̂(ω).

Denote the symbol of φL by P̃ (z). Then P̃ (z) is two-scale similar to the
P-matrix Q̃(z) with the two-scale transformation matrix Dn(z). We now
use mathematical induction to prove

φ̂
(j)
L,1(2kπ) = 0, k ∈ Z \ {0}, j = 0, 1, · · · , n− 1. (1.25)

For j = 0, (1.25) is proved in Lemma 3.13. Assuming now (1.25) is true for
j = 0, 1, · · · , n− 2, we prove it is also true for j = n− 1.

At first, since p̃1,l(z) = (z2 − 1)nq̃1,l(z), 2 ≤ l ≤ r, we have

[
p̃1,l(e−iω/2)

](j)

ω=2kπ
= 0, 2 ≤ l ≤ r, 0 ≤ j ≤ n− 1.

Hence

φ̂
(n−1)
L,1 (2kπ) =

n−1∑

j=0

(
n− 1

j

)
[(p̃11(e−iω/2)](j)ω=2kπ

φ̂
(n−1−j)
L,1 (kπ)

2n−1−j
.

Note that
p̃11(e−iω/2) = (1 + e−iω/2)nq̃11(e−iω/2).

Hence, for odd k,

[p̃11(e−iω/2)](j)ω=2kπ = 0, j = 0, 1, · · · , n− 1

and for even k, by the mathematical induction, we have

φ̂
(j)
L,1(kπ) = 0, 0 ≤ j ≤ n− 2, k 6= 0.

Thus for any k 6= 0,

φ̂
(n−1)
L,1 (2kπ) = 2−n+1p̃11(e−ikπ)φ̂(n−1)

L,1 (kπ).
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Using the same trick in Lemma 3.13, writing k = 2lj with odd j, we obtain

φ̂
(n−1)
L,1 (2kπ) = cq̃l

11(1)q̃11(−1)(e−ijπ + 1)nφ̂
(n−1)
L,1 (jπ) = 0.

The equation (1.25) is proved. From (1.20), we have φ̂L,1(0) = 1. Using
Leibniz’ formula for the derivatives of product, we can find a polynomial
r(z) ∈ Πn−1 such that the entire function

ˆ̃
ψ(ω) = r(e−iω)φ̂L,1(ω)

satisfies

ˆ̃
ψ

(j)

(2kπ) = δ0jδ0k, k ∈ Z \ {0}, j = 0, 1, · · · , n− 1,

which implies that ψ̃ ∈ S0(φ) satisfies the Strang-Fix conditions of order
n. Let u(z) := r(z)l1(z), where l1(z) is the first row of the matrix L−1(z).
Then

ˆ̃
ψ(ω) =

(
u(e−iω)

)T
φ̂(ω).

Finally, let v(z) =
∑n−1

k=0 v(k)zk ∈ (Πn−1)r be the polynomial vector that

[
v(e−iω)

](j)
ω=0

=
[
u(e−iω)

](j)
ω=0

, j = 0, 1, · · · , n− 1.

Then the distribution

ψ(x) =
n−1∑

k=0

(v(k))T φ(x− k)

satisfies the Strang-Fix conditions of order n. 2

We use the following scaling vector, which is first constructed in [13], to
demonstrate Theorem 4.1.

Example 4.1 Suppose the scaling vector φ := (φ1 φ2)T has the symbol

P (z) =
1
4

(
z(1 + z)2 z

2 (1− z2)2

1/32 z

)
,

it can be verify that P (z) has the following factorization.

P (z) =
(

(1− z2)2 0
0 1

) (
z
4

z
2

(1−z)2

32 z

) ( 1
(1−z)2 0

0 1

)
.

Hence T (z) =
(

(1− z)2 0
0 1

)
is a two-scale factor of P (z). Note that

rankT(1) = 1 and φ̂(0) = (1, 1/96)T imply (1.20). It follows that φ has
accuracy at least 2.
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Is Theorem 4.1 convertible? In general, the answer is NO. The following
is a counter example.

Example 4.2 Let φ(x) = χ[0,2]. Its symbol is p(z) = 1
2 (z2 + 1). Since

1
2

∑
φ(x−k) = 1, the function φ has accuracy 1. However, (z2−1)−1p(z)(z−

1) = z2+1
2(z+1) is not a polynomial. Hence z − 1 is not a two-scale factor of

p(z).

In order to obtain the condition for the converse of Theorem 4.1, we intro-
duce

Condition (θ): −1 6∈ Θ(φ).
This condition is equivalent to the following conditions:
(1) The r sequences

(
φ̂(2kπ + π)

)
k∈Z

are linearly independent.

(2) The r components of φq(x) :=
∑

k∈Z(−1)kφ(x− k) are linearly inde-
pendent.

Note that linear independence (l∞-linear independence) of φ is equivalent
to that the r sequences

(
φ̂(ω + 2kπ)

)
k∈Z

is linearly independent for all

ω ∈ C (for all ω ∈ R). Hence, Condition (θ) together with Condition (β1)
is much weaker than the l∞-linear independence of φ.

The following theorem shows that the converse of Theorem 4.1 is true
under the conditions (β1) and (θ).

Theorem 4.2 If a scaling vector φ having accuracy n satisfies Condition
(β1) and Condition (θ), then its symbol has a two-scale factor T (z) that
satisfies (1.20) and has Canonical Smith’s form (1.24).

Proof. According to Theorem 2.9 and the same reason in the proof of
Theorem 4.1, we only need to prove Theorem 4.2 for the case that the
first component φ1(x) of φ has accuracy n. Denote the symbol of φ by
P (z) = (pij(z))r×r. We now prove the theorem by the mathematical in-
duction. For n = 1, we have

φ̂1(2kπ) =
r∑

j=1

p1j((−1)k)φ̂j(kπ).

It follows that

δ0k = φ̂1(4kπ) =
r∑

j=1

p1j(1)φ̂j(2kπ).

Since φ̂1(2kπ) = δ0k,

r∑

j=1

(p1j(1)− δ0j)φ̂j(2kπ) = 0.

By Condition (β1), we have p1j(1) = δ0j , 1 ≤ j ≤ r.
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Similarly,

0 = φ̂1(2(2k + 1)π) =
r∑

j=1

p1j(−1)φ̂j((2k + 1)π).

By Condition (θ), we have p1j(−1) = 0, 1 ≤ j ≤ r. Therefore, p11(z) has
factor 1+z and p1j(z) has factor z2−1, 2 ≤ j ≤ r, which implies that P (z)
has two-scale factor D1(z). Assuming that the theorem is true for n − 1,
we prove it is also true for n. Note that, for any polynomial p(z),

[
p(e−iω/2)

](n)

= (−i/2)np(n)(e−iω/2)e−inω/2 (1.26)

+
n−1∑

j=1

cjp
(n−j)(e−iω/2)rj(e−iω/2),

where cj is constant and rj(z) is a polynomial of degree j.
We also have

0 = φ̂(n)(2kπ) =
r∑

j=1

[
p1j(e−iω/2)

](n)

ω=2π
(1.27)

+
r∑

j=1

n−1∑

l=0

(
n− 1

l

) [
p1j(e−iω/2)

](l)

ω=2π

φ̂(n−1−l)(kπ)
2n−1−l

.

For odd k := 2s + 1, by the mathematical induction, the second sum in
(1.27) is zero while, by (1.26), the first sum is reduced to

(−i/2)n
r∑

j=1

p
(n)
1j (−1)φ̂j((2s + 1)π) = 0.

Using Condition(θ), we have

p
(n)
1j (−1) = 0, j = 1, · · · , r. (1.28)

For even k := 2s, the second sum in (1.27) is cδ0s, where c is a constant.
Hence (1.27) is reduced to

(−i/2)n
r∑

j=1

p
(n)
1j (1)φ̂j(2sπ) = 0.

Using Condition (β1), we obtain

p
(n)
1j (1) = 0, j = 2, · · · , r. (1.29)

Combining (1.28) and (1.29), we obtain that (z +1)n is the factor of p11(z)
and (z2 − 1)n is the factor of p1j(z), 2 ≤ j ≤ r. The proof is completed. 2
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Remark 4.1 As we showed in Example 4.2, Condition (θ) can not be
removed from Theorem 4.2. Note that in Theorem 4.2, we do not assume
the linear independence of φ. Instead, we only assume ±1 6∈ Θ(φ).

From Theorem 4.1 and Theorem 4.2, we obtain

Theorem 4.3 Let φ be a scaling vector satisfying Condition (β1) and Con-
dition (θ). Then φ has accuracy at least n if and only if its symbol has a
two-scale factor T (z) that has the Canonical Smith’s form (1.24) and sat-
isfies (1.20).

Once the superfunction ψ in S0(φ) that satisfies the Strang-Fix conditions
is obtained, we want to find the sequences (ak

l ) ∈ (l)r satisfying

∑

l∈Z
(ak

l )T φ(x− l) = xk, 0 ≤ k ≤ n− 1. (1.30)

If φ is not linearly independent, then the sequence satisfying (1.30) is not
unique. Hence, we try to find one of them, that can be done as follows.
Let v(z) =

∑n−1
j=0 vjz

j be the polynomial vector of degree less that n (see
Theorem 4.1) such that

ψ(x) :=
n−1∑

j=0

vT
j φ(x + j)

satisfies the Strang-Fix conditions of order n. Then we have
∑

l∈Z
lkψ(x− l) = xk, 0 ≤ k ≤ n− 1,

and therefore

∑

l∈Z




n−1∑

j=0

(l + j)kvT
j


 φ(x− l) = xk, 0 ≤ k ≤ n− 1.

We now can select

ak
0 =

n−1∑

j=0

jkvj , 0 ≤ k ≤ n− 1 (1.31)

and

ak
l =

n−1∑

j=0

(l + j)kvj =
k∑

s=1

(
k

s

)
lk−sas

0.

Using the property of v(z) in the proof of Theorem 4.1, we obtain
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Corollary 4.4 The sequences ak
0 in (1.31) satisfies the following condi-

tions.

k∑
s=1

(
k

s

)
(2i)s−k(as

0)
T

(
Dk−sP (e−iω)

)
ω=0

= 2−k(as
0)

T ,

k∑
s=1

(
k

s

)
(2i)s−k(as

0)
T

(
Dk−sP (e−iω)

)
ω=π

= 0T .

These conditions were obtained by Plonka [35] (see also [38] and [21]) in
a different way under the assumption of linear independence of the scaling
vector.

4.2 Description of accuracy by two-scale linear factors

From Theorem 4.3 we can derive a criterion for the accuracy of a scaling
vector by the successive two-scale linear factors of its symbol.

Theorem 4.5 Let φ be a scaling vector satisfying Condition (β1) and
Condition (θ). Then φ has accuracy at least n if and only if its symbol
P (z) := P0(z) has the following decomposition:

Pi−1(z) = AiD1(z2)Pi(z)D−1
1 (z)A−1

i , i = 1, · · · , n, (1.32)

where Pi(z) is P-matrix, Ai is nonsingular constant matrices, the first
column of each Ai, 2 ≤ i ≤ n is e1, and the first component of vector
r := A−1

1 φ̂(0) does not vanish.

Before we prove the theorem, we remind the following fact. If T (z) is
a two-scaling factor of P (z) and T (z) = T1(z)T2(z), then either T1(z) or
T2(z) may not be the two-scale factor of P (z). For example, p(z) := (z2 −
z+1)(z+2) has the two-scale factor t(z) = z2+z+1, since t(z2)

t(z) = z2−z−1.
We have t(z) = (z−ω1)(z−ω2

1), where ω1 = e−2πi/3. But neither (z−ω1)
nor (z − ω2

1) is the two-scale factor of p(z).
To prove Theorem 4.5, we need the following lemma.

Lemma 4.6 Let Vn(z) be fundamental. Then the P-matrix

Tn(z) = Vn(z)Dn(z)

has the following decomposition.

Tn(z) = A1D1(z)A2D1(z) · · ·AnD1(z)V0(z), (1.33)

where all Ai, 1 ≤ i ≤ n, are nonsingular, the first column of each Ai,
2 ≤ i ≤ n is e1. On the other hand, if Tn(z) has a decomposition (1.33) with
V0(z) = I, then it is the product Vn(z)Dn(z), where Vn(z) is fundamental.
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Proof. “⇒”. Since Vn(z) is fundamental, Vn(1) is nonsingular. Therefore
there is a nonsingular matrix A1 such that the first row of A−1

1 Vn(1) is eT
1 .

( The matrix of this kind is not unique. Vn(1) itself is one of them.) Let

Vn−1(z) = D−1
1 (z)A−1

1 Vn(z)D1(z). (1.34)

Then Vn−1(z) is a fundamental P-matrix and the first column of Vn−1(1)
is e1. We now have

Vn(z)D1(z) = A1D1(z)Vn−1. (1.35)

Using the mathematical induction, we reach

Vn−i−1(z) = D−1
1 (z)A−1

i+1Vn−iD1(z), 0 ≤ i ≤ n− 1,

where Vn−i−1(z) is fundamental and the first column of Vn−i−1(1) is e1. It
follows that

Vn−i(z)D1(z) = Ai+1D1(z)Vn−1−i 0 ≤ i ≤ n− 1, (1.36)

which lead to (1.33). We now prove that the first column of Ai, 2 ≤ i ≤ n
is e1. Recall that, for 1 ≤ i ≤ n − 1, the first columns of Ai+1Vn−i and
Vn−i(1) both are e1, which implies the result.

“⇐”. It can be proved by directly computing. 2

We return to the proof of Theorem 4.5.
Proof. Assume that the scaling vector φ satisfying Condition (β1) and

Condition(θ) has accuracy n. By Theorem 4.3, the symbol P (z) of φ has
a two-scale factor T (z) that satisfies (1.20) and has the Canonical Smith’s
form Dn(z). Hence

P (z) = T (z2)Q(z)T−1(z),

where Q(z) is a P-matrix, and there are two fundamental matrices Vn(z)
and Rn(z) such that

T (z) = Vn(z)Dn(z)Rn(z).

Write Tn(z) = Vn(z)Dn(z) and Qn(z) = Rn(z2)Q(z)R−1
n (z). We have

P (z) = Vn(z2)Dn(z2)Qn(z)D−1
n (z)V −1

n (z),

where Qn(z) is a P-matrix. Since Vn(z) is fundamental and

Dn(z2)Qn(z)D−1
n (z) = V −1

n (z2)P (z)Vn(z).

Hence V −1
n (z2)P (z)Vn(z) is a P-matrix and so is

D−1
1 (z2)V −1

n (z2)P (z)Vn(z)D1(z),
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which, by (1.35), turns out to be

V −1
n−1(z

2)D−1
1 (z2)A−1

1 P (z)A1D1(z)Vn−1(z).

Let
P1(z) = D−1

1 (z2)A−1
1 P (z)A1D1(z).

We get
P (z) = A1D1(z2)P1(z)D−1

1 (z)A−1
1 .

Using Lemma 4.6 and the mathematical induction, we obtain (1.32). Let
b = V −1

n φ̂(0). Because (1.20) holds for T (z) and φ̂(0) = P (1)φ̂(0), we have
eT
1 b 6= 0. It follows that the first component of A−1

1 φ̂(0) does not vanish. By
Lemma 4.6 and Theorem 4.3, the converse is clear. The proof is completed.
2

Decomposing the symbol of a scaling vector in this way can also be found
in [35] and [38] under the assumption that the scaling vector is linearly
independent. (See Theorem 1.2 in [35], Theorem 2.4 and 2.6 in [38].)

4.3 Accuracy of scaling distributions

Finally we briefly discuss the accuracy of a scaling distribution. When a
scaling vector is reduced to a scaling distribution, Theorem 4.3 can be
modified as

Corollary 4.7 Let φ be a scaling distribution with polynomial symbol P (z).
Suppose φ̂(0) = 1 and

∑
k∈Z(−1)kφ(x − k) 6= 0. Then φ has accuracy n

if and only if P (z) = ( 1+z
2 )nQ(z), where Q(−1) 6= 0. Furthermore, if the

symbol of φ is non normal, P (1) = 2N , N ≥ 1, and
∑

k∈Z(−1)kφ(x−k) 6= 0,
then φ has accuracy n, if and only if P (z) = (z + 1)N ( 1+z

2 )nQ(z), where
Q(−1) 6= 0.

Remark 4.2 If φ in Corollary 4.7 is a real valued function, then Condition
(θ),

∑
k∈Z(−1)kφ(x − k) 6= 0, holds if and only if that (1 + z)2

m

, m ∈ N,
are not the factors of P (z).

5 Final remarks

We remark on some relative results on linear independence and accuracy
of scaling vectors, in which some are not described via symbol.

(1) The criterion of finite linear dependence can be found in [46]. Note
that the symbol of a finitely linearly dependent scaling vector φ is not
unique. However they can be characterized by the following theorem.
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Theorem 5.1 ([46]) A scaling vector φ with the normal symbol P (z) is
finitely linearly dependent if and only if the following two conditions are
satisfied:

(i) P (z) = T (z2)Q(z)T−1(z) with T (z) being a fundamental matrix and

Q(z) =
(

Qs(z) Y (z)
0 X(z)

)
,

where Qs is an s× s polynomial matrix with eigenvalue 1 and s < r.
(ii) There is a vector u = (u1, · · · , us, 0, · · · , 0)T such that

φ̂(0) = T−1(1)(u1, · · · , us, 0 · · · , 0)T .

Furthermore, if 1 is a simple eigenvalue of P (1), then (ii) can be removed.

(2) The other descriptions of linear independence or stability of scaling
vectors not via symbol can be found in [23], [41], and [37].

(3) There is another interesting approach to the characterization of the
approximation order of scaling vectors. Strang and Strela [44], then Jia,
Riemenschneider, and Zhou [29], use the eigenvalues and the corresponding
eigenvectors of the subdivision operator associated with φ to describe the
approximation order of a scaling vector.

A linear mapping SP : (l)r → (l)r is said to be a subdivision operator
associated with matrix sequence P ∈ (l0)

r×r if

v := SP u(l) =
∑

k∈Z
PT (l − 2k)u(k), l ∈ Z,u ∈ (l)r.

Their result is the following.
An element u ∈ (l)r is called a polynomial vector sequence if there exists

a polynomial vector ~p(z) such that ~p(n) = u(n) for all n ∈ Z.

Theorem 5.2 ([29]) Let φ be a scaling vector. Then φ has accuracy k if
and only if there exists a polynomial vector sequence u such that

u /∈K(φ) and SP u− 1
2k−1

u ∈K(φ).

Chen in [8] pointed out that if the scaling vector satisfies Condition (θ),
then the above result can be simplified as following.

Theorem 5.3 ([8]) If the scaling vector φ in the above theorem satisfies
Condition (θ), then φ has accuracy k if and only if there exists a polynomial
vector sequence u 6∈ K(φ) such that u is an eigenvector of the subdivision
operator mathcalSP associated with eigenvalue 1

2k−1 .

6 References
[1] B. K. Alpert, A class of bases in L2 for the sparse Matrix, J. Math.

Anal., 24 (1993) 246–262.



INDEPENDENCE AND ACCURACY OF SCALING VECTORS 29

[2] B. K. Alpert and V. Rokhlin, A fast algorithm for the evaluation of
Legendre expansions, SIAM J. Sci. Stat. Comput., 12 (1991) 158–179.

[3] C. de Boor, R. DeVore, and A. Ron, Approximation from shift-
invariant subspaces of L2(Rd), Trans. Amer. Math. Soc., 341(1994)
787–806

[4] C. de Boor, R. DeVore, and A. Ron, The structure of finitely generated
shift-invariant spaces in L2(Rd), J. Functional Analysis, 119(1)(1994)
37–78.

[5] C. de Boor, R. DeVore, and A. Ron, Approximation orders of FSI
spaces in L2(Rd), preprint, 1996.

[6] C. de Boor and Rong-Qing Jia, Controlled approximation and a char-
acterization of the local approximation order, Proc. Amer. Math. Soc.,
95(1985) 547–553.

[7] C. de Boor and A. Ron, Fourier analysis of the approximation power
of principal shift-invariant spaces, Constr. Approx., 8(1992) 427–462.

[8] Di-Rong Chen, Algebraic properties of subdivision with matrix mask
and their applications, submitted to J. Approx. Theory, 1997.

[9] C. K. Chui and J. Lian, A study of orthonormal multiwavelets, Texas
A& M University, CAT Report #351, 1995.

[10] C. K. Chui and Jianzhong Wang, A general framework of compactly
supported spline and wavelets, J. Approx. Theory, 71(1993) 263–304.

[11] C. K. Chui and Jianzhong Wang, A study of compactly supported scal-
ing functions and wavelets, In Wavelets, Images, Surface Fitting, P. J.
Laurent, A. Le Mehaute, and L. L. Schumaker (eds.), Wellesley, (1994)
121–140.

[12] C. K. Chui and Jianzhong Wang, On compactly supported spline
wavelets and a duality principle, Trans. Amer. Math. Soc., 330(1992)
903–916.

[13] A. Cohen, I. Daubechies, and G. Plonka, Regularity of refinable func-
tion vectors, preprint, 1995.

[14] I. Daubechies, Ten Lectures on Wavelets, SIAM, Philadelphia,
61(1992).

[15] I. Daubechies and J. C. Lagarias, Two-scale difference equations: I.
Existence and global regularity of solutions, SIAM J. Math. Anal.,
22(1991) 1388–1410.



INDEPENDENCE AND ACCURACY OF SCALING VECTORS 30

[16] G. Donovan, J. S. Geronimo, D. P. Hardin, and P. R. Massopust, Con-
struction of orthogonal wavelets using fractal interpolation functions,
SIAM J. Math. Anal., 27(1996) 363–377.

[17] J. S. Geronimo, D. P. Hardin and P. R. Massopust, Fractal functions
and wavelet expansions based on several scaling functions, J. Approx.
Theory, 78(1994) 373–401.

[18] T. N. T. Goodman and S. L. Lee, Wavelet of multiplicity r, Trans.
Amer. Math. Soc., 342(1994) 307–324.

[19] T. N. T. Goodman, S. L. Lee and W. S. Tang, Wavelets in wandering
subspaces, Trans. Amer. Math. Soc., 338(1993) 639–654.

[20] C. Heil and D. Colella, Matrix refinement equations: Existence and
uniqueness, J. Fourier Anal. Appl., 2(1996) 363–377.

[21] C. Heil, G. Strang, and V. Strela, Approximation by translates of re-
finable functions, Numer. Math., 73(1996) 75–94.
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