Worksheet 1.6A, Inverse functions
MATH 1410
(SOLUTIONS)

1. Find the inverse function of f(x). State the domain of the inverse function f~*(z).

(a) f(z) =20 +4
(b) f(2) =2(x+4)

(¢) flx)=3(x—-T7)+5

(@) f(x) =2® —4

(e) flz)=2"+7

(f) f(z) = (z+7)°
Solution.

(a) The inverse function of f(x) =2z +4is f~1(x) = - ; 4.

The function f~!(x) has domain (—oo, c0).
1
(b) The inverse function of f(z) = 2(z +4) is f~}(z) = é(az —8).
The function f~!(z) has domain (—oo, c0).
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(c) The inverse function of f(z) = 3(x —7) +5is f~1(z) =
The function f~!(z) has domain (—oo, c0).

(d) The inverse function of f(x) = 2? — 4 is f~(x) = v/z + 4. In order to make f(z) one-to-one,
so that there is no ambiguity in f~!(z), we need to restrict the domain of f(z) to [0, 00). This
means that the range of f~1(x) is also [0, 00).

The function f~!(z) has domain [—4,c).

(e) The inverse function of f(z) = 2% +7is f~1(x) = /x — 7.
The function f~!(x) has domain (—oo, c0).

(f) The inverse function of f(z) = (z +7)%is f~1(z) = Yz —T.
The function f~!(z) has domain (—oo, c0).

2. For each function f(z), below, find a domain on which f is one-to-one and then create an inverse
function g(x) corresponding to f on that domain.

(a) f(z)=(z—4)?

(b) f(z)=+vz+4
1

(© f() = —~
@) flo)=
() f(a) = VaT+9
(1) f(x) = —



(a)

(b)

(c) If

The inverse function of f(z) = (x —4)% is f~1(z) = /x + 4.
The range of f(z) is [0,00) which is the domain of f~!. It is in this region that f(x) is
one-to-one so let us set the domain of f(z) to the range of f~!(x), that is [4,00).

‘ Set the domain of f(z) to [4,00). Then f(x) is one-to-one with inverse f~1(x) = \/z + 4. ‘

The inverse function of f(z) = vz +4is f~(z) = 22 — 4.

The range of f(x) is [0,00) which is the domain of f~!. It is in this region that f(z)
is one-to-one so let us set the domain of f(z) to the range of f~!(z) which is [—4,0c0).
‘Set the domain of f(z) to [—4,00). Then f(z) is one-to-one with inverse f~!(z) = 2? — 4‘

1
y = —— then the inverse function obeys the equation v = ——.
z+1 y+1
Solve for y:
1 1—2z
=7 =yt =1= wtr=1= ay=l-z = y=
Y
1—
The domain of f(z) to (—oo, —1) U (=1,00). f(x) is one-to-one with inverse f~!(z) = <
x
If y = —— then the inverse function obeys the equation x = ——.
r+1 y+1
Solve for y:
Y r—1 T
r=—"— = z(y+l) =y = aytz =y — zy—y=-2 — yla—1)=—-2 = y= = .
y+1 —x 1—x
The domain of f(z) to (—oo, —1) U (—1,00). f(x) is one-to-one with inverse f~!(z) = 1 -
-
The inverse function of f(x) = Va3 +9is f~'(z) = 2 — 9. The domain of f(z) is [~/9,0).
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Ify= then the inverse function involves the equation: = =

1
Va2 +1
Let us square both sides and then multiply both sides by y? + 1:

1
r=—- = 2°

1
Vyr+1 Syt

Then divide both sides by 2 and then subtract 1 from both sides:

= 22y +1)=1.

1 1
2P +1)=1 = y2+1=P = y2:P—1.

Then get a common denominator on the right side and then take square roots.
1—2? V1—a2

= y==( ),

1
y2:—2—1 :>y2:
x

This solution does not give a function since there are two answers. So let us agree to restrict
the domain of f(z) to [0,00) and then the inverse function will have range [0, 00). If we do
that, then

V1—a2

xT

f =) =




3. Find the inverse function of f(z). State the domain of the inverse function f~!(z).

(a) The inverse function of f(x) = 23 is f~!(x) = /x. The domain of the inverse function is
(—00, 00).

(b) The inverse function of f(x) = ¢z is f~(x) = 23. The domain of f~!(z) is (—o0,00).

r+5

(c) The inverse function of f(z) =4x —5is f~(z) = . The domain of f~1(z) is (—o0, 00).

(d) The inverse function of f(z) = Va3 +5is f~(z) = v/22Z — 5. The domain of f(x) is [~ /5, 00)
and the range of f(x) is [0, 00). Therefore the domain of f~!(x) is [0, co).

(e) The inverse function of f(z) = 2®+5is f~!(x) = /2 — 5. The domain of f~1(x) is (o0, ).

4. Compose the function f and g and determine, from your answer, if the functions f and g are inverses
of each other.

(a) f(z)=(z+3)2 -7, g(x) =z +7— 3. (Assume the domain of f(z) is [~3,00).)
(b) f(&) =32 +7, g(a) = %x _7.
x—7

(c) flz)=2Yx—5+7, g(z) = ( 5 )? +5.
(d) f(z)= <x_27)3 +5, gla)=2¥zr—5+7.

Solutions.

(@) (fog)(x)=f(Wr+T7-3)=(zx+7—-3+3)?—7=2z. (Similarly (go f)(x) = z.) So, yes,

these functions are inverses.

1
(b) (fog)(x) = 3(§x —7)+7=x—21+7= 2z — 14. Since this answer is not equal to z, these
functions are not inverses.

© (Fo9)@ = 15 01+5) =23 (5 T w5 —sm) =2/ T =2 a7 =

(Similarly (g o f)(z) = z.) So, yes, these functions are inverses.
. 2 —54+7-17)3 2z —5)3
(d) (fog)(ﬂc)zf(2\/3x—5+7):(\/337;_ ) +5:%+5: +5=
4(x —5) + 5 =4x — 15.

Since this answer is not equal to x, these functions are not inverses.




