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Abstract

Let Hff be the set of homogeneous polynomials of degree n and
d variables. Consider a compact set K C R?. Denote by || - || x the
usual sup norm on K. It was proved by Harris [4] that if K is a O-
symmetric convex body then for every h € H? with ||h||x < 1 we have
|Duh||x < Cnlogn where Dyh is the derivative of h in the direction
u € S9! In this paper we extend Harris’ result for nonsymmetric
star-like domains.
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1 Introduction and New Results.

Let K be a compact set in R?, and F be a family of differentiable functions
on K. As usual, %! = {x € R? : |x| = 1} stands for the unit sphere in
R? in Euclidean norm. (Here and in what follows |x| denotes the Euclidean
norm of x in R%.) Denote by D, f the derivative of f in direction u € S¢1.
Let

[/l = sup [ f(x)]
xeK

be the usual supremum norm on K.
Then the Markov Factor of F' on K is given by

M(F,K) :=sup {|Dufllx : f € F,|[fllx <Tue S} (1)

This quantity measures the size of the derivatives of functions in F' compared
to their sup norms on K. The problem of estimating M (F, K') originates from
the classical Markov inequality which gives

2n?
M(P! bl) = 2
(PLlab) = 7, )
where
P = Zakxk:akER . xeRY d>1, n>1, (3)

[k[1<n

is the space of polynomials of total degree at most n in d variables. (Here
| - |1 denotes the l;-norm.)

Numerous extensions of Markov inequality for various families of univari-
ate and multivariate polynomials are known. For an overview of univariate
inequalities see [2] or [3]; a survey of multivariate Markov-type inequalities
can be found in [6]. In particular, it is known that for convex bodies K C R?
we have

M (P}, K) = n?, (4)

while for cuspidal domains in R? the Markov Factors of P¢ are, in general, of
higher order. The size of the Markov Factors is essentially different for the
set of homogeneous polynomials of degree n defined by

HY = Zakxk:akER . xeRY d>2 n>1. (5)

n
[k[1=n



It was first shown by Harris [4] that for 0-symmetric convex bodies K in R?

we have
M(H! K) < Cnlogn. (6)

For the sharpness of this upper bound see [5] and [7].

Thus, the rates of Markov Factors for homogeneous polynomials are sub-
stantially smaller than for ordinary polynomials. Tt is also shown in [5] that
for smooth O-symmetric convex bodies the logn in (6) can be dropped, i.e.,
M(H? K) = O(n).

In all of the papers on homogeneous polynomials mentioned above the
symmetry of the domain played an essential role. The goal of the present
note consists of extending the results on Markov Factors for homogeneous
polynomials to nonsymmetric domains K for which 0 is on the boundary
OK of K, rather than inside K. The consideration of nonsymmetric domains
K will require a more delicate study of the geometry of K around the origin.
Also we shall relax the assumption of convexity of the domain and replace it
by the more general star-like property. Since |h(x)| = |h(—x)| for h € HZ, it
is natural to consider star-like domains contained in the half-space

Ri ::{x:(a:l,...,xd)ERd:xlzo}.

Let
Sfl = {x: (z1,...,24) € ST 2y > 0}

be the upper halfsphere, r : Sfl — R, be a continuous nonnegative map-
ping. Then a star-like domain in the halfspace R associated with r is given
by
K, ={tx:xe S, 0<t<r(x)}. (7)

We shall need to impose some mild smoothness conditions on JK, at the
origin.

Assume that there exist C7,Cy > 0, > 0, and 0 < € < 1 such that for
X = (r1,...,2q) € Sﬂir_l

Coe™™ < r(x) < Chat. (8)

The right inequality in (8) insures that r(x) tends to 0 (as x — 0) with a
polynomial rate. On the other hand the left inequality requires that r(x)
does not vanish at 0 exponentially. Thus if, for example,

Cozd < r(x) < Cya?

3



with some C7,Cy > 0,0 < g < a (0 < 27 < 1) then (8) will hold. We shall
also require that r € Lip,,;a on Si_l, for some 0 < a < 1, M > 0, i.e. for
any Xi,Xs € Sfl

r(x1) = r(x2)| < M|x1 — xo|.

Main Theorem. Let K, be a star-like domain (7) with r € Lipyc,
0 < a <1, satisfying condition (8). Then for any n > 2

M(Hg7 KT) S Copa(n)7 (9)
where y
n’e a<l1;
o = ’ ’ 1
paln) {nlogn, a=1, (10)

and constant Cy > 0 depends only on K,.

For @ = 1 the above theorem is a generalization of Harris’ result to
nonsymmetric star-like domains without cusps. In particular, it yields that
M(H¢, K,) = O(nlogn) for a wide family of nonsymmetric convex bodies.
The cuspidal case (0 < a < 1) is new.

While we can not prove the necessity of condition (8) it can be shown
that some kind of smoothness at the origin is needed, in general. Indeed, let

ho(z,y) = 2" T, (g) € H.,
X

where T,(t) = cos(narccos(2t — 1)) is the Chebyshev polynomial on [0, 1].
Consider the triangle

A={(r,y) eR*:0<y<a <1}

Clearly, [|h,|la =1, and

0 7 _ 2
a_yh”(l’ 1) =T/(1) = 4n>.

Thus, the O(nlogn) bound does not hold for A. (Note that condition (8)
fails for this triangle.)

Now let us address the question of sharpness of estimate (9). For a = 1,
i.e. the nlogn bound, the estimate is known to be sharp even in 0-symmetric
case (see [5], [7]). Consider now the domain

Dy :={(r,y) eR*:2? <y <1-2"}, 0<a.
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Clearly, this star-like set satisfies (8), and the Lip,,« condition holds for the
function r associated with this set. Consider now g, (z,y) := zy™ € H2 ;.
An easy calculation yields that

an \" 1
n < 1 — a\n _ = < O 71/0‘.

On the other hand H%L;HDQ = 1. Thus, M(HZ2,D,) > % which is also the
rate of the upper bound of (9) for 0 < o < 1. Hence, the estimate (9) is
sharp, in general.

2 Proof of the Main Theorem in the case
d=2.

Let the star-like domain K, C R?,0 € 0K,, be parameterized by polar
coordinates:

x=pcosp, y=psing, 0<p<r(coso,sing), |o < g (11)

Set
1 t

r(t) :=r )
() (\/1+t2 V1412
Since r € Lip,;a on St it immediately follows that 7 € Lip,;a on R. More-

over, by (8) (with 27 = cos¢ = 1/v/1 + t2)

), t=tangp, teR.

G < F(t) < Oyft| 0, teR, (12)
where C3 > 0 depends only on K,. Suppose we have a homogeneous polyno-
mial p € H?

P g)’“
p(x,y)—zakl’ y =x Zak<$ )
k=0 k=0
satisfying

Ipllx, < 1. (13)

Setting t = tan ¢, |¢| < 7/2, we obtain a weighted univariate polynomial on
R

p(r(cos ¢, sin @) cos ¢, r(cos ¢, sin @) sin ¢) = <\/%> n Z apt®.  (14)
k=0
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n

Denote ¢, (t) := Zaktk. Then by (13) and (14)
k=0

= lIpllox, < 1. (15)
R

) \"
vize) @
Observe that for (z,y) € K,

a n n
p(axa y) —n Z akxnfkflyk . Z kakxnfkflyk
x
k=0 k=1

=n( %)Hqﬂ(w— ( %)n_ltm). (16)

and

Tt S (8)” = () w0 o

k=1

In order to estimate the weighted polynomials appearing in (16) and (17)
we shall need the following two lemmas.

Lemma 1. Let 7 € C(R), 7 > 0, satisfy the right inequality in (12) for some
B > 0. Then there exists a t* > 0 depending only on 7 such that for any
n>2+2/8 and q, € P, we have

(e  (C e

Proof. Note that 7(t) < Cy[t|™® and n > 2 + 2/3 ensure that

()" wo

Thus, without loss of generality we can assume

[—t*,t7]

< Q.
R

=1
R

(i) e



It is known (for example, see [2] ) that for any g¢,(t) € P}

|40 (O] < Nlgnlli TR (@], (2] > 1, (18)
where .
To(t) = 5 ((t FVE D) 4 (- V2 — 1)”)
is the Chebyshev polynomial. Evidently,
T, ()| <2"[¢", |t] > 1. (19)
To estimate the norm ||¢y||(—1,1], observe that

inf 7 (¢
|1‘r%17“()>0

and, hence,

V1+t2
(O] < | —
7(t)
with some positive constant Cy depending only on 7. Therefore, combining
estimates (18), (19) and (20), we obtain that for |¢| > 1

n—1
) <ot <, (20)

|0 (8)] < 27[t"C7 7 = CE [t
Taking into consideration that
7(t) < Cult ™,
we obtain for [t > 1

PGC o
— |t|n71 — |t|ﬁ(n71)71’

[

where C depends only on 7. Note that assumption n > 2 + 2/ yields that
B(n—1)—1> Bn/2. Thus, setting t* := C¢’” + 1 we obtain for [¢| > t* > 1

f(t) > n—1 ( C@ > n
W) < | === | <1
() 0= (5
Hence, the norm of the weighted polynomial is achieved on the finite interval

[—t*,t*]. O
In what follows C%, k& € N will stand for constants depending only on 7.
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Lemma 2. Let 7 € C(R) satisfy (12). Then for any g, € P} satisfying (15)

I
A O < Copaln), 21
‘(m G0l < Conaon @1
where po(n) is defined in (10).
Proof.
First, observe that condition (15) can be rewritten in the following form:
e 9Wg, (1)] < 1 (22)
where
JTEP

Q(t) :==1logQ(t) and (i) := )

By a well-known inequality (see, for example, [1], p. 92) for any £ € [—t*,t*],
where t* is defined in Lemma 1, and any z = u+iv € C such that |z —¢| < p,
0<p<lle,

M/ log |qn(t) nlv|/
| n dt
0g |4n (2 t—u)? —|—112 t—u —H)Q
n]v| t1+¢)
dt 23
/tl—ul 220 0 (23)

where t; :=t — &, uy := u—f. Note that |ui| = |u—&| < p, [v] < p.

Since .
T
——dt = —,
/R(t—ul)2+02 v

we have that the last expression in (23) is equal to

n|v| Qt+¢&) — Q&)

(t —up)? + 02

dt +nQ(§).

Hence,

n]v| / log Q(t + &) — log (&)

et (24)

log(e™"9®)|g,,(z

The numerator in the integrand on the right-hand side can be rewritten as
follows

Q(t +¢£) - Q(E)

Q(t+¢) |
Q(¢)

ool

8

log Q(t + &) — log Q(&) = log

+1).  (25)



Let us introduce the following modulus of continuity of function (2:
w(§%t) == max{[Q(z1) — Qz2)| 1 71 € [, 7], |21 — 22| <}, > 0.

It has the following properties:
(i) ©(£2,t) is an increasing function of ¢.
(ii) For |t| > 1, by property (12), we have

D) <2 max  [Qz)] < SO (26)
T E[—t*—t,t*+t
This yields
logo(Q,t) = O(t'9), for [t| > 1. (27)
(iil) @(2, ) < Cyt* for |t| < 1, because Q(t) := —V%{)ﬁ, where 7(t) € Lip,,«a
on R and 7(t) > Cyy for [t| < 1+ ¢* by property (12).
Thus, using (24) and substituting ¢ = u; + |v|y, t2 = p(1 + y), we have

Q(t+€6)—Q(€) |t\
a0y oy < 2 log (#4552 + 1) s log (“G1” +1)
log(e ‘C] t — u1 2402 dt t - u1 2402 dt

(@ +olyl) |

p(1+y))
:-/l°g<c—n e el
R 0

T y?2 +1 By Y2+ 1
< dn [ log(w + 1)d _dnp /°° 1og(°”(§1f2) + 1)dt
-7 Jo (y+1)2 Y= p t3 2
4 1log ©(t2) +1 4 > log QtQ) +1
_ A / Co =0, | dnv Co "0 o)
T J, t5 T )1 t5

We can estimate each integral as follows. Using property (iii) of @(2,t) we
obtain for the first term in (28):

1
- 2 dt < C’lgnp/ t*2dt < Chz3nya(p), (29)

p

dnp /1 log( én) +1)
p

where

P, a<l
Ya(p) = {plog%, o=1. (30)



To estimate the second term in (28) we use (ii) which yields

dnp /°° 10g(®(c?1t) +1)
1

T 12

00 tl—& 014

dt < Cl4np/1
Therefore, by (29) and (31) for the whole sum in (28) we obtain:
log(e ™" g,(2)]) < Cisn(va(p) + p) < 2C15170(p). (32)
Setting in (32) p := 1/ps(n) where p,(n) is defined in (10), we obtain
log(e™" ¥ gu(2)[) < Cis. (33)
Thus, by (33) for all z such that |z —&| < p = 1/pa(n)
|gn(2)| < Ch7e"@®). (34)

By the Cauchy Integral Formula

oo L[ me)
qn(g) - 271 /zg|:p (Z-g)Qd .

Estimating this integral using (34), we have

1 1
|q7/1(£)‘ < max |gu(2)]- < C17€nQ(£)— = C'nenQ(g)pa(n).
z:|z—&|<p P p

Hence,

<¢1(—%> 1g,(6)] = € "99|¢,(€)] < Crrpaln). (35)

Recall that this estimate holds for £ € [—t*,¢*], where t* is defined in Lemma
1. Using Lemma 1

) \", ) \",
(A1) w0 = (7)o
VItt ) Vitt .
Furthermore, by (12)
VITE
HW < Cis. (36)
[—t*.t*]
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Finally, by last two relations and (35)

T t) )n ' / V142
¢, ()| < Cirpa(n)||——— < Chopa(n).
|| (\/ 1+¢2 . 7(t) e

This completes the proof of Lemma 2.

O

Now in order to prove the statement of the Theorem for d = 2 we need
to estimate partial derivatives in (16) and (17) under the assupmtion (15).
Note that for n < 242/ the statement of the Theorem is obviously true by
the equivalence of norms in finite-dimensional spaces, i.e., we may assume
that n > 2+ 2/ and, hence, Lemma 1 is applicable. Then using (16), (15)
and (36) together with Lemmas 1 and 2, we obtain

dp dp ( 7(t) )"‘1 ) ( (1) )"_1,
= == < (1 +t ! (t
‘ Ox || ‘ 0 || 5. _nH V1+t2 an(?) e V1t 0n(t) e

+ 1" Crpa(n) < Coopa(n).
[—t*,7]

Similarly, by (17), (15) and Lemma 2

“las

VITE
(1)

r

dp
— < Crpq(n).
By I 7Pa(N)

dy

The last two estimates complete the proof of the Main Theorem for d = 2.

3 Proof of the Main Theorem for d > 2.

First let us observe that for any h € H? we have h(tx) = t"h(x), t € R,
x € R% ie. Dyh(0) = 0 for any u € S9°1. Thus, it suffices to estimate
Dyh(x) for x € 0K, \ {0}. Note that property (12) of the star-like domain
K, yeilds that IntK, # (). Thus, there exists a d-dimensional ball B C K,,
0 ¢ B. Consider the quantity

n(K):= inf sup|<u,w>|.
ueSi-l wep
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We claim that n(K) > 0. Indeed, for any u € S we clearly have

7(u) :=sup | <u,w>|>0.
web

Since 7(u) is continuous on compact set S the claim is obvious. Thus, for
every u € S%! there exists b € B such that | < u,b > | > n(K).
Let now h € HY satisfy ||h||x, < 1, and consider an arbitrary x € 9K, \

{0}. Denote

Vh(x)

u:=

[Vh(x)]
where Vh is the gradient of h. By the above observation we can choose
b € B so that | < u,b > | > n(K). Set w := b/|b|. Then, using that
Vh(x) = |Vh(x)|u, we have

d—1
e s,

_ _ VA n(K)
|Dywh(x)| = | < Vh(x),w > | = T\ <u,b>|> W]Vh(x)].

In other words, with some constant Cy; > 0 depending only on K,

VhG) <~ Duh()] < Cul Duh(] @7
Thus, it suffices to estimate | Dy h(x)|, where w = b/|b| and b € B. Consider
now the 2-dimensional plane Ly, := span{x,b}. Then K, := K, N Ly, is
a 2-dimensional star-like domain with x € K,. Moreover, by (36), if we
estimate all directional derivatives of p|, € H? at x then this will yield an
upper bound for |Vh(x)|. Hence, our considerations can be reduced to the
2-dimensional plane Ly, and the star-like domain K,. Let 7 := 71, nsi-1 be
the corresponding radial function associated with K,. In order to complete
the proof we need to show that 7 satisfies condition (12) with some constants
independent of x. Let

l:= Lbﬂ{(O,xQ,...,xd) (e, ..., xq) ERd_l}

be the line in Ly supporting K, at 0, and denote by y. the orthogonal
projection of y = (y1,...,vq) € Ly, to the line [. Clearly,

ly —y | = dist(y, 1) > y1. (38)
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Furthermore, set y = (0,v2,...,vya), where y = (y1,¥2,...,yq). Obviously,
y —y+ € Ly is a normal direction to [ in Ly, y — ¥ = te;, where t € R,
e; = (1,0,...,0). This means that the angle between y —y* and y — ¥ is
invariant of the choice of y € Ly, and so is the angle between y — y* and
y —y*. Denote by a(u, v) the angle between u, v € R% Then by the above
observation using that b € L, we have

sina(y —y*,y —yt) =sina(b — bt b —bh)

_ bbb MR
~[b—=Db[ T b T max|x| 2o
X<

(It was used above that B C K, C RY and 0 ¢ B, i.e. min z; > 0.)
xE
Thus, for every y € Ly,

ly =¥ < b
sina(y —yt,y —y*t) = Oy

ly -yt =

This together with (38) implies that |y — y*| < |y1| whenever y € L, with
constants involved being independent of x. Thus, in conditions (8) we can
replace |y;| by |y — y*| = dist(y, ), where [ is the supporting line of K, at
0. Without loss of generality we can assume that [ is a coordinate axis (this
can be achieved by a rotation), i.e. it remains to refer to the already verified
case when d = 2. This completes the proof of the Main Theorem.
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