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A survey of my joint work with Charles on spline
wavelets

Duality principle.

Construction of spline wavelets.

Truncate errors of spline wavelet IIR filters.
Time-frequency localization of spline wavelets.
Sub-band decomposition of signals.
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A wavelet basis of.*(R) is anuncondi t i onal

basi s (also called &i esz basi s) of L*(R),
generated by the dilations and translates of a wavelet
function

{Viktjpezs Vik= 217292 % — k).
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[Meyer and Mallat (1988)]
Amul tiresol ution anal ysi s of L? is a nest of

subspaces af?
...Cv_lcvocv'lc...

that satisfies the following conditions.
NjezV; = {07},
UjeZVj — LQ,
f(-) € Vifand only if f(2-) € V; 4,

there exists a function € V|, such that
{o(x — n)}nez IS an unconditional basis 6f.
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An MRA generator satisfies a scaling equation:

dx) =2 h(m)p(2x —m), (h(m))mez € I*.

In frequency Domain,

d(w) = H(e ™?)p(w/2).

where{h(m)} is the mask ofp and H(z) is the symbol
of ¢.
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Wavelet subspaces

Wavelet subspacl’; is the supplement df; with
respect td/;,;:
Then we have the space decomposition
L*(R) = ®;ezW;, W,NWy={0},5 # k,
geW; < g(2:)eWj1, jEZ

or
L*(R) = Vi @r>; Wi.
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Wavelet function

The wavelet) is a function inl1/, such that
w {Y(- — n)},ez forms a Riesz basis df/,.
m Its mask{g(m)} is defined by

() =2 gk)p(z — k), g€l

ke,

= SymbolG(z) is
h(w) = Gle™)p(w/2).
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Duality principlein timedomain

Let ¢ and¢ be the dual scaling functions with masks
h = (h;) andh = (h;) respectively. Let) andy be their
dual wavelets with masks = (¢g;) andg = (gx)
respectively. Then

2> h(k)h(k — 20) = by,

2 1, 9(k)g(k —21) = do,
> hk)g(k — 21) = 0,
Dk ﬁ(k)g(k —20)=0
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puallty principle In freguency ao-
main

Duality principle in frequency domain derives equation:
In C*-algebra.

A () + T (~2) = 1
GEIG(=) + G2)C(—2) = 1.
G)H(2) + G(—2)H(—2) =0,
G(2)H(z) + G(—=2)H(—z) = 0.
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Solutions of duality equations (I)

The symbol of an orthonormal scaling function Satisfie
H(z)[" +|H(=2)]" = 1.

By the duality principle, we have

G(2) = 227 H(-2),

which is the symbol of the corresponding orthonormal
wavelet. Their dual functions are themselves, I.e.,

H(z) = H(z), G(z)=G(2).
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Solutions of duality equations | |

For semi-orthogonal scaling function and wavelet, we
have,

Vi=V; W;=W;.
Let (e ™) = >, |p(w + 2kn|%. Then
(2) = H (2)11(z)

H T0(z2)
G(z) = 22 H(=2)I(—2) K (2),
G

(2) = T

wherekK is in the Wiener clasiV andK (z) # 0 onT.
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Solutions of duality equations| ||

For biorthogonal compactly supported scaling function

and wavelet, we have thaf and H both are finite
Laurent polynomials. It yields
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Cardinal B-splines

[Schonberg, deBoor, 1973]
Themth order B-spline with integer knots is defined by

Np = Np—1x Ny, Ny = X[0,1)-

The Fourier transform al,, IS

N, (w) = (1 _Zzwy
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Properties of B-splines

The cardinal B-spline of order. satisfies the following:

= Supp N, = |0,m], and{ Ny}, is locally
linearly independent.
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Properties of B-splines

The cardinal B-spline of order. satisfies the following:

= Supp N, = |0,m], and{ Ny}, is locally
linearly independent.

= Themth order splines achieve approximation orde
m.
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The cardinal B-spline of ordern satisfies the following:
supp N, = [0, m|, and{N,,.;. },., Is locally
linearly independent.

Themth order splines achieve approximation orde
m.

Ny () > 0, forall z € (0, m), and its support is
0, m].
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The cardinal B-spline of ordern satisfies the following:
supp N, = [0, m|, and{N,,.;. },., Is locally
linearly independent.

Themth order splines achieve approximation orde
m.

Ny () > 0, forall z € (0, m), and its support is
0, m].

Its symbol is(:£2)".
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Euler-Frobenius polynomials

The Euler-Frobenius polynomial (of order— 1)

m—2

En(z) =Y Np(j+1)/, m=>2
j=0

Whenm = 2n, we write

II,(z) = 2" Ey_1(2), n>1.
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Propertiesof 11,

The Laurent polynomiall,,(z) has the following
properties.

wIl,(2) > 0,Vz € I', and all of its2n — 2 roots are
0<rp1 < - <Tpp1 <1<rp,<---<rpon_2,

Wherernjjrnjgn_l_]‘ = 1.
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The Laurent polynomidll,,(z) has the following
properties.

I1,(2) > 0,Vz € T", and all of its2n — 2 roots are
0<rp1 < - <Tpp1 <1<rp,<---<rpon_2,

Whereff’njjrnjgn_l_]‘ = 1.

2 2
following identity.

Let P,(z) = (H2)" (Hzl)n . Thenll, satisfies the

P, ()11, (2) + Po(—2),(—2) = I1,(2%).
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Orthonor mal spline wavelets

[Lemarie (1988), Mallat (1989)] The symbol of
orthonormal scaling spline of orderis

H, (2) = (1 : Z) ﬁj((;)y

The symbol of the orthonormal spline-wavelet is

G (2) = —zHL(—2).
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[Chul and Wang (1992)] Lep,, be the semi-orthogonal,
compactly supported wavelet correspondingvtp Then
the symbol ofy,, Is

Gn(z) = 27 (1 _2’21>nﬂn<—z>,

supp(,,) = |0, 2n — 1|. The symbols of the dual scaling
function and wavelet oV,, and,, are

H,(2) = (71;)(?;?)(2)’ Cin(2) = - nH((z;; )’”
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[Chul and Wang 1991] An interpolating spline of order
2n, Loy, € Va0, is defined byL,,, (k) = 0o Vk € Z. It
satisfies A

eianQn(w)

____n(e—iw) '

We caIILg',,?(Qx —1—n) € W, an interpolating
spline-wavelet. It is a semi-orthogonal spline-wavelet
with respect taV,, with the symbol

[:Qn (Cd) —

1] — 2!

i) =+ >nH”(‘Z)Hn<z>Hn<—z>‘
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The FWT algorithm based on spline-wavelets will be
Involved In filters of infinite impulse responses (1IR). In
computation, an lIR filters have to be truncated.

Let H = {h,, }.cz be an lIR. Assume we truncaté to

Hy = {hk}éwz—M-
The M -truncated error off Is

Eni(H) = | (H — Hag)
For anyc < [, we have

|H *xc— Hy xcllz < Ey(H)|cllz.
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[Chui and Wang,(1992)]
We obtained the following estimate.

Let H,,, be the symbol of the semi-orthogonal spline du
to N,,. Let {r,, »}:"* be the root set off,,(z). For any
m > 0, there Is an integek/,,, such that for all

M = My,

m—1 m+M
— Hoa)|le < | 2
|(Fn = Hyr) ( i M)

J=1

Particularly, whenmn = 2, 3, 4, the estimate above Is true
for all truncations (i.e.)M,,, = 0).
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plesof error estimations

r linear spline-wavelets,

|(Hy — Hyp0)||2 < 0.73205 x (0.26795).



EXamples of error estimations

= For linear spline-wavelets,

|(Hy — Haap)||2 < 0.73205 x (0.26795)Y .

= For cubic spline wavelets

|(Hy — Hypp)||p < 4.1952 x (0.53528).
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PLOLIC Clladl dCLEl 13LIC
e-frequency localization

e measure of time-frequency localization.



ASYITTIVDLOLIC Cllal aClcl 1oL
of time-frequency localization

= The measure of time-frequency localization.
= Uncertainty principle.
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ASYITTIVDLOLIC Cllal aClcl 1oL
of time-freguency localization

= The measure of time-frequency localization.
= Uncertainty principle.

= Semi-orthogonal spline wavelets have
asymptotically optimal time-frequency localization
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ASYITTIVDLOLIC Cllal aClcl 1oL
of time-freguency localization

= The measure of time-frequency localization.
= Uncertainty principle.

= Semi-orthogonal spline wavelets have
asymptotically optimal time-frequency localization

= Orthonormal wavelets asymptotically lose
time-frequency localization.
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Center s of time-frequency window

Letp € L? N L' (called a window function).
= The time center o Is

N—oo [

N 00
ty = lim x |¢(:1;)\2da:// o(2)|* d.
N — 00
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Center s of time-freqguency window

Letp € L? N L' (called a window function).
= The time center o Is

N 00
ty = lim x ]¢(x)\2dx// o(2)|* d.
—N —00

= The frequency center af is

wy = lim Nw|$(w)‘2dw//(:‘$(w)|2dw.

N—00 —N
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Radil of time/frequency localization

» The time localization radius.

(fjooo (z —ty)" [o(x) daz) 2

Ay = 7
(1 o) d)

[y

On Spline Wavelets — p. 2!



Radlil of time/frequency localization

» The time localization radius.

(ffooo (z —ty)" [o(x) d:c) 2
(ffooo o (z)|° da:) :

= The frequency localization radius.

Ay =

[y

(foooo (w — wg)’ |$(w)‘2 dw)é
(1 fof dw)% .

JAN

2

On Spline Wavelets — p. 2!



Size of time-frequency window of ¢

The size of time-frequency window @fis measured by

M(g) = AyA.
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Uncertain Principle

If ¢ Is a window function, then

1
and the equality holds if and only if
¢ =kGy,(x —pn), k#0, o>0,

where

IS a Gaussian function.
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[Charles and Wang (1994)] We modify frequency
window for wavelets because a wavelet is a bandpass

function. Hence, it usually has two peaks in the

frequency domain.
The positive frequency center.
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Frequency window of a wavelet

The positive frequency localization radius.

1
p)

ey $<w>|21dw) .
(e @)
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Size of time-frequency window of

When) Is a real-valued function, we can ignore its
negative frequency since it can be derived from the
positive one. Hence, we measure its time-frequency
localization by

M+(¢) .= AwA;%
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Uncertain principle for wavelets

[Chul and Wang (1994)]

If » € L?> N L' is a real-valued symmetric or
anti-symmetric function that satisfies

th(t) € L2, € L2, andy(0) = 0, then

1
M™ () > 5

Furthermore, the lower bourgdcannot be improved and
cannot be attained.
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ASYTHPLOLIC UTTIC-1T EYUCTICYy 100LdllZa-
tion of orthogonal wavelets (1)

[Chul and Wang (1996)]
Let ¢,, be the orthonormal scaling function with the

symbol
1 n
P = (157) 5
where
. w TC
— W < T c N e _ < < '
1Sp(e™™)| < C2"sin (2)\, 2_\w|_7r

Let ¢, be the corresponding orthonormal wavelet.
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PLOLIC UTTIC-IT EYQUCTICY 10CallZa-
f orthogonal wavelets (2)

n—oc || |@n| = X[-mq|[2 = 0, @and

. lim A¢n = OX.
n—00

lim Aq;n —

n—oo

ik



ASYTHPLOLIC UTTIC-1T EYUCTICYy 100LdllZa-
tion of orthogonal wavelets (2)

Then
R, H ‘¢n‘ — X[—?T,?T]HL2 = 0, and

lim Aqgn — l lim A¢n — OX.

n— 00 \/g7 n— 00

mlim,, H ‘&n‘ — X[-2n,—7|U[r,27] ‘ |L2 = 0 and

—
lim AT = ——, lim A, = oo.
n—oo  Yn 2\/§ n— 00 ¥n

On Spline Wavelets — p. 3:



ASYTHPLOLIC UTTIC-1T EYUCTICYy 100LdllZa-
tion of orthogonal wavelets (2)

Then
B, H ‘¢n‘ — X[—?T,?T]HL2 = 0, and

lim Ay = Z . lim Ay = 00.

n— 00 \/57 n— 00

mlim,, H ‘&n‘ — X[-2n,—7|U[r,27] ‘ |L2 = 0 and

T
lim AT = , lim Ay = oo.
n—oo  Yn 2\/§ n— 00 ¥n

wlim, ..o M(¢,) =00, lim, oo M (¢,) =
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IS T CYUCTICY 10Call ZallUll Ul SCilll-
orthogonal spline-wavelets (1)

[Chui and Wang (1997)]
For eachn, leta” = {a;?f}f;o be a finite symmetric Polya
frequency sequence with

an(z) = (1 ;L Z>npn(z)

and
degp,, < Cn.

Let ¢,, be the scaling function with the mask andg,,
be Iits standard variation.
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I ecyucticy 10call Zaclorl U1 Scllli-
gonal spline-wavelets(2)

rl < p < oo,

: > W  knw _w?
lim ||¢, (—) e'2on — e 2 = 0.

n—oo




FEHIC-1 T CYUCTICY 10CAll ZallUll Ul SCilll-
orthoegonal spline-wavelets(?)

mForl <p < oo,

: - W knw _w?
lim ||o, (—) e'2on — e 2 = 0.

—
n—aoo Ip

mFor2 < g < oo,

lim ||o,0, (anx + —) —

n—oo

27T 4
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FEHIC-1 T CYUCTICY 10CAll ZallUll Ul SCilll-
orthoegonal spline-wavelets(?)

mForl <p < oo,

: - W knw _w?
lim ||o, (—) e'2on — e 2 = 0.

—
n—aoo Ip

mFor2 < g < oo,

k, 1 22
lim ||o,0, (anx + —) — —e 2 = 0.

n— 00 2 2T 4
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IS T CYUCTICY 10Call ZallUll Ul SCilll-
orthoegonal spline-wavelets(?)

mForl <p < oo,

: - W knw _w?
lim ||o, (—) e'2on — e 2 = 0.

—>
n—aoo Ip

mFor2 < g < o0,

k 1 22
1' nOn n ’I?,_ — —p 2 — O
lim 0 (aa:+2) T »

w limy, oo M (@) = %
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O Ial UTIC-1IT CyuctICy 10CdllZatlOrnl
of semi-orthogonal spline-wavelets(3)

Let v, be the wavelet correspondingdg. Then
mForl <p < oo,

. w o _(w—wnTn)2
lim ||e2m ), <—) — € 2 = 0.

n—oo TL
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O Ial UTIC-1IT CyuctICy 10CdllZatlOrnl
of semi-orthogonal spline-wavelets(3)

Let v, be the wavelet correspondingdg. Then
mForl <p < oo,

. wo _(W—wnTn)Q
lim ||e2m ), (—) — € 2 = 0.
n—oo n Lfopo)
mFor2 < g < o0,
: 1 1 2
lim ||79, | Thx + = | — =— cos (Thwpx) e 2 =3
n— 00 2 27T 4
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O Ial UTIC-1IT CyuctICy 10CdllZatlOrnl
of semi-orthogonal spline-wavelets(4)

= For oddn and2 < g < oo,

1 1 22
lim ||7,%, (Tnx — —) — —sin(T,wpx)e 2| =0,

n—00 2 27T 4
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O Ial UTIC-1IT CyuctICy 10CdllZatlOrnl
of semi-orthogonal spline-wavelets(4)

= For oddn and2 < ¢ < oo,

1 1 z2
7}1_{20 TnWn (Tnx — 5) ~ 5 sin(7,w,x)e” 2 . = 0,
m
I : JAN li AT :
im — = lim 7,A™ = —
n—oo T, e Nn—00 Vn \/5
so that

: 1
lim M™ (¢,) = 5

n—oo
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SUD=Ddl U COUC dllu Jclicli dl salllpic
theory

[Chui & Wang, 2002]

= Sub-band code is the mail tool in multiple-channel
synchronized transmission.
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SUD=Ddl U COUC dllu Jclicli dl salllpic
theory

[Chui & Wang, 2002]

= Sub-band code is the mail tool in multiple-channel
synchronized transmission.

= Find the lowest bound of bit rate for sub-band cod:
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SUD=Ddl U COUC dllu Jclicli dl salllpic
theory

[Chui & Wang, 2002]

= Sub-band code is the mail tool in multiple-channel
synchronized transmission.

= Find the lowest bound of bit rate for sub-band cod:

= Find the method for sub-band coding that achieve:
the lowest bit rate.
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Shanhon Sampling Theorem

A continuous-time bandlimited signdl¢) with

supp’ f C [0, 20 (1)

has the infinite series representation

f(t)= Y f(kT)sinc (20(t — kT)),

k=—o0

whereT = QL
0}
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We always assumero Is the least upper bound (lub) of
supp . Under the assumption,

the highest band of is o;
20 is called the Nyquist frequency (or rate) ot );

The sampling theorem asserts that, for a lossless
sampling, the sampling rate must be larger than the
Nyquist rate.
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To get a satisfied speech signal, the highest band
usually is set to 4 H z. Then the sampling rate usec
IS 8 kH ~ to avoid distortion. (Computer speech

guality).
The standard highest band of a high-quality music

signals is 22.0% H z. The usually sample rate for
music signals is 44.kH -.

However, the speech signale not cover all bandsin

0, o|. There is a room for transmitting signals in a lowe
DIt rate.
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We give the following definitions.

The (generalized) Nyquist rate for a signal is define
as the smallest lossless sample rate for the signal.

The bit rate Is the ratio of half of the generalized
Nyquist rate of a signal and the highest frequency
the signal.
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Thebit ratefor asingle band-signals

Assume a signaf has a lowest bang; and the highest
bando,. Theno := 05 — o4 IS called the bandwidth of
f(t). In this case, the Nyquist rate ¢ft) is given by

o 1—|—0'1/0'
1—|- LO’l/O'J.

Om —

= If o1 /0 is an integer, then,, = o and the bit rate of
f(t)iso/os.

= If o1 /0 is not an integer, thea,,, # o and the bit
rate is a little larger.
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MiUItIple-cChannel Syncnronized
transmission

It transmits a signal by dividing it into multiple channels
In such a way that the signal in each channel can be

coded from the original sampling code.
It can be done by sub-band decompaosition.
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Sub-band decomposition

Let f(¢) be a speech signal.
Decomposef(t) into f(t) = > ,_, fx(t), where

SUpP fi C [2mpuk, 217,
O0< 1 <y Sps <o <+ <y <V,

andu,; andy, satisfy the sub-band decomposition
conditions:

wup/o, k=1,...,n, are integers;
wop/op, k, 0 =1,... n,arerational numbers.
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Theoretical Nyquist frequency

et
mesgsupp f)

O'f: - .

where the notation “mes”stands for the Lebesgue
measure. Thebo Is called the theoretical Nyquist

frequency of a bandlimited signgl).
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Let f have the theoretical Nyquist frequerizy; and the
highest band. Then

forany A\ > o, there Is a sub-band decompositior
of f, with sub-band coding bit rate no greater than
Ar/o. and the sub-band coding bit rate pfs at
leasto/o;
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Let f have the theoretical Nyquist frequerizy; and the
highest band. Then

forany A\ > o, there Is a sub-band decompositior
of f, with sub-band coding bit rate no greater than
Ar/o. and the sub-band coding bit rate pfs at

leasto/o;

for anyo > o, the sub-band coding with the bit rat
g /o can be realized by a Shannon wavelet packet
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The Shannon sampling functiondst) = sinct and the

Shannon waveletis

Y (t) := 2sinc(2t) — sinc t,

w(w) = X[-2m,—7)U[r,27) (w)

They form an 0.n. MRA. Lepy(w) = x|z =),
pi(w) = po(w + 7). Then we have

(W) = po(w/2)$(w/2),
Y(w) = pr(w/2)(w/2).
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Shannon wavelet packets

Write p(¢) = o(t), pa(t) = (). Define{p 172,
Inductively as follows. For even, set

{ flon(w) = po(e™™/2) i (w/2),
fion1(w) = p1(e /%) i, (w/2),
and for oddn, set
{ fin(w) = pr(e™ /) in(w/2),
font1(w) = po(e” 2) n(w/2),

Then the collectiod 1 }7°, Is the family of Shannon
wavelet packets.
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Write 1 (1) = 27/%(27t — k). Define
U! = clos;: span {2//%y(2't —k): keZ}, 1>0.

Then each function ilﬁf]l- IS a bandpass signal with

lowest band’ !/ and highest ban?~1(/ + 1) and it
satisfies the sub-band coding condition (i).
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Lemmal. Let{/;;: 7 € A,l € '} be adyadic
partition of R™. Then the family
{V1r:5€N1lel ke Z}isan orthonormal

basis ofL? andL* = @®;ep jerU;.
Lemma2.If f € U}, then

f(t) — Z f(k):un,j,k(t)'

Recall that the Nyquist frequency of all functionsliit

is 27. The proof of the result is based on the dyadic
decomposition of the signal in each channel.
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The Shannon wavelet packet introduced above has a
primary bandwidtht /2 (i.e., both¢ andv have
bandwidthl /2). Therefore, each function in the

subspacé’/! has the dyadic bandwidti—". In

application we need to construct the Shannon wavelet
packets with primary band different frop.
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VV/avel et packets with other primary
band

For a positive number ¢ 2/, define

0"(t) = (2v)'Po(2wt), Y (t) = (2v)"/p(2ut).
Then bothy”(t) and”(t) have bandwidth. Let

O5u(t) = 22 (=) = (202 (i 1))

2V

W(e) — 20 (@0t ) (2002 g0 )

2V

Then{y?, : j,k € Z} creates the Shannon wavelet
packet has primary band
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Denote the Shannon wavelet packets with the primary
pandy by P”. Two positive numbers andyu are said to
e binarily similar if there exists an integgsuch that

v = 2/11. Let B C R be the set of all numbers that are
not binarily similar to each other. Then

{P": wveB}

constitutes a Shannon wavelet library.
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Decompose a signal into sub-band signhals from a sing
wavelet packet, sa¥’”. In this case, the decomposition
always satisfies the sub-band coding conditions (i) anc
(). In addition, all sub-band functions of a sub-band
coding obtained in this way are synchronic, and
therefore, no additional code is needed for synchronize
transmission.
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We may decompose a signélt) into sub-band signals
using several packets:

m n

f(t) = S: S: Jik(2),

[=1 k=1

where f;;.(t) and f;;.(t) have different primary bands if
and only ifl # [’. Thus, the signaf is decomposed by
usingm different wavelet packetd”',1 <[ < m. The
decomposition Is a sub-band decomposition if all the
ratiosv. /vy, 1 < k, k' < m, are rational numbers. In
this case, additional code may be needed for
synchronized transmission.
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