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Wavelet basis

A wavelet basis ofL2(R) is anunconditional
basis (also called aRiesz basis) of L2(R),
generated by the dilations and translates of a wavelet
functionψ :

{ψj,k}j,k∈Z
, ψj,k = 2j/2ψ(2jx− k).
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Multiresolution analysis

[Meyer and Mallat (1988)]
A multiresolution analysis of L2 is a nest of
subspaces ofL2

· · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ · · ·
that satisfies the following conditions.

∩j∈ZVj = {0},

∪j∈ZVj = L2,

f(·) ∈ Vj if and only if f(2·) ∈ Vj+1,

there exists a functionφ ∈ V0 such that
{φ(x− n)}n∈Z is an unconditional basis ofV0.
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Scaling function

An MRA generator satisfies a scaling equation:

φ(x) = 2
∑

m∈Z

h(m)φ(2x−m), (h(m))m∈Z ∈ l2.

In frequency Domain,

φ̂(ω) = H(e−iω/2)φ̂(ω/2),

where{h(m)} is the mask ofφ andH(z) is the symbol
of φ.

On Spline Wavelets – p. 5/57



Wavelet subspaces

Wavelet subspaceWj is the supplement ofVj with
respect toVj+1:

Wj ⊕ Vj = Vj+1, j ∈ Z.

Then we have the space decomposition

L2(R) = ⊕j∈ZWj, Wj ∩Wk = {0}, j 6= k,

g ∈Wj ⇐⇒ g(2·) ∈Wj+1, j ∈ Z

or
L2(R) = Vj ⊕k≥j Wk.
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Wavelet function

The waveletψ is a function inW0 such that

{ψ(· − n)}n∈Z forms a Riesz basis ofW0.

Its mask{g(m)} is defined by

ψ(t) = 2
∑

k∈Z

g(k)φ(2x− k), g ∈ l2.

SymbolG(z) is

ψ̂(ω) = G(e−iω/2)φ̂(ω/2).
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Duality principle in time domain

Let φ andφ̃ be the dual scaling functions with masks
h = (hk) andh̃ = (h̃k) respectively. Letψ andψ̃ be their
dual wavelets with masksg = (gk) andg̃ = (g̃k)
respectively. Then

2
∑

k h(k)h̃(k − 2l) = δ0l,

2
∑

k g(k)g̃(k − 2l) = δ0l,∑
k h(k)g̃(k − 2l) = 0,∑
k h̃(k)g(k − 2l) = 0.
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Duality principle in frequency do-
main

Duality principle in frequency domain derives equations
in C∗-algebra.

H(z)H̃(z) +H(−z)H̃(−z) = 1,

G(z)G̃(z) +G(−z)G̃(−z) = 1,

G̃(z)H(z) + G̃(−z)H(−z) = 0,

G(z)H̃(z) +G(−z)H̃(−z) = 0.
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Solutions of duality equations (I)

The symbol of an orthonormal scaling function Satisfies

|H(z)|2 + |H(−z)|2 = 1.

By the duality principle, we have

G(z) = z2l−1H(−z),

which is the symbol of the corresponding orthonormal
wavelet. Their dual functions are themselves, i.e.,

H̃(z) = H(z), G̃(z) = G(z).
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Solutions of duality equations II

For semi-orthogonal scaling function and wavelet, we
have,

Vj = Ṽj Wj = W̃j.

Let Π(e−iω) =
∑

k∈Z
|φ̂(ω + 2kπ|2. Then

H̃(z) = H(z)Π(z)
Π(z2) ,

G(z) = z2l−1H(−z)Π(−z)K(z2),

G̃(z) = z2l−1H(−z)
K(z2)Π(z2) ,

whereK is in the Wiener classW andK(z) 6= 0 onΓ.
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Solutions of duality equations III

For biorthogonal compactly supported scaling function
and wavelet, we have thatH andH̃ both are finite
Laurent polynomials. It yields

H(z)H̃(z) +H(−z)H̃(−z) = 1,

G(z) = z2l−1H̃(−z),
G̃(z) = z2l−1H(−z).

On Spline Wavelets – p. 12/57



Cardinal B-splines

[Schonberg, deBoor, 1973]
Themth order B-spline with integer knots is defined by

Nm = Nm−1 ∗N1, N1 = χ[0,1).

The Fourier transform ofNm is

N̂m(ω) =

(
1 − e−iω

iω

)m
.
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Properties of B-splines

The cardinal B-spline of orderm satisfies the following:

suppNm = [0,m], and{Nm;k}k∈Z
is locally

linearly independent.
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Themth order splines achieve approximation order
m.
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Properties of B-splines

The cardinal B-spline of orderm satisfies the following:

suppNm = [0,m], and{Nm;k}k∈Z
is locally

linearly independent.

Themth order splines achieve approximation order
m.

Nm(x) > 0, for all x ∈ (0,m), and its support is
[0,m].
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Properties of B-splines

The cardinal B-spline of orderm satisfies the following:

suppNm = [0,m], and{Nm;k}k∈Z
is locally

linearly independent.

Themth order splines achieve approximation order
m.

Nm(x) > 0, for all x ∈ (0,m), and its support is
[0,m].

Its symbol is
(

1+z
2

)m
.
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Euler-Frobenius polynomials

The Euler-Frobenius polynomial (of orderm− 1)

Em−1(z) =
m−2∑

j=0

Nm(j + 1)zj, m ≥ 2.

Whenm = 2n, we write

Πn(z) = z−n+1E2n−1(z), n ≥ 1.
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Properties of Πn

The Laurent polynomialΠn(z) has the following
properties.

Πn(z) > 0,∀z ∈ Γ, and all of its2n− 2 roots are

0 < rn,1 < · · · < rn,n−1 < 1 < rn,n < · · · < rn,2n−2,

wherern,jrn,2n−1−j = 1.
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Properties of Πn

The Laurent polynomialΠn(z) has the following
properties.

Πn(z) > 0,∀z ∈ Γ, and all of its2n− 2 roots are

0 < rn,1 < · · · < rn,n−1 < 1 < rn,n < · · · < rn,2n−2,

wherern,jrn,2n−1−j = 1.

Let Pn(z) =
(

1+z
2

)n (1+z−1

2

)n
. ThenΠn satisfies the

following identity.

Pn(z)Πn(z) + Pn(−z)Πn(−z) = Πn(z
2).
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Orthonormal spline wavelets

[Lemarié (1988), Mallat (1989)] The symbol of
orthonormal scaling spline of ordern is

H⊥
n (z) =

(
1 + z

2

)n √Πn(z)√
Πn(z2)

.

The symbol of the orthonormal spline-wavelet is

G⊥
n (z) = −zH⊥

n (−z).
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Semi-orthogonal spline wavelets

[Chui and Wang (1992)] Letψn be the semi-orthogonal,
compactly supported wavelet corresponding toNn. Then
the symbol ofψn is

Gn(z) = z2n−1

(
1 − z−1

2

)n
Πn(−z),

supp(ψn) = [0, 2n− 1]. The symbols of the dual scaling
function and wavelet ofNn andψn are

H̃n(z) =
(1+z

2 )nΠ(z)

Π(z2)
, G̃n(z) =

z2n−1(1−z−1

2 )n

Π(z2)
.
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Interpolating spline-wavelets

[Chui and Wang 1991] An interpolating spline of order
2n, L2n ∈ V2n,0, is defined byL2n(k) = δ0,k ∀k ∈ Z. It
satisfies

L̂2n(ω) =
einωN̂2n(ω)

Πn(e−iω)
.

We callL(n)
2n (2x− 1 − n) ∈Wn,0 an interpolating

spline-wavelet. It is a semi-orthogonal spline-wavelet
with respect toNn with the symbol

G(z) = z

(
1 − z−1

2

)n
Πn(−z)

(−2)n

Πn(z)Πn(−z)
.
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Truncate error

The FWT algorithm based on spline-wavelets will be
involved in filters of infinite impulse responses (IIR). In
computation, an IIR filters have to be truncated.
LetH = {hm}m∈Z be an IIR. Assume we truncateH to
HM = {hk}Mk=−M .
TheM -truncated error ofH is

EM(H) := ‖(H −HM)‖l2.

For anyc ∈ l2, we have

‖H ∗ c−HM ∗ c‖l2 ≤ EM(H)‖c‖l2 .
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Truncate error for semi-orthogonal
spline-wavelet

[Chui and Wang,(1992)]
We obtained the following estimate.
Let H̃m be the symbol of the semi-orthogonal spline dual
toNm. Let {rm,k}2m−2

k=1 be the root set ofΠm(z). For any
m > 0, there is an integerMm such that for all
M ≥Mm,

||(H̃m − H̃m,M)||l2 ≤
(

2
m−1∑

j=1

rm+M
m,k

Πm(rm,k)

)
.

Particularly, whenm = 2, 3, 4, the estimate above is true
for all truncations (i.e.,Mm = 0).
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Examples of error estimations

For linear spline-wavelets,

||(H̃2 − H̃2,M)||l2 ≤ 0.73205 × (0.26795)M .
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Examples of error estimations

For linear spline-wavelets,

||(H̃2 − H̃2,M)||l2 ≤ 0.73205 × (0.26795)M .

For cubic spline wavelets

||(H̃4 − H̃4,M)||l2 ≤ 4.1952 × (0.53528)M .
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Asymptotic characteristic
of time-frequency localization

The measure of time-frequency localization.
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Uncertainty principle.
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Asymptotic characteristic
of time-frequency localization

The measure of time-frequency localization.

Uncertainty principle.

Semi-orthogonal spline wavelets have
asymptotically optimal time-frequency localization.
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Asymptotic characteristic
of time-frequency localization

The measure of time-frequency localization.

Uncertainty principle.

Semi-orthogonal spline wavelets have
asymptotically optimal time-frequency localization.

Orthonormal wavelets asymptotically lose
time-frequency localization.
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Centers of time-frequency window

Let φ ∈ L2 ∩ L1 (called a window function).

The time center ofφ is

tφ = lim
N→∞

∫ N

−N
x |φ(x)|2 dx

/∫ ∞

−∞
|φ(x)|2 dx.
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Centers of time-frequency window

Let φ ∈ L2 ∩ L1 (called a window function).

The time center ofφ is

tφ = lim
N→∞

∫ N

−N
x |φ(x)|2 dx

/∫ ∞

−∞
|φ(x)|2 dx.

The frequency center ofφ is

wφ = lim
N→∞

∫ N

−N
ω
∣∣∣φ̂(ω)

∣∣∣
2

dω

/∫ ∞

−∞

∣∣∣φ̂(ω)
∣∣∣
2

dω.
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Radii of time/frequency localization

The time localization radius.

∆φ =

(∫∞
−∞ (x− tφ)

2 |φ(x)|2 dx
)1

2

(∫∞
−∞ |φ(x)|2 dx

) 1
2

.
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Radii of time/frequency localization

The time localization radius.

∆φ =

(∫∞
−∞ (x− tφ)

2 |φ(x)|2 dx
)1

2

(∫∞
−∞ |φ(x)|2 dx

) 1
2

.

The frequency localization radius.

∆φ̂ =

(∫∞
−∞ (ω − ωφ)

2
∣∣∣φ̂(ω)

∣∣∣
2

dω

) 1
2

(∫∞
−∞

∣∣∣φ̂(ω)
∣∣∣
2

dω

)1
2

.
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Size of time-frequency window of φ

The size of time-frequency window ofφ is measured by

M(φ) = ∆φ∆φ̂.
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Uncertain Principle

If φ is a window function, then

M(φ) ≥ 1

2
,

and the equality holds if and only if

φ = kGσ(x− µ), k 6= 0, σ > 0, µ ∈ R,

where

Gσ(x) =
1

2π
e−

(σx)2

2

is a Gaussian function.
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Frequency window of a wavelet

[Charles and Wang (1994)] We modify frequency
window for wavelets because a wavelet is a bandpass
function. Hence, it usually has two peaks in the
frequency domain.
The positive frequency center.

ω+

ψ̂
=

∫∞
0 ω

∣∣∣ψ̂(ω)
∣∣∣
2

dω

∫∞
0

∣∣∣ψ̂(ω)
∣∣∣
2

dω
.
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Frequency window of a wavelet

The positive frequency localization radius.

∆+

ψ̂
=

(∫∞
0 (ω − ω+

ψ̂
)2
∣∣∣ψ̂(ω)

∣∣∣
2

dω

)1
2

(∫∞
0

∣∣∣ψ̂(ω)
∣∣∣
2

dω

) 1
2

.
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Size of time-frequency window of ψ

Whenψ is a real-valued function, we can ignore its
negative frequency since it can be derived from the
positive one. Hence, we measure its time-frequency
localization by

M+(ψ) := ∆ψ∆
+

ψ̂
.
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Uncertain principle for wavelets

[Chui and Wang (1994)]
If ψ ∈ L2 ∩ L1 is a real-valued symmetric or
anti-symmetric function that satisfies
tψ(t) ∈ L2, ψ′ ∈ L2, andψ̂(0) = 0, then

M+(ψ) >
1

2
.

Furthermore, the lower bound12 cannot be improved and
cannot be attained.
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Asymptotic time-frequency localiza-
tion of orthogonal wavelets (1)

[Chui and Wang (1996)]
Let φn be the orthonormal scaling function with the
symbol

P (z) =

(
1 + z

2

)n
Sn(z),

where

|Sn(e−iω)| ≤ C2n| sinn
(ω

2

)
|, π

2
≤ |ω| ≤ π.

Let ψn be the corresponding orthonormal wavelet.
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Asymptotic time-frequency localiza-
tion of orthogonal wavelets (2)

Then

limn→∞ || |φ̂n| − χ[−π,π]||L2 = 0, and

lim
n→∞

∆φ̂n
=

π√
3
, lim

n→∞
∆φn

= ∞.

On Spline Wavelets – p. 33/57



Asymptotic time-frequency localiza-
tion of orthogonal wavelets (2)

Then

limn→∞ || |φ̂n| − χ[−π,π]||L2 = 0, and

lim
n→∞

∆φ̂n
=

π√
3
, lim

n→∞
∆φn

= ∞.

limn→∞ || |ψ̂n| − χ[−2π,−π]∪[π,2π]||L2 = 0 and

lim
n→∞

∆+

ψ̂n

=
π

2
√

3
, lim

n→∞
∆ψn

= ∞.
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Asymptotic time-frequency localiza-
tion of orthogonal wavelets (2)

Then

limn→∞ || |φ̂n| − χ[−π,π]||L2 = 0, and

lim
n→∞

∆φ̂n
=

π√
3
, lim

n→∞
∆φn

= ∞.

limn→∞ || |ψ̂n| − χ[−2π,−π]∪[π,2π]||L2 = 0 and

lim
n→∞

∆+

ψ̂n

=
π

2
√

3
, lim

n→∞
∆ψn

= ∞.

limn→∞M(φn) = ∞, limn→∞M+(ψn) = ∞.
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Time-frequency localization of semi-
orthogonal spline-wavelets (1)

[Chui and Wang (1997)]
For eachn, let an = {anj }kn

j=0 be a finite symmetric Pólya
frequency sequence with

an(z) =

(
1 + z

2

)n
pn(z)

and
degpn ≤ Cn.

Let φn be the scaling function with the maskan andσn
be its standard variation.
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Time-frequency localization of semi-
orthogonal spline-wavelets(2)

For1 ≤ p <∞,

lim
n→∞

∥∥∥∥φ̂n
(
ω

σn

)
ei

knω
2σn − e−

ω2

2

∥∥∥∥
Lp

= 0.
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Time-frequency localization of semi-
orthogonal spline-wavelets(2)

For1 ≤ p <∞,

lim
n→∞

∥∥∥∥φ̂n
(
ω

σn

)
ei

knω
2σn − e−

ω2

2

∥∥∥∥
Lp

= 0.

For2 ≤ q <∞,

lim
n→∞

∥∥∥∥σnφn
(
σnx+

kn
2

)
− 1

2π
e−

x2

2

∥∥∥∥
Lq

= 0.
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Time-frequency localization of semi-
orthogonal spline-wavelets(2)

For1 ≤ p <∞,

lim
n→∞

∥∥∥∥φ̂n
(
ω

σn

)
ei

knω
2σn − e−

ω2

2

∥∥∥∥
Lp

= 0.

For2 ≤ q <∞,

lim
n→∞

∥∥∥∥σnφn
(
σnx+

kn
2

)
− 1

2π
e−

x2

2

∥∥∥∥
Lq

= 0.

limn→∞
1
σn

∆φn
= limn→∞ σn∆φ̂n

= 1√
2
.
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Time-frequency localization of semi-
orthogonal spline-wavelets(2)

For1 ≤ p <∞,

lim
n→∞

∥∥∥∥φ̂n
(
ω

σn

)
ei

knω
2σn − e−

ω2

2

∥∥∥∥
Lp

= 0.

For2 ≤ q <∞,

lim
n→∞

∥∥∥∥σnφn
(
σnx+

kn
2

)
− 1

2π
e−

x2

2

∥∥∥∥
Lq

= 0.

limn→∞
1
σn

∆φn
= limn→∞ σn∆φ̂n

= 1√
2
.

limn→∞M(φn) = 1
2.
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Optimal time-frequency localization
of semi-orthogonal spline-wavelets(3)

Let ψn be the wavelet corresponding toφn. Then

For1 ≤ p <∞,

lim
n→∞

∥∥∥∥e
iω
2τn ψ̂n

(
ω

τn

)
− e−

(ω−ωnτn)2

2

∥∥∥∥
Lp

[0,∞)

= 0.
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Optimal time-frequency localization
of semi-orthogonal spline-wavelets(3)

Let ψn be the wavelet corresponding toφn. Then

For1 ≤ p <∞,

lim
n→∞

∥∥∥∥e
iω
2τn ψ̂n

(
ω

τn

)
− e−

(ω−ωnτn)2

2

∥∥∥∥
Lp

[0,∞)

= 0.

For2 ≤ q <∞,

lim
n→∞

∥∥∥∥τnψn
(
τnx+

1

2

)
− 1

2π
cos (τnωnx) e

−x2

2

∥∥∥∥
Lq

= 0
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Optimal time-frequency localization
of semi-orthogonal spline-wavelets(4)

For oddn and2 ≤ q <∞,

lim
n→∞

∥∥∥∥τnψn
(
τnx+

1

2

)
− 1

2π
sin(τnωnx)e

−x2

2

∥∥∥∥
Lq

= 0,
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Optimal time-frequency localization
of semi-orthogonal spline-wavelets(4)

For oddn and2 ≤ q <∞,

lim
n→∞

∥∥∥∥τnψn
(
τnx+

1

2

)
− 1

2π
sin(τnωnx)e

−x2

2

∥∥∥∥
Lq

= 0,

lim
n→∞

1

τn
∆ψn

= lim
n→∞

τn∆
+

ψ̂n

=
1√
2

so that

lim
n→∞

M+ (ψn) =
1

2
.
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Sub-band code and general sample
theory

[Chui & Wang, 2002]

Sub-band code is the mail tool in multiple-channel
synchronized transmission.
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Sub-band code and general sample
theory

[Chui & Wang, 2002]

Sub-band code is the mail tool in multiple-channel
synchronized transmission.

Find the lowest bound of bit rate for sub-band code.
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Sub-band code and general sample
theory

[Chui & Wang, 2002]

Sub-band code is the mail tool in multiple-channel
synchronized transmission.

Find the lowest bound of bit rate for sub-band code.

Find the method for sub-band coding that achieves
the lowest bit rate.
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Shannon Sampling Theorem

A continuous-time bandlimited signalf(t) with

supp+f̂ ⊂ [0, 2πσ] (1)

has the infinite series representation

f(t) =
∞∑

k=−∞
f(kT )sinc (2σ(t− kT )) ,

whereT = 1
2σ .
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Nyquist frequency

We always assume2πσ is the least upper bound (lub) of
supp+f̂ . Under the assumption,

the highest band off is σ;

2σ is called the Nyquist frequency (or rate) off(t);

The sampling theorem asserts that, for a lossless
sampling, the sampling rate must be larger than the
Nyquist rate.
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Examples

To get a satisfied speech signal, the highest band
usually is set to 4kHz. Then the sampling rate used
is 8kHz to avoid distortion. (Computer speech
quality).

The standard highest band of a high-quality music
signals is 22.05kHz. The usually sample rate for
music signals is 44.1kHz.

However, the speech signalsdo not cover all bands in
[0, σ]. There is a room for transmitting signals in a lower
bit rate.
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Generalized Nyquist rate

We give the following definitions.

The (generalized) Nyquist rate for a signal is defined
as the smallest lossless sample rate for the signal.

The bit rate is the ratio of half of the generalized
Nyquist rate of a signal and the highest frequency of
the signal.
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The bit rate for a single band-signals

Assume a signalf has a lowest bandσ1 and the highest
bandσ2. Thenσ := σ2 − σ1 is called the bandwidth of
f(t). In this case, the Nyquist rate off(t) is given by

σm = σ
1 + σ1/σ

1 + bσ1/σc
.

If σ1/σ is an integer, thenσm = σ and the bit rate of
f(t) is σ/σ2.

If σ1/σ is not an integer, thenσm 6= σ and the bit
rate is a little larger.
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Multiple-channel synchronized
transmission

It transmits a signal by dividing it into multiple channels
in such a way that the signal in each channel can be
coded from the original sampling code.
It can be done by sub-band decomposition.
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Sub-band decomposition

Let f(t) be a speech signal.
Decomposef(t) in to f(t) =

∑n
k=1 fk(t), where

supp+f̂k ⊂ [2πµk, 2πνk],

0 ≤ µ1 < ν1 ≤ µ2 < ν2 ≤ · · · ≤ µn < νn ,

andµk andνk satisfy the sub-band decomposition
conditions:

µk/σk, k = 1, . . . , n, are integers;

σk/σ`, k, ` = 1, . . . , n, are rational numbers.
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Theoretical Nyquist frequency

Let

σf =
mes(supp+f)

π
.

where the notation “mes”stands for the Lebesgue
measure. Then2σf is called the theoretical Nyquist
frequency of a bandlimited signalf(t).
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Main results

Let f have the theoretical Nyquist frequency2σf and the
highest bandσ. Then

for anyλf > σf , there is a sub-band decomposition
of f, with sub-band coding bit rate no greater than
λf/σ. and the sub-band coding bit rate off is at
leastσf/σ;
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Main results

Let f have the theoretical Nyquist frequency2σf and the
highest bandσ. Then

for anyλf > σf , there is a sub-band decomposition
of f, with sub-band coding bit rate no greater than
λf/σ. and the sub-band coding bit rate off is at
leastσf/σ;

for anyσ̃ > σf , the sub-band coding with the bit rate
σ̃/σ can be realized by a Shannon wavelet packet.
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Shannon wavelet

The Shannon sampling function isφ(t) = sinc t and the
Shannon waveletis

ψ(t) := 2sinc(2t) − sinc t,

ψ̂(ω) = χ[−2π,−π)∪[π,2π)(ω)

They form an o.n. MRA. Letp0(ω) = χ[−π
2 ,

π
2 ),

p1(ω) = p0(ω + π). Then we have

φ̂(ω) = p0(ω/2)φ̂(ω/2),

ψ̂(ω) = p1(ω/2)φ̂(ω/2).
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Shannon wavelet packets

Write µ0(t) = φ(t), µ1(t) = ψ(t). Define{µl}∞l=0
inductively as follows. For evenn, set

{
µ̂2n(ω) = p0(e

−iω/2)µ̂n(ω/2),
µ̂2n+1(ω) = p1(e

−iω/2)µ̂n(ω/2),

and for oddn, set
{

µ̂2n(ω) = p1(e
−iω/2)µ̂n(ω/2),

µ̂2n+1(ω) = p0(e
−iω/2)µ̂n(ω/2),

Then the collection{µl}∞l=0 is the family of Shannon
wavelet packets.
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Properties

Write µl,j,k(t) = 2j/2µl(2
jt− k). Define

U l
j = closL2 span {2j/2µl(2jt− k) : k ∈ Z}, l ≥ 0.

Then each function inU l
j is a bandpass signal with

lowest band2j−1l and highest band2j−1(l + 1) and it
satisfies the sub-band coding condition (i).
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Proof

Lemma 1. Let {Ij,l : j ∈ Λ, l ∈ Γ} be a dyadic
partition ofR+. Then the family
{ψj,l,k : j ∈ Λ, l ∈ Γ, k ∈ Z} is an orthonormal
basis ofL2 andL2 = ⊕j∈Λ,l∈ΓU

l
j.

Lemma 2. If f ∈ Un
j , then

f(t) =
∑

k∈Z
f(k)µn,j,k(t).

Recall that the Nyquist frequency of all functions inUn
j

is 2j. The proof of the result is based on the dyadic
decomposition of the signal in each channel.
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More discussion

The Shannon wavelet packet introduced above has a
primary bandwidth1/2 (i.e., bothφ andψ have
bandwidth1/2). Therefore, each function in the
subspaceU l

j has the dyadic bandwidth2j−1. In
application we need to construct the Shannon wavelet
packets with primary band different from2j.
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Wavelet packets with other primary
band

For a positive numberν /∈ 2j, define

φν(t) = (2ν)1/2φ(2νt), ψν(t) = (2ν)1/2ψ(2νt).

Then bothφν(t) andψν(t) have bandwidthν. Let

φνj,k(t) = 2j/2φν(2jt− k

2ν
) =

(
2(j+1)/2ν1/2φ(2j+1νx− t)

)
,

ψνj,k(t) = 2j/2ψν(2jt− k

2ν
) =

(
2(j+1)/2ν1/2ψ(2j+1νt− k)

)
.

Then{ψνj,k : j, k ∈ Z} creates the Shannon wavelet
packet has primary bandν.
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Shannon wavelet library

Denote the Shannon wavelet packets with the primary
bandν by P ν. Two positive numbersν andµ are said to
be binarily similar if there exists an integerj such that
ν = 2jµ. LetB ⊂ R be the set of all numbers that are
not binarily similar to each other. Then

{Pν : ν ∈ B}

constitutes a Shannon wavelet library.
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Use a single packet for sub-band de-
composition

Decompose a signal into sub-band signals from a single
wavelet packet, sayP ν. In this case, the decomposition
always satisfies the sub-band coding conditions (i) and
(ii). In addition, all sub-band functions of a sub-band
coding obtained in this way are synchronic, and
therefore, no additional code is needed for synchronized
transmission.
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Use the library for sub-band decom-
position

We may decompose a signalf(t) into sub-band signals
using several packets:

f(t) =
m∑

l=1

nl∑

k=1

flk(t),

whereflk(t) andfl′k′(t) have different primary bands if
and only ifl 6= l′. Thus, the signalf is decomposed by
usingm different wavelet packetsP νl, 1 ≤ l ≤ m. The
decomposition is a sub-band decomposition if all the
ratiosνk/νk′, 1 ≤ k, k′ ≤ m, are rational numbers. In
this case, additional code may be needed for
synchronized transmission.
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END

THANK YOU
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