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Variational problem in function space.
Variational problem in wavelet space.

Relation between variational problem and shrinkin
Model evaluation.
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variational method In Image proces-
SI0N
Let H(Q2) C L*(Q) be the (spatial) space of image
functions, and,y, € H({2) be the observed image.
= An energy functionaF(u) is assigned o (2).
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variational method In Image proces-
SI0N
Let H(Q2) C L*(Q) be the (spatial) space of image
functions, and,y, € H({2) be the observed image.

= An energy functionaF(u) is assigned o (2).

= A constraint set Is for searching:
S =AHul C(u,uy) <o}.

= The restored image is the solution of the
variational problem:

u = arg min F(u).
ucsS
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Variation in spatial space (I)

Unconstraint problem
= The energy functional :

A
E(p,u) = E.+F; = /Qp(\Vu])der§/Q(u—uo)2daz,
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Variation in spatial space (I)

Unconstraint problem
= The energy functional :

A
E(p,u) = E.+F; = /gzp(\Vu])dx+§/Q(u—uo)2daz,

= E,.. External energy. Smoothness;
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Variation in spatial space (I)

Unconstraint problem
= The energy functional :

A
E(p,u) = E.+F; = /gzp(\Vu])dx+§/ﬂ(u—uo)2daz,

= E,.. External energy. Smoothness;

= p:. External energy density: Edge-preserving
controller,

= E;. Internal energy:. Approximation;
= A\. Energy balance controller;
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Variation in spatial space (I)

Unconstraint problem
= The energy functional :

A
E(p,u) = E.+F; = /gzp(\Vu])dx+§/ﬂ(u—uo)2daz,

= E,.. External energy. Smoothness;

= p:. External energy density: Edge-preserving
controller,

= E;. Internal energy:. Approximation;
= A\. Energy balance controller;
= Recovered imageai = arg min, E(p, u).
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\ariation in spatial space (I1)

Constraint problem.
= The energy functional :

B, - / p(|Vul)da
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\ariation in spatial space (I1)

Constraint problem.
= The energy functional :

B, = / o(|Vul)da

» The search set:

B, = {u; /(u — up)*drdy < 02} :
0
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\ariation in spatial space (I1)

Constraint problem.
= The energy functional :

B, = / o(|Vul)da

» The search set:

B, = {u; /(u — up)*drdy < 02} :
0

= Recovered image:

u = arg min E.(p, u).
ueB,
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Letc(p) = %.

Theorem. The anisotropic diffusion equation
[Perona-Malik model]

—88? = div (¢(|Vu)Vu), u(0)=1wuy, x €
ou

— = ()

5 0, z€0

provides a steepest descent method for the minimizati
problem, and the solutionis achieved at the stop-time

t,i.e., u = u(t) with ||[u — uy|| = 0.
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The unconstraint problem will lead to the equation:

u
ot
du
Oit

= div (c¢(|Vu|)Vu) + AMu —ug), u(0) =uy, x €

=0, x € 0.
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r model

mford-Shah’s model]
ergy densityp(p) = 5p°.



L inear mode

[iIn Mumford-Shah’s model]
= Energy densityp(p) = $p°.
= Conductivity: c(p) = c.
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L inear mode

[iIn Mumford-Shah’s model]
= Energy densityp(p) = $p°.
= Conductivity: c(p) = c.
= Leading to isotropic diffusiom; = c(Au).
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variation model

an, L. Vese, etc.]
ergy densityp(p) = p.



Total variation model

IT. Chan, L. Vese, etc.]

= Energy densityp(p) = p.

@.Ir—\ ||

= Conductivity:c(p) =
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Total variation model

IT. Chan, L. Vese, etc.]

= Energy densityp(p) = p.

= Conductivity: ¢(p) = -

m Leading to the mean curvature motion

dlv(‘v ‘)
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preserving model (1)

a-Malik]
lge stopperis.



Edge preserving moded (1)

[Perona-Malik]
= Edge stopperik.

= Energy densityp(p) = KT (1 — ezp<2> ;
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Edge preserving modd (1)

[Perona-Malik]
= Edge stopperik.

= Energy densityp(p) = i

2

2

= Conductivity:c(p) = e &2
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Edge preserving modd (1)

[Perona-Malik]
= Edge stopperik.

= Energy densityp(p) = K; (1 — efp<2> ;

2

= Conductivity:c(p) = e &2

= Diffusion equationu; = div (evKu?Vu> :
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preserving model (11)

0]
ergy densityp(p) = [ ze xdx.



preserving model (11)

0]
ergy densityp(p) = [ ze xdx.

onductivity: ¢(p) = e %.



Edge preserving mode (I1)

[Sapiro]
= Energy densityp(p) = [ xe xdx.
= Conductivity:c(p) = e *.

= Diffusion equationu; = div (e—¥Vu).
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preserving model (111)

ergy densityp(p) = K In (1 = (}’{—22)) :



preserving model (111)

ergy densityp(p) = K In (1 = (}’{—22)) :

1

onductivity:c(p) = TR




Edge preserving model (111)

= Energy densityp(p) = K2 In (1 T ([p(_))

1

= Conductivity:c(p) = 1 ek

= Diffusion equationu; = div (KQHV |2Vu>
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comings

OW process due to a large number of iterations.



Shortcomings

= Slow process due to a large number of iterations.

= Expensive computation at each step because of
nonlinearity.
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nonlinearity.
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Slow process due to a large number of iterations.

Expensive computation at each step because of
nonlinearity.

Hard to determine the stop time.
Hard to analyze consistency and stability.
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|et space

The (orthonormal) wavelet transform from



\Wavel et space

» 1. The (orthonormal) wavelet transform from
= Wavelet spacél’:

A

HQ=VaeW, VLW, W= (W),

W, = th s Wj?’ D Wjd,
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\Wavel et space

» 1. The (orthonormal) wavelet transform from
= Wavelet spacél’:

A

HQ=VaeW, VLW, W= (W),

W, = th ® W & Wjd,
= Wavelet basis{y;}" , C W

Calculus of Variation in Wavelet Space — p. :



\Wavel et space

» 1. The (orthonormal) wavelet transform from
= Wavelet spacél’:

A

HQ=VaeW, VLW, W= (W),

W, = th ® W & Wjd,
= Wavelet basis{v;}! , C W
= Wavelet decomposition: Fare H(f2),

J=Tvf+1Iwf=v+w, veVweW
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val icdlloll 11l vwavclct spalc. Frinicl-
ples

» The orthonormal transform of white noise is still a
white noise.
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val icalloll 11l vwavclct spalc. Flinicl-
ples

» The orthonormal transform of white noise is still a
white noise.

= If a function carries noise, then its smooth
componentdy f is not influenced by noise very
much, but the wavelet componény, f Is.
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The orthonormal transform of white noise iIs still a
white noise.

If a function carries noise, then its smooth
componentgy f Is not influenced by noise very
much, but the wavelet componény, f Is.

Across wavelet levels the power spectrum of noise
decreases fast.
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The orthonormal transform of white noise iIs still a
white noise.

If a function carries noise, then its smooth
componentgy f Is not influenced by noise very
much, but the wavelet componény, f Is.

Across wavelet levels the power spectrum of noise
decreases fast.

At the same level wavelets in diagonal direction ar
more influenced by noise than those in horizontal
and vertical directions.
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\ariational problem

In Wavelet Space, each wavelet defines a diffusion.
= Energy functional (unconstraint):

A A
E(p,w) = B +FE; = /Qp(\w])da:+§/g(w—w0)2dx,
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In Wavelet Space, each wavelet defines a diffusion.
Energy functional (unconstraint):

A A
E(p,w)=E.+F; = /Qp(|w])d:13—|—§/g(w—w0)2dx,

Energy functional (constraint}, with constraint

we B={w; |[Jw—wl|lw <o}
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nal energy design

[wla C o 7wn]T°

e energy functional:

p(w) = w! Gyw.



EXternal energy design

Letw = [wy, -+, w,]!.

= The energy functional:
p(w) = w! Guw.
= The diagonal energy density,, :

Gw = diag(d(w;))izy,  d(s) >0
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EXternal energy design

Letw = [wy, -, w,]’.

= The energy functional:
p(w) = w' Gyw.
= The diagonal energy density,, :
Gw = diag(d(w;) )iy, d(s) >0

= The diagonal energy functional o1

Zg w;), g(w;) = wid(w;).
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on of variational problem

ler-Lagrangian equation:

)\wi—l—g’(wi):)\w?, 1=1,---.n.



Advantages

It IS reduced to optimization problems of univariate
functions.

= Easy to analyze consistency.
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It IS reduced to optimization problems of univariate
functions.

Easy to analyze consistency.
Computation is economic)(n).

No iteration (or a few steps of iterations).
High stability.

Easy to apply to other wavelet structures (packets
frames, etc.).
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Wavel et threshold shrink

ID. Donoho, I. Johnstone] Assume each wavelet
coefficient carries a random variable (noise)V (0, 62).

» Hard threshold: (Assume the thresholdi$
0, |wi| <,
S { w?, |wd| > 1.

1)
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Wavel et threshold shrink

ID. Donoho, I. Johnstone] Assume each wavelet
coefficient carries a random variable (noise)V (0, 62).

» Hard threshold: (Assume the thresholdi$
0, |wi| <,
S { w?, |wd| > 1.

1)

m Soft threshold:

w; = (w; — sgn(w;)y),
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ID. Donoho, I. Johnstone] Assume each wavelet
coefficient carries a random variable (noise)V (0, 62).

Hard threshold: (Assume the thresholdyi¥
0, |wi| <,
M{wou£>%

1)

Soft threshold:

w; = (w; — sgn(w;)y),

The choice of threshold Is the most important
thing for wavelet shrink. It depends on noise level
and the dimension of the wavelet space
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Variational approach to shrink

Assume each wavelet coefficient carries noise
~ N(0, 52).
= Energy function for hard threshold:
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Variational approach to shrink

Assume each wavelet coefficient carries noise
~ N(0, 52).
= Energy function for hard threshold:

57 ) )
= Solution:
0 5
_ O, w;, S N
Wi = 0 0 )
Wy, (Wil >3-
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tional approach to shrink

ergy function for soft threshold:

g(s) =0 |s].



Variational approach to shrink

= Energy function for soft threshold:

g(s) =0ls].
= Solution:

w; = (w? — Sgﬂ(w?)§>
)\ a0
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Variational approach to shrink

= Energy function for soft threshold:

g(s) =0|s]|.

= Solution:

w; = (w? — Sgﬂ(w@o)é>
>\ a0

= The choice of\ determines the accuracy of the
models.
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Blended variational problem

A non-separate threshold for horizontal and vertical
wavelets.

= Assume{v;, v?; 71,7, is the wavelet basis of

wavelet subspack’;:

W; =W oW, e W;
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Blended variational problem

A non-separate threshold for horizontal and vertical
wavelets.

= Assume{v;, v?; 71,7, is the wavelet basis of

wavelet subspac#’;:
W; =W oW, e W;

= Wavelet decomposition: Far € W

h .h d ;.d
w= Z(wj,z‘%z’ Wy + ws¥s)
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Blended energy

= Wavelets in a finer space carry more noise than th
IN a coarser space.
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Blended energy

= Wavelets in a finer space carry more noise than th
IN a coarser space.

» Wavelets inW]d carries more noises than those In
Wf ® WY
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Wavelets in a finer space carry more noise than thi
IN a coarser space.

Wavelets inW]d carries more noises than those In
W]h ® WY

Energy functional: Letn;; = \/(w’?i)2 Sy

5 plwd] A
B(w) = g (mys+ =) + Jllw — w1
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T he solution

)
p
hov
Wi =
\

w0

0,
h,v mOj,i—’yj

75 mO0; ;+7;

0,

mUj; < 7,
mOjﬂ- > Y-

d
’ {wo;{z- — sgn(w0d, )y, w0l >
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Other energy functionals

Anisotropic Diffusion 1.

2

g(s) = d|s| (1 — e‘f?)
g'(s) = dsgn(s) {1 + ([3(_22 1

Anisotropic Diffusion 2.

o) = 31l (5 )

)

2
€ 2K2

o) =0sis) (1+ T )

g



)y balance controllers

e choice of\.

A\ = arg m}%n(E(v_v, 6, M, \)).



Energy balance controllers

m The choice of\.

A\ = arg mAin(E(v_v, 0, M, \)).

= Noise level estimate. (Here 'db3’ Is used.)

0 = v/2median{|wO|},

which slightly modifies the estimate given by
Donoho and Johnstone:

6 = median{|wO0|}/0.6745.
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Mode Evaluation

= Engineering method: Compare now model to
established models.
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Engineering method: Compare now model to
established models.

Mathematical method: Compare it to the priori
estimation (ideal risk, best approximation order, et
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Test Images:. Lena

Figure 1: Lena
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Camera M an

Figure 2: Camera Man
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Peppers

Figure 4: Peppers
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Test Pat

Figure 5: Test Pat



Wavelets: Haar and DB3.

Methods: soft threshold, hard threshold, blended
threshold.

Test images: Lena, Camera man, Saturn, test pat.
Noise level: Several.

Criteria: time and
PSNR=20log,, (255/std(noise)) .
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Wavelet: Haar, Noise Std:5
Images| Lena | Cmrman| Saturn| Pepper Test pat

Size 49K 66K 144K | 132K | 66K
Hard |0.190, 0.251 | 0.531| 1.121 | 0.251
Soft 0.191| 0.261 | 0.551| 1.152 | 0.261

VarC |0.210, 0.2/70 | 0.521| 1.161 | 0.270
Table1: CPU Time

Calculus of Variation in Wavelet Space — p. -



Wavelet: Haar, Noise Stdh
Images| Lena | Cmrman| Saturn| Pepper Testpat

Noisy | 34.16| 34.15 | 35.37| 34.16 | 34.13
Soft 31.76| 30.98 | 34.98| 31.76 | 28.26
Hard | 33.50| 34.35 | 36.91| 33.50 | 32.93

VarC | 34.67/| 34.62 | 38.28| 34.6/7/ | 32.98
Table7: PSNR
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Wavelet: DB3, Noise Sth
Images| Lena | Cmrman| Saturn| Pepper Testpat

Noisy | 34.12| 34.15 | 35.73| 34.16 | 34.13
Soft 31.49| 31.07 | 37.87| 32.87 | 30.45
Hard |34.31| 34.20 | 39.06| 34.19 | 33.44

VarC | 35.18| 34.58 | 39.69| 35.17 | 35.52
Table6: PSNR
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Wavelet: Haar, Noise Std:0
Images| Lena | Cmrman| Saturn| Pepper Testpat

Noisy | 28.12| 28.26 | 29.73| 28.17 | 28.15
Soft 26.95 27.43 | 31.69| 29.28 | 24.05
Hard | 29.08) 29.80 | 32.63| 30.74 | 27.24

VarC | 30.28| 30.49 | 33.67 | 31.79 | 28.59
Table2: PSNR
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Wavelet: DB3, Noise Stdt0
Images| Lena | Cmrman| Saturn| Pepper Testpat

Noisy | 28.12| 28.26 | 29.73| 28.17 | 28.15
Soft 28.26| 2/7.70 | 34.13| 30.67 | 26.97
Hard |30.11| 29.77 | 34.65| 31.80 | 29.34

VarC | 31.23| 30.65 | 34.76| 32.50 | 30.27
Table3: PSNR
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Wavelet: Haar, Noise St&0
Images| Lena | Cmrman| Saturn| Pepper Testpat

Noisy | 22.19| 22.41 | 23.76| 22.23 | 22.28
Soft 24.16| 24.33 | 28.27 | 26.7/7 | 20.92
Hard | 25.25| 25.97 | 28,52 | 27.75| 22.71

VarC |26.21| 26.47 | 28.50| 27.56 | 23.93
Tabled: PSNR
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Wavelet: DB3, Noise Std20
Images| Lena | Cmrman| Saturn| Pepper Testpat

Noisy | 22.19| 22.41 | 23.76| 22.23 | 22.28
Soft 25.71| 24.85 | 29.7/3| 28.27 | 23.96
Hard | 26.52| 26.08 | 29.78 | 28.89 | 25.49

VarC | 2/7.01| 26.65 | 29.02 | 28.14 | 25.67
Table5: PSNR
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Conclusion and Further study

= The blended energy is suitable for the images witr
noise of lower level.
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Conclusion and Further study

= The blended energy is suitable for the images witr
noise of lower level.

» The new method iIs less sensitive to the chosen
wavelet.
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The blended energy Is suitable for the images witlr
noise of lower level.

The new method is less sensitive to the chosen
wavelet.

There Is a gap between mathematical evaluation &
engineering evaluation. This gap perhaps IS cause
by two reasons:(1) the quantization error; and (2) t
iIdea noise assumption. | guess the first one is the
dominant one. Further study is needed.
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Thank You.
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