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We assume the noise function is in the following model
up(x) =v(x) +&(x), x€QCR"

We Introducamaximum a posterior estimate (MAP)
method for reducing noise on functions and then devel

the corresponding algorithms to realize the denoise
processing.
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Introduction

Posterior Energy in MAP Method
Solution of MAP Estimate

Directed Diffusion Kernel

Content Dependent Filter Algorithm
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The posterior distribution is obtained the modification ¢
prior distribution using the likelihood function. Létbe
the target data set.

Likelihood function on the target sef Is the
conditional probability ofu, given a target::

u — P(ug|u)

prior distribution II(«) is assigned o1y to
characterize the data features.

Thenposterior distribution of a target data Is

- I(u) P(ug|u)
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MARP estimate on Discrete data set

= The MAP method estimates the targeds themode
of the posterior:

V" = arg max 1) Pluo|u)
ueS ) o H(2)P(uo|2)

= Note that the denominator above does not impact 1
maximization. Hence,

V" = arg max IT(w)P(ug|u)
uc
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The Gibbsian form of the posteriofl(u) P (ug|u) yields
the posterior energy function:

u+— H(u) + H(u,up),

whereH (u) = — InIl(u) is theprior energy function,
and H (u, up) = — In P(ug|u) is thelikelihood energy
function. Then we have

v* = argmin (H(u) + H(u, up))

uesS
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In variational method, a total energy functioralu) is
assigned on the target function set, d\d:) is a sum of
aninternal energy functional

Ei(u) = A / o(|IVu] )

and anexternal energy functional

E.(u) :A/Qp(uvuu)dﬁ%/Q(u_uoydx

Then
E(u) = Ei(u) + Ee(u)
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lon of Variation Method

mate of the target data Is

v" = argmin (F;(u) + E.(u))



Bayesian method utilizes the information about the
probabllistic mechanism of the target function set.
Hence, If the statistical information of the target
function set is full, we can set a relatively precise
prior for the target function set, while the selection:
of p In variational method seem quite empirical,
lacking in selection laws.

The rigid external energy Iin the variational method
IS replaced by a “weak "condition given in the
likelihood energy functiord (ug|u), which gives
more flexibility to choose an estimate for the target
data.
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Establish the relation between the Bayesian methc
and the variational method

Take the benefits of well-developed PDE theory to
develop denoising algorithms in spatial space (loc:
HUES)

Develop selection laws for parameters in estimatol
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MARP for Continuous Data

= Observation space:” (), Q cC R"
= Target function set:

Wi (@) — {u cwhr @) 2, on@Q} |
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The likelihood distributiont (uy|u) can be obtained in a

simple way. Assume the noigér) is i.i.d. random
variable with the distribution density. Then the
likelihood energy density is

H (uglu) = — /Q In u(u(z) — ug(x))da.

Assume the noisg(x) is a white noise with the standard
deviations. Then

H (ug|u) = 2%2 /Q () — () de.
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We assume the features of target functions are
characterized by their gradient fields, and the prior
distribution P(u) is favor for smoother functions. For a
target functioru, we writep,(z) = ||Vu(z)||. Assume
the gradient field is governed by a distribution density

T(p) :

P(pu(z) <y) = /Oyﬂ(p)dp,

Then the prior energy density Is

H(u) = / o[ Vu(@)|)dz,
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In general, we have

u® = arg min /)\HVu \dm—l— /\u
ueWy?(9) Jo

An important target function sét is that the
magnitudes of gradients are governed by (one-sids
Laplacian distribution.

_ Yy
S = {u c W, (Q); P(|Vul| <y) = / Ae Mds
0

where) > 0 Is a normalization parameter.
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with Laplacian Prior

g min /)\HVU \da:+ /|u —up(x
ueWy?(Q) Jo




A basiIC Result Trom Variational Cal-
culus

The Gateaux derivative of a function&l«) in the
directionv is defined by

dE(u;v) == }\iH(l) Blut )\?;\) — E(u)

The following result is well-known.
If E(u) has a minimum at* anddE (u*; v) exists, then
dE(u*;v) = 0.
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Solution of MAP Estimate

Letc(p) = # andg(s) = In u(s). Then the
Euler-Lagrange equation of the MAP estimate Is

V- (c(Vul)Vu) = g'(u = uo) = 0.

The Euler-Lagrange equation of the special MAP
estimator Is

Vu 1
)\V-( )—(u—uo):().
IVul :

o
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Locally Differential Representation

[ (1,0), if Vu=0

Letb; = < " .
: \ ngu, If Vu # 0

of u atz, and{b,...,b,} be an orthonormal basis if
R™ Let Lu =V - (¢(||Vul||)Vu) . Write
p = |[Vul], ¢(p) = pc(p). Then

be the gradient direction

/82 e 82
Lu = (0(0)) Gz +c0) D_ g2
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The steepest descent method to solve the equation abov
IS described by the following evolution equation:

o S ((IVul)Va) — g/~ w). (.)€ QxR
%:O (z,t) € 002 x R,

u(z,0) = ug(z), =€

Then the MAP estimate Is the steady-state solution of the
equation:
U= tlim u(x,t).
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Letu(z, ) be the solution of the equation. Then
H(u(:,t)|ug) < H(u(-,t")|ug), if t > t'. Thatis, ag
develops, the function(x,t) monotonously
approximates the MAP estimaté.
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Constrained Approach

Let

V = {u e W (Q); /Q u(z) = uo(x)*dr = ‘72'}

Then an estimate* of the target functionw Is

u = argmin H(u).
ucV

The steepest descent method to firids described by
the homogeneous equation:
ou
o = V(e Vu) [Vu)
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Letu(z, ) be the solution of the equation. Then
H(u(-,t)) < H(u(-,t")),2f t > t'. Thatis, ag develops,
the functionu(x,t) monotonously approximates to a

constant, that idjm; ., u(x,t) = const. Assume that
the target function is not a constant. Then there exists

stop-timet* such that

/Q u(z, t*) — ug(z)|*dr = o,
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Regularization of Directed Diffusion

We regularize the equation to
% — ‘ Agu,
e+ IVul?

ou(x,t)
on
u(x,0) = up(x), =z €,

(z,t) € Q x RT, (1)

=0, (z,t) e QxR",

wheree > 0 I1s a small number.
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Time Discretization

u T = " Agu" + O (s)

e+ Ivur|

We want to find a kernek™(x, i) such that

n—l—l /Kn.fl?y
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It is well-known that the Laplaciath = » 7 8@_; IS the

infinitesimal of the semi-group af*, whereG" is
represented by the Gaussian kernel.

t _ 1 e Hx_yHQ 0 o+
Gu(r) = (Vart)" /Q p( 5 ) (y)dy—+-o(t").
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Fors > 0,a > 0, andg € W*?(Q), we define the
directed diffusion kernel by

— 2 _ 2
F<a>(xﬁy)exp( le—yll? _ |< Vg(a),a y>)

It is clear that, whenjz — y|| is fixed, the larger is
|Vg(x)|, the smaller isF, ;(x,y). Hence, the directed
diffusion is favor for points at the same level set.
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NOHAallZallorn O pirecied ulliusiofn
Kernel (1)

Letps(z) = fQ Fg(,ofs) (,y)dy. Then

ps(x) = 1/ (78)"qs(x) (1 +0(s™)), s—0, Vrecq

whereg,(z) = \/ Sa_ljﬁ;g BTk andm > 0 be an arbitrary

large integer.
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NOHAallZallorn O pirecied ulliusiofn
Kernel (2)

We define the normalization dt, , called A'") by

AN @) = —— [ K@ sy, zeq

Then A" is strongly convergent to the identify

Lim |AY)f = fll2@) = 0.
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iatinitesimal or Directed Diftusion
Kernel

LetLgs) =

AL F (@) = F(@) + 8 (1) + O (5™

and therefore
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Local Diffusion Kernel

A" (z,y) =

\
L . lz —yll® | <Vu',z—y>|
\/ﬂnsn—l—l P S 82

/

A" f () = /Q A'(2,y) f(y)dy, =€
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Solution Represented by Kernel

Let »” be the solution of the time-discrete equation witt

e = s. Then
[ ( \ \

u'"tt = 1 S I+ 4AXAY | v"+O (s
Vs Ive@)? )

A similar kernel can be derived for the inhomogeneous
equation.
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Spatial discretization: Filtering

We denoter’ = (i1, - -+ ,4,)". The discrete function
defined on the grid se{tazi; L € Z”} IS denoted by
i = u(x). A k-window aroundr® is the set

Qi ={2'; —k<z—z' <k}

We write Q = Q, and then®; = z' + (). We said a filter
F' has support), if

Fii(a') = wli(a?).

JEQ;
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Discrete Gradients

Let » denote the direction @f — x. Then

Au(z) |
2 2
< Vu,y —x >|" = 57 |y — ||

In the discrete form, we use

f(y) — f@)] = |< Vu,y — x>
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APpProximation or Directed Diffusion
Kernel

- 2
c(17) 7 S S
where
A |2/ —2'[]*  Ju(a?) — w2
c(i) = Z exp ( . 2 .
JEQi

The processing is an inhomogeneous Markov process
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Estimate of Noise STD

1 . 9
o~ med | — un(x?) — wp (2 0.9549
wzeg(m N Jido(ad) — i ( ))/

i—j|=1
Comparing to [Donoho and Johnstone]:

o ~ med (w;,) /0.6745.

m
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EStimate of Normalization Parame-
ter A

Let

erf(z / = dr.
\/7

The gradient magnitude af; is

)\ )\(‘yH_)\ 2) ‘y| "‘ 2)\0'2
u = — 71 —erf
f O(y) 26 20_

A > — ING2
4+ ZeMyl=At) (1 _ rerf yl +2X0 .
2 20

wherer = sign(— |y| + 2\o?). We then can estimate
by the histogram oV
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