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ABSTRACT. Calculus students often think that derivative rules
such as the power rule, product rule, and quotient rule are the
definition of the derivative and attempt to use these rules for func-
tions to which they do not apply. In this paper, we explore the
types of functions that prove these students correct. In particular,
when y = f(2)9®), we ask what conditions f and g must satisfy
so that 2 = a.g(z) f(2)9(®)~1. Also, if y = f(x)g(x), we ask what
conditions f and g must satisfy so that g—‘;’ =a-f'(x)g (z). A sim-
ilar question will be asked for the quotient rule. Specific examples
will be given for all cases.

1. INTRODUCTION

Many beginning calculus students have misconceived ideas about the
method of taking the derivative of certain types of functions. Before
learning the Product Rule for derivatives, a student might believe that
the derivative of a product of functions is the product of the derivatives
of these functions. For example, (zInxz)" = % is an incorrect statement
that a student might believe to be true.

Another common calculus error concerns the Power Rule for deriva-
tives. When calculus students are introduced to this rule, they often
attempt to use it for functions to which it does not apply. An example
of this common calculus error is the claim that (e®)" = ze®!.

In addition to these problems, calculus students may have miscon-
ceived ideas about the derivatives of functions such as y = % before
they become familiar with the Quotient Rule for derivatives. A com-
mon mistake is to claim that the derivative of a quotient of functions is
simply the quotient of the derivatives of these functions. For example,

/
a student might incorrectly state that [(w_mg)s} = 5(;3)4.
Although these misconceptions about the derivatives of these certain
types of functions are not true in general, there are functions for which

these students are correct. In this paper, we will specify conditions on
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f and g so that this “naive ” derivative is equal to the actual deriva-
tive. The techniques used for determining these conditions for a naive
product rule and those used in the case of a naive power rule are very
similar and use logarithmic differentiation and elementary differential
equations. However, the techniques used to determine conditions for a
naive quotient rule are very different.

2. A NAIVE PropucTt RULE
Recall the Product Rule for derivatives from calculus.

Theorem 1. If f and g are differentiable at x, then fg is also differ-
entiable, and [fg] = f'g + fq'.

For our naive product rule, we will find functions f and g so that
y = f(x)g(z) has derivative ¢y = a-f'(x)g'(x), where a € R. Note that
we must place the following restrictions on f, g, and a in order to go
through this derivation. For the remainder of this section, let f and g
be functions such that g(x) > 0 and a-f'(x) — f(x) # 0.

Theorem 2. Let a,C € R. Suppose that f and g are differentiable
real-valued functions. If y = f(z)g(x), then y' = a-f'(x)g'(x) if and

only if g(x) = exp (f %dx — C’).

Proof. Let y = f(x)g(x) and 3" = a-f'(x)g'(x). From the Product
Rule, we have that y' = f'(z)g(x) + f(x)¢'(x). Then
a-f'(x)g'(x) = f'(x)g(x) + f(2)g ().

It follows that

J@) _ f@)

g(x)  a f(x) = f(z)
We now integrate each side of this equation in order to find g(z) in
terms of f(z) and f’(z). In particular,

/ gg<(>) w= | a-f’(f)(i)f(x)dx

= Ing(z)+C= / af’(il)(i)f(x)dx

Solving for g(z), we find

o) =ew (| oty Do =©)

Thusify = f(x)g(z) and y' = a-f'(x)g¢'(z), then g(x) = exp (f %dx - C’).
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—f(z
the natural logarithm of both sides of the g(x) equation, we find that

Now let y = f(x)g(x) and g(x) = exp (f %dx - C). Taking

W
o) = [ o7 et

Differentiating both sides of this equation gives us

J@)
g(@) ~ afl0) — @)

We then find through algebraic manipulation that

a-f'(z)g () = f'(x)g(x) + f(2)g'(x).

Since the righthand side of this equation is the actual derivative of
y = fl@)g(z), ¥ = a-f'(x)g'(x). Thus if y = f(z)g(x) and g(z) =
exp (f ﬁdw — C), then v = a-f'(z)g'(2).

—f(z)
Therefore if y = f(z)g(x), then v = a-f'(x)g'(z) if and only if
g(x) = exp f a~f’{x§i)f(x) dz — C O

The following corollaries and examples give us specific pairs of func-
tions f and g which satisfy our naive product rule. In these corollaries
and examples, we will mostly be using the reverse direction of the if
and only if statement in this theorem. Notice that the difficulty in
finding specific pairs of functions is in calculating the integral in g(x).

Corollary 3. Let b,C,D € R. Suppose that f(x) = b* and g(z) =

exp <#I—I—D—C>, where a € R but a # ﬁ If y = f(x)g(x) =

[67] [exp (#x +D — C)] , then

7= oroite =00 [ (sl ) o (s e+ 2]
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Proof. Note that, with f(z) and g(x) as in the above corollary, we have
from the main theorem that

P (/ a-f’(i:)(i)f(f)dx - C)

Inb
= _— D-C
=P (a(lnb)—1x+ )
=g(x).
Thus this corollary follows from the previous theorem. O
Example 1. Suppose f(z) = 4" and we let a =3 and D —C =0, and
therefore we let g(x) = exp ?)(lrllnﬁx as in the above corollary. Then

y =47 [exp (73(1?431_#)} has derivative y' = 3 [(In 4)4"] [exp <3(h11n4‘)1_1:c> (3(1111114%—1)} i

Corollary 4. Let a,b,m,n,C, D € R such that m # 0. Suppose that

f(z) = (mxz + b)™ where max +b > 0 and g(x) = %,
v # b Jf

y = f(@)g(z) = [(ma + )] [

where

exp (D —C) ]
lanm — (mxz 4+ b)|* |’
then

y' = a [nm(ma +b)""'] [¢'(2)].

Proof. Note that, with f(z) and g(x) as in the above corollary, we have
from the main theorem that

o (| w07 =©)

_ nm(max + b)" !
- (/ anm(mx + b)"~t — (mx + b)”dx C)

exp (D —C)
~ |anm — (mx + b)|"
= g(x).
Thus this corollary follows from the previous theorem. U
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Example 2. In particulafr’ if f( ) (3x + 5) and we let a= 1—15 and

;1 —15

( 1+(3 +5))%’

3. A NATVE POWER RULE

Recall the Power Rule for derivatives from calculus.
Theorem 5. Ifn € R, then [2"] = na" '

For our naive power rule, we will find functions f and g so that
y = f(2)9%) has derivative y' = a-g(x)f(z)9™!, where a € R. Note
that we must place the following restrictions on f and ¢ in order to go
through this derivation. For the remainder of this section, let f and g
be functions such that f(z) > 0, g(z) > 0, and f(z) # 1.

Theorem 6. Let a,C € R. Suppose that f and g are differentiable
real-valued functions such that f(z) > 0, g( ) > 0, and f(x) # 1.

Ify = f( ) m), then y' = a-g(x)f(x )9(”” if and only if g(x) =
exp(ff lnf yda — C)

Proof. Let y = f(a:)g(f) and y' = a.g(x)f(x)g(w)—l

y=f(@)*“ = Iny = g(x) In f(x).
Then by implicit differentiation,

1'—@'17 "()In f(x
Ly = 2w + /00 S0

Substituting y = f(2)9*) back into our derivative, we find

= 10 |90 1)+ (o) f0)|.
Then
y = ag(x)f(z)!@!
9@ [9@) v s ] o) )o@
= 0 |2 ) 4 o) 0 (0] = gl (o
Dividing both sides of this equation by f(z)9(®), we find
Y@@ | e
o) + 9/ )51 f(z) @)




Manipulating this equation algebraically, we are able to find %,((f)) in

terms of f(z) and f'(z):
@) _ a-f@)
glx)  fl@)Inf(z)

We can then integrate each side of this equation in order to solve this
equation for ¢g(z) in terms of f (z) and f'(z). In particular,

/ / fa _lfllf

a—f’ )

_ a— [z
exp(/f lnf d —C).

Thus

Thusify = f()9%) and y' = a-g(z) f(2)?@ =L, then g(x) = exp (f ]f”{in(;f@d:c C)

Now let y = f(2)9®) and g(z) = exp (f f“ {n(f dr — C). By taking

the natural logarithm of both sides, we find that

a/ —
Ing(z / 7d —C.
f(z)In f(z)
Differentiating both sides of this equation,

J(x) _ a-f)
gl) ~ T@ /()

Through algebraic manipulation and multiplying the equation by f(z)?",
we find that
g(x)

2)9@) | 2 (x "(z)In f(z)| = a-g(z)f(z)?@1,
= 0 | B0 /)0 )] = agl) 0

Since the lefthand side of this equation is the actual derivative of

f )™,

Y = ag(z)f(z)"
Thus if y = f(2)’® and g(z) = exp (f f“fi(xdx C), then ¢ =

)In f(x)
arg(x) f(z)7
Therefore if y = f(2)9®), then 3 = a-g(z)f(z)9®~" if and only if

g(x) = exp(ff(‘;{in(;mdx C) O



The following corollaries and examples give us specific pairs of func-
tions f and ¢ which satisfy our naive power rule, using this theorem.

Corollary 7. Let a,b,m,C,D € R, such that m 7& O Suppose that
f(x) =mz+0b and g( ) = exp (D — C)In(maz + b) = [fy = (mx +
b)exp(D— O)ln(ma-+b) “7 , then y' = a- [exp (D — C)In(ma +b) = | (mz+

b)exp(D C)In(maz+b) e -1

Proof. Notice that, with f(z) and g(z) as in the above corollary, we
have from the main theorem in this section that

- (/ (ma + Z)l_nT(nmx R C)
= exp (a ;mln (In(ma + b)) + D — C)

—exp (D — C)In(ma +b)
= g(x).

Thus this corollary follows from the previous theorem. O

Example 3. Suppose f(x) = (mx +b) and we let D —C =0 and a =
2m, and therefore we let g(x) = In(mz + b) as in the above corollary.

Then y = (mx + b))+ has derivative y' = 2mIn(mx + b)(max +
b)ln(mx—l—b)—l

Corollary 8. Let a,b,C,D € R. Suppose that f(z) = b and g(z) =
exp (ﬁIWLD - C) Ify = f(x )g(x (b)CXp(““bHD C) then y' =
a-g(x) f ()"

Proof. Note that, with f(z) and g(x) as in the above corollary, we have
from the main theorem in this section that

a— f'(z
exp(/f lnf d —C)
—exp( md:p— )

= exp <mx+D C’)



Thus this corollary follows from the previouis theorem. U

Example 4. Suppose f(x) =2 and we let D — C =0 and a = 2In2,
and therefore we let g(x) = €* as in the above corollary. Then y = 2¢
has derivative y' = (21n2) (e®) 2¢" 1.

Note that it is difficult to find f(x) for which we can evaluate [ W%d@

which shows up in the g(z) of our naive power rule theorem.
4. A NAIVE QUOTIENT RULE: AN OPEN PROBLEM
Recall the Quotient Rule from calculus.

Theorem 9. If f and g are differentiable at x and g(z) # 0, then the

/ ! !
quotient g is differentiable at x, and [ﬂ = fgg%fg.

For a naive quotient rule, we want to find functions f and g so that

Yy = % has derivative ' = a-g :Ez;, where a € R. Since we want
FEN R )
[g(w)} BRAACK

f'(x) _ f'x)g(x) — f(x)g'(x)
g'(x) lg(2)]? ’
Through algebraic manipulation, we find

10 (55) =10 (53 =erio -0

a/ .

Solving this quadratic equation in gg ((f)),

g F@) (@) daf (@) f(a)

9() 2f(x) '
If we can integrate both sides of this equation, then we can solve for
g(x) and find that

F(@) £/ (f/(2)? — daf (2) (@)
g(x) = exp / 27 @)

This integral brings up several interesting questions. What does it
mean for this integral to have a plus or minus sign in it and does it
matter? Are there any f(x) for which we can integrate this function?

We will continue to research these questions.
8
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5. CONCLUSIONS

In our research on naive derivatives, we have been able to find pairs of
functions f and g that satisfy a naive product rule and pairs of functions
that satisfy a naive power rule. We are still working on a naive quotient
rule; in particular, finding examples satisfying the conditions we have
found. In the future, we will examine other derivative rules in order to
develop additional naive derivative rules.



