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Abstract: The content of this paper is a biographical sketch of the life of Leonhard Euler (1707-
1783), who in his lifetime made contributions to mathematics in the studies of geometry,

differential calculus, and complex number theory.

Born in the spring of 1707, Leonhard Euler led a seemingly ordinary life. Euler lived to
be 76 years old, which was quite an accomplishment for anyone during the eighteenth century,
when he passed away in the autumn of 1783. Euler was born in a small town near Basel,
Switzerland. Born to a Protestant clergyman, Euler’s father was to lead his son into the pulpit.
Along with his father, Euler’s mother was brought up in a pastoral family, and wanted to raise
him much like she was raised. Euler’s life appeared to be planned out for him from the start; the

ministry was to be his calling.

During childhood, Euler had a passion for numbers, languages, and an extraordinary skill
of memorization. Euler was a mental calculator. He had the vast ability to perform intricate
arithmetical computations in his head without the aid of a piece of paper and a pencil. At the
young age of 14, Euler entered into the University of Basel under the direction of Johann
Bernoulli (1667-1748). It was only by chance that Bernoulli wound up in Basel, Switzerland, but
luckily he was there at the university when Euler needed a skilled mentor. Bernoulli soon
became Euler’s guide by proposing different mathematical readings and making himself
available for discussions and in depth conversations about the more difficult topics Euler came
across. It was the tutorial program the two gentlemen established that, over the years, matured

when Bernoulli started to become the student and Euler took the role of the teacher.

While at the university, Euler’s schooling was not bounded to mathematics. He wrote
about the history of law and completed a master’s degree in philosophy, not undoubtedly
because of the many discussions between Bernoulli and himself. Soon thereafter, Euler fulfilled

his family’s destiny and entered into divinity school to study for a life in the ministry. But the



impression mathematics had left on Euler’s mind was too sturdy to be knocked down. Euler then

said:

“I had to register in the faculty of theology, and I was to apply myself ... to the Greek
and Hebrew languages, but not much progress was made, for I turned most of my time to
mathematical studies, and by my happy fortune the Saturday visits to Johann Bernoulli

continued."!

He had chosen to leave the ministry to other men. Euler deduced that he was to be a

mathematician.

Euler’s advancement was growing at an exponential rate. At the young age of 20, he
earned esteemed acknowledgment in an international scientific competition for his analysis of
the placement of masts on a sailing ship.” For someone so young, this was quite the

accomplishment and jump-started his success for years to come.

In 1725, Johann Bernoulli’s son Daniel Bernoulli (1700-1782) went to Russia to obtain a
position in mathematics at St. Petersburg Academy, and asked Euler to join him in this endeavor.
Unfortunately, the only position available for Euler was in physiology and medicine. Because
jobs were few and far between, he took the arrangement without knowing any bit of information

of the medicinal world.

With his arrival in St. Petersburg, Euler discovered he had been reassigned to the physics
department rather than the physiology department; surely a great sigh of relief not only for Euler
but for all those future patients he would have tried to treat with his compass and straightedge.
During those first few years in Russia, Euler stayed with Daniel Bernoulli at his house where the

two men made connections over various conversations about physics and mathematics much like

! Clifford Truesdell, “Leonhard Euler, Supreme Geometer,” in Euler’s Elements of Algebra, p. xii.
? William Dunham. “Euler: The Master of Us All.” The Mathematical Association of America, p. xxi.



Euler did with Daniel’s father many years before. Their different fields of study helped give
insight into each other’s respective field of study while creating new and in depth connections

within their own studies.

Nearly a decade after the two gentlemen’s arrivals in Russia, Daniel Bernoulli left his
position in 1733 for a new academic profession in Switzerland. On the down side, Euler lost a
good friend and collaborator, but on the plus side, the chair of mathematics at St. Petersburg
Academy was now available for him to take over, which he soon occupied without any restraint.
With this progressive career move, Euler found himself in a more comfortable situation in his
life and decided to marry. His wife was Katharina Gsell (N/A-1773). She was the daughter of a
Swiss painter living in Russia at the time. Over four full decades of a happy and productive
marriage, the Eulers had 13 children. As was common in the eighteenth century, only five of

their children made it to young adulthood and only three of them outlived their parents.’

Euler’s fame was rapidly growing. One of his original triumphs was a solution of the
“Basel Problem” that had bewildered mathematicians for the majority of the previous

seventeenth century. The problem was to find the exact value of the infinite series
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Approximations had shown that the series sums to a number somewhere close to 8/5, but the
exact answer evaded a plethora of mathematicians from Pietro Mengoli (1625-1686) in 1644,
through Jakob Bernoulli (1654-1705), Johann’s brother and Daniel’s uncle, who proposed the

problem to the mathematical society in 1689. Leading into the following century, the problem

? Ron Calinger, “Leonhard Euler: The First St. Petersburg Years (1727-1741),” Historica Mathematica, Vol. 23,
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was left unsolved and was it was said that whoever were able to solve the problem would be a

significant role model in the realm of mathematics. *

It just so happened that in 1735 Euler was the one that would be that role model. Euler

Z

was able to find the exact value of the infinite series. He concluded that the series sums to % )

This highly insightful result made the solution all the more spectacular and its solver all the more

famous.
Theorem.
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in which he regarded as an “infinite polynomial.” Clearly P(0) = 1. To find the roots of P(x) = 0,

note that for x # 0,
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So P(x) = 0 implies that sin x = 0, which means in turn that x = £kn for k = 1,2,.... Note that x =
0 is not a solution to P(x) = 0 because P(0) = 1. In light of the observation above, he now

factored P(x) as:

Euler had written P(x) in two very different ways, equating the infinite sum on the left with the
infinite product on the right. For Euler, nothing could be more natural than to expand the right

side of his equations to get:
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where the coefficients of x* and higher even powers are unnecessary and unknown. Euler then

equated the coefficients of x? to get:




He concluded that the Basel Problem was now solved. Q.E.D.

Over time, Euler appeared troubled by the way he made his argument about the infinite series. In
later writings he was able to provide alternative and more rigorous derivations of this exact
formula. Although none of his proofs were entirely successful by today’s standards, further

proofs by later mathematicians confirmed Euler’s result.’

With the Basel problem in the past now and the future of great things to come, Euler
continued his research at a speedy pace. Papers began to come out of Euler and went straight into
the journal of St. Petersburg Academy, so that for some of those issues, half the articles in the
publications were his. Euler was living the mathematicians’ life he had always dreamed of. But

problems were lurking around corners Euler literally, couldn’t even see coming.

One problem was the political turmoil focused on Russia in the aftermath of the death of
the country’s leader, Catherine 1. Her sudden absence left a guidance vacuum that had hazardous
penalties. Among these were an intolerance of dissent and an evolving suspicion of foreigners in
Russia. St. Petersburg Academy was staffed almost entirely by non-Russians, and it was then
that Euler saw his situation as “rather awkward.” It didn’t help that Johann Schumacher, an
arrogant administrator, was in charge of the Academy. Schumacher’s primary occupation lay “in

the suppression of talent wherever it might rear its inconvenient head.”

Leonhard Euler’s most physical problem was with the deterioration of his eyesight. As

early as 1738 he experienced a loss of his vision in his right eye. Euler blamed this to being

’ Dan Kalman, “Six Ways to Sum a Series,” The College Mathematics Journal, Vol. 24, No. 5, 1993, pp. 402-421.
® Clifford Truesdell, “Leonhard Euler, Supreme Geometer,” in Euler’s Elements of Algebra, p. Xx.



overworked, particularly to his concentrated efforts at cartography, but modern medical opinion
proposes that it was due to a severe eye infection he had suffered earlier that year and had no
means to take care of it. Visual impairment or not, Euler continued to conduct his research
programs. He wrote about ship-building, acoustics, and the theory of musical harmony. With the
encouragement of his friend Christian Goldbach (1690-1764), Euler made influential findings in
classical number theory and pushed into the unfamiliar territory of analytical number theory. In
response to a letter from Philipe Naudé (1684-1745), he laid the groundwork for the theory of
partitions. Plus, it was during this time frame that Euler wrote and presented his work
Mechanica, which presented the Newtonian laws of motion within a framework of calculus. It

was this work by Euler that was held in high regard as a landmark in the history of physics.’

With Euler’s successful work Mechanica, and an already well established reputation he
was extended an offer from Prussia’s Frederick the Great (1712-1786) to become a member of
the newly rejuvenated Berlin Academy in the heart of Germany. Because of the uneasy political
situation in Russia, which Euler described as “a country where every person who speaks is
hanged,” the offer looked very pleasing. So with a great new job offer, Leonhard, Katharina, and

the family made the move across the continent to Germany.

Berlin was the Eulers’ new home for the next quarter of a century. This was right in the
middle of Euler’s mathematical career. During this time frame Leonhard published two of his
greatest books: a 1748 text on functions, the Introductio in analysin infinitorum, and a 1755
volume on differential calculus, the Institutiones calculi differentialis. This period also revealed

Euler investigating complex numbers which helped him to discover and create his identity

7 Ron Calinger, “Leonhard Euler: The First St. Petersburg Years (1727-1741),” Historica Mathematica, Vol. 23,
1996, p. 143.



known as “Euler’s identity:” e*® = cosf + isinf as well as offer up a proof of the fundamental

theorem of algebra.®

In his Elements of Algebra, Euler introduced / —1 as “...neither nothing, nor greater than

nothing, nor less than nothing...” and observed that we are led to the idea of numbers, which
from their nature are impossible; and therefore they are usually called imaginary quantities,
because they exist merely in the imagination.” This introduction to complex numbers eventually

led Euler to one of his most famous proofs:

Theorem. For any real number x, e = cosx + isin x.

Proof. Euler began with

(cosO + isinB)” + (cosB — isinB)™
> .

Fa

cos (nf) =

Again, he let n be an “infinite number,” so that = x/n is infinitely small and thus cos( ) =1 and
sin(_) = _=x/n. Wholesale substitution produced:

(cosB + isinB)” + (cosB — isinB)"
2

s

cosx = cos (nf) =
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Euler equated e“ and 1 + w when w is infinitely small. Therefore, if a is a finite number and 7 is

arbitrarily large, we have
2\" a\n
e’ = (en) = (1 +—) .
n
Replacing a by the infinite (imaginary) quantities ix and —ix, he transformed the equation into

(ell' + e_IX)

2
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Next, Euler mimicked this procedure for the sine function and derived:

(cosB + isinB)™ — (cosB — isinB)™
20

sinx = sin (nf) =

Finally, adding these results produced the formula that will forever rank among Euler’s greatest

discoveries:

(eZX_+_ e—ll') +i(eux _ e—Kl')
2 20

cosx +isin x = =e™. Q.E.D.

Euler noted, “From these equations we understand how complex exponentials can be expressed
by real sines and cosines.” His enthusiasm has been echoed by mathematicians ever since. Many
would argue that Euler’s identity is among the most beautiful formulas of all. As was normal for

Euler, he provided alternative proofs for his magnificent finding. After all, he believed in the



principle that any result worth proving is worth proving again.'® More proofs of Euler’s Identity

can be found in his work, Opera Omnia.

With the above mentioned letter from Philippe Naud¢, Euler found his way toward
partitions. One needs to know what a partition is. A partition is a whole number 7 to be a
representation of # as the sum of other whole numbers. For instance, Euler said the number 6 can

be written as

(6),(5+1),(4+2),(4+1+1),(3+3),3+2+1),3+1+1+1),
(2+2+2),2+2+1+1),2+1+1+1+1,and(1+1+1+1+1+1),

for a total of 11 partitions. This number infatuated Euler where he observed that the number of

ways writing n as the sum of distinct whole numbers is the coefficient of x™ in the expansion
Q=(1+x)1+x)A+x)A+xH(1+x°) ..

such that the number of ways of writing n as the sum of odd whole numbers is the coefficient of

x™ in the expansion of

1

R oo —a—2)..

and this took him to one of his most ingenious deductions:

"% Euler, Opera Omnia, Ser. 1, Vol.19, p.431-432.



Theorem. The number of different ways a given number can be expressed as the sum of different
whole numbers is the same as the number of ways in which that same number can be expressed

as the sum of odd numbers, whether the same or different.
Proof.

By letting @ = (1 + x)(1+ x%)(1+ x*)(1+ x*)(1 + x°) ..., Euler introduced

P=(1—-x)(1—x)(1—x*)(1—x*)(1 —x°) ... such that

PQ=(1—-x)(1+x)(1—xHA+xH1—-x)(1+x?)..

=(1—x)A—xH1—x5H01—-x) ..,

Because “all of the factors of PQ are contained in P,” he concluded that

% _ ;;Q —(1-0)- )11 —x7)..,
And thus

1
Q =R.

Ta—0-)-x)1-27)..

Consequently, the coefficient of x™ in the expansion of Q must equal the coefficient of x™ in the

expansion of R. But, as noted above, these equal coefficients are, respectively, the number of



partitions of # into distinct summands and the number of partitions of # into odd summands. The

proof is completed."' Q.E.D.

It is hard to decide what was more noteworthy; the equality described by Euler’s theorem
or his proof of it. The latter is elegant, simple, and comprehensive in establishing the results for
all n with a single argument. In literature, art or theatre, one occasionally comes across a work so
powerful as to take one’s breath away. In the mathematical realm, such reactions are few and far
between because we appeal directly to the rational not the emotional. Euler’s proof, delivered by
return mail to Philippe Naudg¢, is about as close to this breathtaking accomplishment as

mathematics is likely to get.

Another great accomplishment of Euler was in a 1748 paper “Variae demonstrations
geometriae.” Euler elaborated on the basis of Heron’s Triangular Area with a perspective in the
geometry world. Euler was familiar with Heron’s formula; he referred to it as a memorable rule.
He wanted to take this formula and run with it and make it his own, thus he created a synthetic
proof of Heron’s formula. The reader should note that before this proof was established, Euler

had already proven that the three key points to be used in the following theorem were defined as:

Orthocenter, the intersection of the altitudes of the triangle (E):
(b: +ct—a* 2K c(c*—a*— b::))

4

1

2¢c "¢ 4K

Centroid, the intersection of the medians of the triangle (F):

3¢+ b —a®? 2K
6¢c " 3¢

" Euler, Introduction to Analysis of the Infinite, Book I, p.275-276.



Circumcenter, the center of the circle in which all vertices of the triangle intersects the
circumference of the circle (H):

(c c(a* +b* — cz))

2 8K

Where a, b, and c are the sides to triangle abc and K is the area of triangle abc.

Theorem. In any triangle, the orthocenter (E), the centroid (F), and the circumcenter (H) are

collinear, with EF = 2(FH) and EH = 3(FH).

Proof. Let d = FH and consider the results above:

(P —a*)?+16K* 2a* +2b* +c*  a’bict
(EF)* = - — + -
9c~ 3 4k*

., (b? —a*)? + 16K* 2a* +2b* +c* a’b*c?
B 36¢2 12 16k?2

= 4(FH)~.

Therefore EF = 2(FH) = 2d. This means that the centroid is twice as far from the orthocenter as

it is from the circumcenter.

In addition,

) (b? —a®)? + 16K* 6a® +6b> +3c* 9a’b*c?
(EH)" = [ -

+
4c? 4 16k?

s (b? —a?)? + 16K* 2a* +2b* +¢* N a’b®c?
B 36¢2 12 16k?2

|- s

and so EH =3(FH) = 3d.



These calculations show that the three points are different unless d = 0, a phenomenon that
occurs only for an equilateral triangle. More significantly, they guarantee the E, F, and H fall on

the same line, for

EH =3d =2d +d = EF +FH.

Were those points not collinear, this would contradict the triangle inequality. Q.E.D.
C Note: Illustration not to scale.
d H
2d F
E
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This is the origin of the “Euler line,” a property of triangles that David Wells rightly called

Euler’s “celebrated theorem.”'?

While still in Berlin, Germany, Leonhard was asked to provide private instruction in
elementary science to Princess Anhalt Dessau. The instruction was private for a while until all of
the letters Leonhard had written to the Princess were stacked together in a multi-volume
masterpiece of exposition entitled Letters of Euler on Different Subjects in Natural Philosophy
Addressed to a German Princess. His compilation was a collection of 200 letters that discussed

subjects such as light, sound, gravity, logic, language, magnetism, and astronomy. Throughout

2 David Wells, The Penguin Book of Curious and Interesting Geometry, Penguin, New York, 1991, p. 69.



his letters to the Princess he told her why it is cold atop a mountain even in the tropical range,
why the moon looks larger when it is on the rise, and why the sky is the color blue. He even went

into depth about topics of evil and sinners."

Another interesting letter that Euler wrote to Princess Dessau was one about vision dated
August 1760. He began this particular letter with these words: “I am now enabled to explain the
phenomena of vision, which is undoubtedly one of the greatest operations of nature that the

human mind can contemplate.”"*

It was found to be a conflict of interests seeing as how Euler
was soon to be totally blind in the next following years. He was not one to let personal

misfortune interfere with his studies, teachings, or his attitude toward other people.

Letters to a German Princess became an international wonder. His collective works were
translated into many different languages across Europe and eventually was published in 1833, 60
years after Euler’s death, in the United States. The edition given to the American public had a

preface that included a guarantee that

“The delight of the reader is, at every step, commensurate with her improvement, and
each succeeding acquisition of knowledge becomes a source of still increasing

gratification.”

Including all of Euler’s works, this collection was his most widely read book. It isn’t too often
that a scholar like Euler can create such a work for the common man in a style like this one. It is

still considered one of history’s finest examples of popular science.'

" Euler, Letters of Euler on Different Subjects in Natural Philosophy, Amo Press, New York, 1975, p. 19.
" Ibid., p. 26.

P Ibid., p. ii.

'® Ron Calinger, “Euler’s letters to a princess of Germany as an expression of his mature scientific outlook,”
Archives of the History of the Exact Sciences, Vol. 15, No. 3, 1975/76, p.211-233.



Even with his mathematical endeavors, Euler was vastly involved with administrative
duties at Berlin Academy. He was not the Academy’s director, but anyone passing by would
assume he was the acting director. Although not in the job description, Euler took on an array of
responsibilities at the Academy from budgets to greenhouses. Unfortunately not all was okay
with Frederick the Great. He had a bizarre contempt toward Euler. Frederick did not see Euler
for who he was really worth. Conventional in his tastes, Euler was a hard-working family father
and a dedicated Protestant. He assembled his whole family every evening, and read a chapter
from the Bible. Theology was one of his favorite studies, and the doctrines which he held were to
most rigid doctrines of Calvinism.'” He was someone that was on a different path than those at
the Berlin Academy. Fredrick soon began to refer to Euler as “my Cyclops,” a spiteful reference

to Leonhard’s daunting fate with his limited vision.

Despite bringing a strong mathematical sense to the Berlin Academy, Euler was forced
out of the academy. Russia had become such a tense place to stay that Euler found his way back
to St. Petersburg in 1766. It was this move that would be Euler’s last move in his lifetime. It was

after this move that two more tragedies found their way into Euler’s life.

The first problem was Euler’s eyesight. His was already virtually blind in his right eye
but over the next 5 years, Euler was completely blind by 1771. This unfortunate circumstance
left Euler without the ability to read or write anything but large characters. Then, late in 1733,
Euler’s wife Katharina passed away. It is believed that both of these losses could well have
marked the end of Euler’s productive years.'® It was three years after Euler’s wife’s death that he

married. The awkward part of the remarriage was he married Katharina’s half sister, finding a

" Euler, Letters on Different Subjects in Natural Philosophy, p.28.
'8 Morris Kline, Mathematical Thought from Ancient to Modern Times, Oxford U. Press, New York, 1972, p.592.



companion to share his last years with. Although unable to see, he not only maintained but was
able to increase his scientific output. It took a few years after his wife’s death, but soon Euler
was able to write an average of one mathematical paper a week. It was with the assistance from
others that provided him the means to continue his writings. With this course of writing, Euler
was able to write a textbook on algebra, a treatise on the motion of the moon that was an
astonishing 775 pages long, and a three-volume development of integral calculus, Institutiones

calculi integralis.

On the day of Euler’s death it was recorded that he spent time with his grandchildren and
answered mathematical questions concerning the flight of balloons with them. After his lunch
Euler made some calculations on the orbit of the planet Uranus. It was these calculations, on his
last day, that eventually led astronomers to search for and discover the even more distant planet
Neptune. If Euler had the time, it is believed that he would have enjoyed trying to find a new
planet mathematically. But, he was not going to have this opportunity. In the late afternoon Euler
was struck down with a massive hemorrhage that caused his immediate death. Leaving being his
family, colleagues at the Academy, and the world’s scientific community, Leonhard Euler was
laid to rest in St. Petersburg. In his eulogy, Marquis de Condorcet stated that “whosoever purses
mathematics in the future will be guided and sustained by the genius of Euler” and asserted that

“all mathematicians. ..are his disciples.”"”

It was during the majority of the eighteenth century that Euler made his enormous
contribution in the mathematical society. With many moves to further his career, and a vast
number of acquaintances that helped Euler progress his scientific mind, he was able to discover

what he was meant to do in life. Although starting off on a different path, Euler found out which

19 Euler, Opera Omnia, Ser. 3, Vol. 12, p.308.



journey he was meant to be on. It was the journey of mathematics that found its way into his
heart. It was Euler’s love of mathematics that contributed to subjects such as geometry,

differential calculus, and complex number theory. Without the advancement Euler provided,

many areas of study would be considered incomplete in the classroom today.
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