79.

80.

Math 364 - Set Theory Problems
Fall 2008

Definition 24 A set is a specified collection of objects.
Example 7 The set of integers between —1 and 4, including the endpoints, is {—1,0,1,2,3,4}.

Definition 25 If A is a set and x is an object that belongs to A then x is an element of A,
denoted x € A. If x is not an object that belongs to A, we say that x is not an element of A
(or is not a member of A), denoted = ¢ A.

List all of the elements in the following sets:

The set of natural numbers strictly less than 6.

(a)
(b)
()

)

(d) The set of rational numbers strictly between 0 and 1.

The set of integers whose square is less than 17.

The set of prime numbers less than 100.

Definition 26 If A and B are sets, B is a subset of A, denoted B C A if every member of
B is a member of A.

True or False, and explain your reasoning. N is the set of natural numbers, Q is the set of
rational numbers, Z is the set of integers, and R is the set of real numbers.

(f) (6,9] < [6,10)
(g) [T, 10]CR

Definition 27 Sets A and B are equal, denoted A= B, if AC B and B C A.
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Definition 28 The set with no members is called the empty set and denoted ().

81. True or False and explain your reasoning.

(a) 0 CN

(b) 0 e

(c) D e {@ {03}

(d) 0 {0,{0}}

(e) {0} < {0,{0}}

(f) {0.40}} < {{0.{0}}}

82. True or False and explain your reasoning.
(a) For every set A, ) C A
(b) For every set A, ) € A

83. Give an example, if there is one, of sets A, B, and C such that the following are true. If there
is no example, state such. Explain your reasoning on all problems.

(a) ACB,BZ Cand ACC.
(b ACB,BCC(C, and C C A.
(¢c) AZB,BZC and ACC.
(d) ACB,BZCand AZC.

84. () Let A be a set. Then ) C A and A C A.
85. (%) Let A, B and C be sets. If AC B and B C C then A C C.

Definition 29 A subset A C B is a proper subset if A C B and A # B. This is denoted by
A CB.

86. List all of the subsets of the following sets. Which ones are proper?

Definition 30 The power set of a set A is the set of all (proper and not proper) subsets of
A. This is denoted P(A).

13



87. Give an example, if there is one, of each of the following. If there is no example, state such.
Explain your reasoning on all problems.

(a) A set A such that P(A) has 64 elements.

(b) Sets A and B such that A C B and P(B) C P(A).

(c¢) A set A such that P(A) =0

(d) A set A such that P(A) = {0}

(e) Sets A, B, and C such that A C B, B C C and P(A4) C P(C).

88. True or False and explain your reasoning.

(a) 0 P{0,{0}})
(b) {0} € P({0,{0}})

)

)
(c) {{0}} € P({0,{0}})
(d) 0 < P{0,{0}})
(e) {0} € P({0,{0}})
(f) {{03} < P({0,{0}})

89. (%) Prove or disprove: Let n be a natural number and A be a set containing n elements. The
number of elements in P(A) is 2".

For all of the following, A, B, and C are sets.

90. True or False and explain your reasoning.

(a) The empty set is a proper subset of every set.
(b) If A is a proper subset of (), then A = {17}.

)
)
(¢c) If AC B then A= B.
(d) If A= B then A C B.
(e) Since () is a member of {0}, O = {0}.
(f) There is a set that is a member of every set.

Definition 31 If A and B are sets, then the union of A and B is the set of all objects that
belong to A or belong to B, denoted AU B. In other words,

AUB={x|z€ Aorxze B}

Definition 32 If A and B are sets, then the intersection of A and B is the set of all objects
that belong to both A and B, denoted AN B. In other words,

ANB={z|z € Aandz € B}
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91.
92.
93.
94.
95.
96.
97.

98.

99.
100.
101.
102.
103.
104.

105.

106.
107.
108.
109.
110.

Prove or disprove: )N A=0and )UA=A

(*) Prove or disprove: ANB C A

(x) Prove or disprove: A C AUB

Prove or disprove: AUB=BUAand ANB=BNA

Prove or disprove: AU(BUC)=(AUB)UC and AN(BNC)=(ANB)NC
Prove or disprove: AUA=A=ANA

(*) Prove or disprove: If A C B, then AUC C BUC and ANC C BNC.

Definition 33 Let A and B be sets. Then the complement of A relative to B is the set
{z € B|z ¢ A}, denoted B — A.

Definition 34 If for a certain problem, all of the sets being considered are subsets of a given
set U then U is called a universal set.

Definition 35 If U is the universal set and A C U then the complement of A relative to U
is denoted A" and isU —A=A'={zeU|x ¢ A}

Prove or disprove: (A4') = A

Prove or disprove: (AU B) = A'Nn B’

Prove or disprove: (AN B) = A'"UB’

(%) Prove or disprove: A— B=ANB’

(x) Prove or disprove: A C B if and only if B C A’

Prove or disprove: AN(BUC)=(ANB)U(ANC)and AU(BNC)=(AUB)N(AUCQC).
Prove or disprove: (ANB)UC =AN(BUC)

Prove or disprove: (AUB)—(ANB)=(A—-B)U(B - A)

Definition 36 Two sets A and B are disjoint if AN B = ().

(*) Prove or disprove: AN B and A — B are disjoint.

Prove or disprove: A = (AN B)U (A — B).

(%) Prove or disprove: A— (ANB)=ANB

Prove or disprove: If A and B are sets such that AU B = AN B then AN B = ().

(%) Prove or disprove: If A and B are sets such that (AU B)' = A’ U B’ then A = B.
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111.

112.

113.

114.

(x¥) Prove or disprove: Let A, B and C be sets such that AU B # AN C. Then A is not a
subset of C' or B is not a subset of A.

Definition 37 A set of sets is called a family or collection of sets.

Example 8
A=1{{1,2,3},{3,4,5},{3,6},{2,3,6,7,9,10} }

is a family consisting of four sets.

Consider the family A = {{1,2,3},{3,4,5},{3,6},{2,3,6,7,9,10}}. Answer the following
true/false questions, with reasons.

(a) {3,4,5} € A
(b) 3e A

(c) {3,4,5} C A
(d) {{3,4,5}} c A

Definition 38 Let A be an family of sets. The union over A is

U A={z|xz € A for some set A € A}
AcA

Definition 39 Let A be an family of sets. The intersection over A is

mA:{x|xEAf0TeverysetA€.A}
A€eA

Consider the family A = {{1,2,3},{3,4,5},{3,6},{2,3,6,7,9,10}}. Answer the following,

with explanations:

(a) Find | ] A

AeA

(b) Find (] A
AcA

Let A, ={1,2,3,...,n} and let A= {A,, | n € N}. Answer the following, with explanations:

(a) Find [ J A,

(b) Find () Ay,
AncA
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115.

116.

117.

118.

119.

120.

121.

Consider the family A = {[a, o) | a € R}. Answer the following, with explanations:

(a) Find | ] A
AcA

(b) Find (] A
AeA

1
For each natural number n, let A,, = <0, > and let A = {4,, | n € N}. Answer the following,
n

with explanations:

(a) Find U A
AeA

(b) Find (] A
AcA

For each n € Z, let C,, = [n,n+ 1) and let C = {C), | n € Z}. Answer the following, with
explanations:

(a) Find | J A
AcA

(b) Find (] A
AcA

For each n € Z, let A, = (n,n+ 1) and let A = {A,, | n € Z}. Answer the following, with
explanations:

(a) Find | J A

AeA

(b) Find (] A
AcA

(*) Prove or disprove: For every set B in a family A of sets, ﬂ ACB
AeA

Prove or disprove: For every set B in a family A of sets, B C U A
AcA

() Prove or disprove: If the family A contains at least one set, then ﬂ AC U A.
AcA AcA
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