
Math 244
Fall, 2004
Review of Integrals

1. Evaluate the following integrals:

(a)
∫

dx

9− x2

x = 3 sin θ dx = 3 cos θdθ

=
∫

3 cos θdθ

9− 9 sin2 θ

=
∫

3 cos θdθ

9 cos2 θ

=
1
3

∫
dθ

cos θ

=
1
3

∫
sec θdθ

=
1
3

ln | sec θ + tan θ | +C

(b)
∫

dx√
9− x2

=
∫

1
3
· dx√

1− x2

9

=
1
3

∫
dx√

1−
(

x
3

)2

u =
x

3
du =

1
3
dx

=
1
3

∫
du√

1− u2

=
1
3

sin−1 x

3
+ C

(c)
∫

cos
√

x√
x

dx

u =
√

x du =
1

2
√

x
dx

=
∫

2 cos udu

= 2 sin u + C

= 2 sin
√

x + C
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(d)
∫

dx√
−2x− x2

=
∫

dx√
(−x2 + 2x)

=
∫

dx√
−(x2 + 2x + 1− 1)

=
∫

dx√
−(x + 1)2 + 1

=
∫

dx√
1− (x + 1)2

u = x + 1 du = dx

=
∫

1√
1− u2

du

= sin−1 u + C

= sin−1(x + 1) + C

(e)
∫

2− cos x + sinx

sin2 x
dx

=
∫

2
sin2 x

− cos x

sin2 x
+

sinx

sin2 x
dx

=
∫

2 csc2 x− cot x csc x + csc xdx

= −2 cot x + csc x− ln | csc x + cot x | +C

(f)
∫

θ cos(2θ + 1)dθ

Use integration by parts.

u = θ dv = cos(2θ + 1)dθ

du = dθ v =
1
2

sin(2θ + 1)

∫
θ cos(2θ + 1)dθ =

1
2
θ sin(2θ + 1)− 1

2

∫
sin(2θ + 1)dθ

=
1
2
θ sin(2θ + 1) +

1
4

cos(2θ + 1) + C

(g)
∫

x3

x2 − 2x + 1
dx

Use polynomial long division to rewrite this as:

=
∫

x + 2 +
3x− 2

x2 − 2x + 1
dx

=
x2

2
+ 2x +

∫
3x− 2

(x− 1)2
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=
x2

2
+ 2x +

∫
A

x− 1
+

B

(x− 1)2
dx

Solving for the coefficients:

A(x− 1) + B = 3x− 2

When x = 1:
B = 3(1)− 2 = 1

Ax−A + 1 = 3x− 2

A = 3

So the integral is:

=
x2

2
+ 2x +

∫
3

x− 1
+

1
(x− 1)2

dx

=
x2

2
+ 2x + 3 ln | x− 1 | − 1

x− 1
+ C

(h)
∫

dx√
1 +

√
x

u = 1 +
√

x u− 1 =
√

x du =
dx

2
√

x

2
√

xdu = dx 2(u− 1)du = dx

so the integral is;

=
∫

2(u− 1)du√
u

= 2
∫

u√
u
− 1√

u
du

= 2
(

2
3
u

3
2 − 2

√
u

)
+ C

=
4
3

(
1 +

√
x
) 3

2 − 2
√

1 +
√

x + C

(i)
∫

2 sin
√

xdx√
x sec

√
x

u =
√

x du =
1

2
√

x
dx

=
∫

4 sinudu

sec u

= 4
∫

sinu cos udu

w = sinu dw = cos udu

= 4
∫

wdw

= 4
w2

2
+ C
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= 4
sin2√x

2
+ C

= 2 sin2√x + C

(j)
∫

sin 2xdx

(1 + cos 2x)2

u = 1 + cos 2x du = −2 sin 2xdx

−1
2
dx = sin 2xdx

= −1
2

∫
du

u2

= −1
2

(
−1

u

)
+ C

=
1
2

1 + cos 2x
+ C

(k)
∫

dy

y2 − 2y + 2

=
∫

dy

y2 − 2y + 1− 1 + 2

=
∫

dy

(y2 − 2y + 1) + 1

=
∫

dy

(y − 1)2 + 1

u = y − 1 du = dy

=
∫

du

u2 + 1

= tan−1 u + C

= tan−1(y − 1) + C

(l)
∫

ln
√

x− 1dx

=
∫

1
2

ln(x− 1)dx

=
1
2

∫
ln(x− 1)dx

u = ln(x− 1) dv = dx

du =
1

x− 1
dx v = x

= x ln(x− 1)−
∫

x
1

x− 1
dx

= x ln(x− 1)−
∫

x− 1 + 1
x− 1

dx
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= x ln(x− 1)−
∫

1 +
1

x− 1
dx

= x ln(x− 1)− (x + ln | x− 1 |) + C

= x ln(x− 1)− x− ln | x− 1 | +C

(m)
∫

x + 1
x2(x2 + 1)

dx

=
∫

A

x
+

B

x2
+

Cx + D

x2 + 1
dx

Solving for the coefficients:

Ax(x2 + 1) + B(x2 + 1) + (Cx + D)x2 = x + 1

If x = 0:
B = 1

Ax3 + Ax + x2 + 1 + Cx3 + Dx2 = x + 1

(A + C)x3 + (D + 1)x2 + Ax + 1 = x + 1

A = 1

So we have
(1 + C)x3 + (D + 1)x2 + 1x + 1 = x + 1

D + 1 = 0 ⇒ D = −1

1 + C = 0 ⇒ C = −1

So we have:

=
∫

1
x

+
1
x2

+
−x− 1
x2 + 1

dx

= ln | x | −1
x

+
∫

−x

x2 + 1
dx−

∫
1

x2 + 1
dx

= ln | x | −1
x
− 1

2
ln(x2 + 1)− tan−1 x + C

(n)
∫

x3ex2
dx

=
∫

x2xex2
dx

u = x2 dv = xex2
dx

du = 2xdx v =
1
2
ex2

=
1
2
x2ex2 −

∫
xex2

dx

=
1
2
x2ex2 − 1

2
ex2

+ C
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(o)
∫

sin2 xdx

=
∫

1− cos 2x

2
dx

=
1
2
x− 1

4
sin(2x) + C

(p)
∫

cos(sin−1 x)√
1− x2

dx

u = sin−1 x du =
1√

1− x2
dx

=
∫

cos udu

= sin(sin−1 x) + C

= x + C

(q)
∫

etdt

1 + et

u = 1 + et du = etdt

=
∫

1
u

du

= ln | u | +C

= ln | 1 + et | +C

(r)
∫

cot vdv

ln(sin v)

u = ln(sin v) du =
1

sin v
· cos vdv =

cos v

sin v
dv = cot vdv

=
∫

1
u

du

= ln | u | +C

= ln |ln sin v|+ C

(s)
∫

(27)3θ+1 dθ

u = 3θ + 1 du = 3dθ

=
∫

1
3

(27)u

=
1
3

1
ln 27

27u + C

=
1

3 ln 27
273θ+1 + C
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(t)
∫

ex cos(2x)dx

u = cos(2x) dv = exdx

du = −2 sin(2x)dx v = ex∫
ex cos(2x)dx = ex cos(2x) + 2

∫
ex sin(2x)dx

u = sin(2x) dv = exdx

du = 2 cos(2x)dx v = ex∫
ex cos(2x)dx = ex cos(2x) + 2

(
ex sin(2x)− 2

∫
ex cos(2x)dx

)
∫

ex cos(2x)dx = ex cos(2x) + 2ex sin(2x)− 4
∫

ex cos(2x)dx

5
∫

ex cos(2x)dx = ex cos(2x) + 2ex sin(2x) + C∫
ex cos(2x)dx =

1
5
ex cos(2x) +

2
5
ex sin(2x) + C

(u)
∫

dx

x2 − 3x + 2

=
∫

dx

(x− 2)(x− 1)

=
∫

A

x− 2
+

B

x− 1
dx

Solving for the coefficients we have

A(x− 1) + B(x− 2) = 1

If x = 1
B(−1) = 1

B = −1

If x = 2
A = 1

So the integral is:

=
∫

1
x− 2

+
−1

x− 1
dx

= ln | x− 2 | − ln | x− 1 | +C

= ln
∣∣∣∣x− 2
x− 1

∣∣∣∣ + C
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(v)
∫

dx

(x2 − 1)
3
2

x = sec θ dx = sec θ tan θdθ

=
∫

sec θ tan θdθ

(sec2 θ − 1)
3
2

=
∫

sec θ tan θdθ

(tan2 θ)
3
2

=
∫

sec θ tan θdθ

(tan θ)3

=
∫

sec θ

tan2 θ
dθ

=
∫

1
cos θ

· cos2 θ

sin2 θ
dθ

=
∫

1
sin θ

dθ

=
∫

csc θdθ

= − ln | csc θ + cot θ | +C

2. Determine if the following integrals converge or diverge. Give reasons for your answers. If
the integral converges, find it’s value if possible.

(a)
∫ 1

0
lnxdx

= lim
t→0

∫ 1

t
lnxdx

u = ln x dv = dx

du =
1
x

dx v = x

= lim
t→0

(
x lnx−

∫
x · 1

x
dx

)
= lim

t→0
(x lnx− x|1t

= lim
t→0

−1− t ln t + t

= −1− lim
t→0

ln t
1
t

=LH −1− lim
t→0

1
t

− 1
t2

= −1 + lim
t→0

t2

t
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= −1− lim
t→0

t

= 1

Therefore the integral converges.

(b)
∫ 5

3

1
x− 4

dx

=
∫ 4

3

1
x− 4

dx +
∫ 5

4

1
x− 4

dx

We will do the first integral first:∫ 4

3

1
x− 4

dx = lim
t→4−

∫ t

3

1
x− 4

dx

= lim
t→4−

(ln | x− 4 ||t3

= lim
t→4−

ln | t− 4 | − ln | −1 |

= lim
t→4−

ln | t− 4 | −0

= −∞

Therefore, since one part of the integral diverges, the entire integral diverges.

(c)
∫ 3

0

dx√
9− x2

= lim
t→3−

∫ t

0

dx√
9− x2

= lim
t→3−

(
1
3

sin−1
(x

3

))t

0

= lim
t→3−

1
3

sin−1

(
t

3

)
− 1

3
sin−1 0

=
1
3

π

2
− 0

=
π

6
so the integral converges.

(d)
∫ ∞

0

2dx

x2 − 2x

=
∫ 1

0

2dx

x2 − 2x
+

∫ 2

1

2dx

x2 − 2x
+

∫ 3

2

2dx

x2 − 2x
+

∫ ∞

3

2dx

x2 − 2x

We will look at the last one:∫ ∞

3

2dx

x2 − 2x
= lim

t→∞
2

∫ t

3

dx

x(x− 2)

= lim
t→∞

2
∫ t

3

A

x
+

B

x− 2
dx
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solving for the coefficients:
A(x− 2) + Bx = 1

If x = 0 ⇒ −2A = 1 ⇒ A = −1
2

If x = 2 ⇒ 2B = 1 ⇒ B = 1
2

= lim
t→∞

2
∫ t

3

−1
2

x
+

1
2

x− 2
dx

= lim
t→∞

2
(
−1

2
ln | x | +1

2
ln | x− 2 |

)t

3

= lim
t→∞

(− ln | x | + ln | x− 2 |)t
3

= lim
t→∞

(
ln

∣∣∣∣x− 2
x

∣∣∣∣)t

3

= lim
t→∞

ln
∣∣∣∣ t− 2

t

∣∣∣∣− ln
1
3

= ln 1− ln
1
3

= − ln
1
3

Let us look at ∫ 1

0

2dx

x2 − 2x
= lim

t→0+

∫ 1

t

2dx

x2 − 2x

= lim
t→0+

∫ 1

t

−1
2

x
+

1
2

x− 2
dx

= lim
t→0+

(
ln

∣∣∣∣x− 2
x

∣∣∣∣)1

t

= lim
t→0+

ln
∣∣∣∣−1

1

∣∣∣∣− ln
∣∣∣∣ t− 2

t

∣∣∣∣
= 0− lim

t→0+
ln

∣∣∣∣ tt − 2
t

∣∣∣∣
= 0−∞ = −∞

So this integral diverges.

(e)
∫ ∞

1

3x− 1
4x3 − x2

= lim
t→∞

∫ t

1

3x− 1
x2(2x− 1)

dx

= lim
t→∞

∫ t

1

A

x
+

B

x2
+

C

2x− 1
dx

solving for the coefficients:

Ax(2x− 1) + B(2x− 1) + Cx2 = 3x− 1

If x = 0 ⇒ −B = −1 ⇒ B = 1
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If x = 1
2 ⇒

1
4C = 3

2 − 1 = 1
2 ⇒ C = 2

2Ax2 −Ax + 2Bx−B + Cx2 = 3x− 1

(2A + C)x2 − (2B −A)x−B = 3x− 1

(2A + 2)x2 + (A− 2)x− 1 = 3x− 1

A− 2 = 3 ⇒ A = 5

= lim
t→∞

∫ t

1

5
x

+
1
x2

+
2

2x− 1
dx

= lim
t→∞

(
5 ln | x | −1

x
+ ln | 2x− 1 |

)t

1

= lim
t→∞

5 ln | t | −1
t

+ ln | 2x− 1 | −0 + 1 + 0

= ∞

so the integral diverges.

(f)
∫ ∞

0
x2e−xdx

= lim
t→∞

∫ t

0
x2e−xdx

u = x2 dv = e−xdx

du = 2xdx v = −e−x

= lim
t→∞

−x2e−x + 2
∫ t

0
xe−xdx

u = x dv = e−xdx

du = dx v = −e−x

= lim
t→∞

−x2e−x + 2
(
−xe−x +

∫ t

0
e−xdx

)
= lim

t→∞

(
−x2e−x − 2xe−x − 2e−x

)t

0

= lim
t→∞

(
−t2e−t − 2te−t − 2e−t

)
− (−2) = 0 + 2 = 0

so the integral converges.

(g)
∫ ∞

1

e−t

√
t
dt

0 <
e−t

√
t
≤ e−t for t ≥ 1∫ ∞

1
e−t = lim

s→∞
−e−t |s1

= lim
s→∞

−e−s +
1
e
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=
1
e

Since the larger integral converges,
∫ ∞

1

e−t

√
t
dt also converges, although we can’t find it’s

value.

3. Calculate the following limits:

(a) lim
x→0

x sin x

1− cos x

=LH lim
x→0

1 sinx + x cos x

sinx

=LH lim
x→0

−x sinx + cos x + cos x

cos x

= lim
x→0

2 cos x− x sinx

cos x
=

2− 0
1

= 2

(b) lim
x→∞

x
1

1−x

f(x) = x
1

1−x

ln f(x) =
1

1− x
lnx =

lnx

1− x

lim
x→∞

ln f(x) = lim
x→∞

lnx

1− x

=LH lim
x→∞

1
x

−1

= lim
x→∞

−1
x

= 0

lim
x→∞

f(x) = lim
x→∞

eln f(x) = elimx→∞ ln f(x) = e0 = 1

(c) lim
t→0

tan 3t

tan 5t

=LH lim
t→0

3 sec2 3t

5 sec2 5t
=

3
5

4. Solve the following differential equations

(a)
dy

dx
= − y ln y

1 + x2
where y(0) = e2

1
y ln y

dy = − 1
1 + x2

dx

ln(ln y) = − tan−1 x + C

y(0) = e2

ln(ln(e2)) = tan−1(0) + C

ln 2 = C

ln(ln y) = − tan−1 x + ln 2
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(b)
dy

dx
+

(
2

x + 1

)
y =

x

x + 1

µ(x) = e
∫

2
x+1 = e2 ln|x+1| = eln|x+1|2 = (x + 1)2

y =
1

µ(x)

∫
µ(x)g(x)dx

=
1

(x + 1)2

∫
(x + 1)2

x

x + 1
dx

=
1

(x + 1)2

∫
x(x + 1)dx

=
1

(x + 1)2

∫
x2 + xdx

=
1

(x + 1)2

(
x3

3
+

x2

2
+ C

)
(c) x

dy

dx
+ 2y = x2 + 1

dy

dx
+

2
x

y = x +
1
x

µ(x) = e
∫

2
x

dx = eln x2
= x2

y =
1
x2

∫
x2

(
x +

1
x

)
dx

=
1
x2

∫
x3 + xdx

=
1
x2

(
x4

4
+

x2

2
+ C

)
(d) xy′ + y = x cos x

y′ +
1
x

y = cos x

µ(x) = e
∫

1
x

dx = eln x = x

y =
1
x

∫
x cos xdx

To do the integral, let
u = x dv = cos xdx

du = dx v = − sinx

y =
1
x

(
−x sinx +

∫
sinxdx

)
y =

1
x

(−x sinx− cos x + C)

5. Find the lengths of the following curves on the given intervals;

13



(a) x = y
2
3 , 1 ≤ y ≤ 8

dx

dy
=

2
3
y−

1
3(

dx

dy

)2

=
4
9
y−

2
3

L =
∫ 8

1

√
1 +

4

9y
2
3

dy

=
∫ 8

1

√√√√9y
2
3 + 4

9y
2
3

dy

=
∫ 8

1

√
9y

2
3

3y
1
3

dy

1
3

∫ 8

1

√
9y

2
3 + 4

(
y−

1
3

)
dy

u = 9y
2
3 du = 6y−

1
3

=
1
18

∫ 40

13
u

1
2 du

=
1
18

(
2
3
u

3
2

)40

13

=
1
27

(
40

3
2 − 13

3
2

)
≈ 7.634

(b) x = 5 cos t− cos 5t, y = 5 sin t− sin 5t, 0 ≤ t ≤ π
2

dx

dt
= −5 sin t + 5 sin 5t

dy

dt
= 5 cos t− 5 cos 5t√(

dx

dt

)2

+
(

dy

dt

)2

=
√

(5 sin 5t− 5 sin t)2 + (5 cos t− t cos 5t)2

= 5
√

sin2 5t− 2 sin t sin 5t + sin2 t + cos2 t− 2 cos t cos 5t + cos2 5t

= 5
√

2− 2 (sin t sin 5t + cos t cos 5t)

= 5
√

2 (1− cos 4t)

= 5

√
4

(
1
2

)
(1− cos 4t)

= 10
√

sin2 2t

= 10 | sin 2t |= 10 sin 2t since 0 ≤ t ≤ π

2

L =
∫ π

2

0
10 sin 2tdt = (−5 cos 2t)

π
2
0 = (−5)(−1)− (−5)(1) = 10
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