Math 143, Fall 2006 Review for Final Exam

Here are some things to look at as you prepare for the final exam. Remember to look at review
sheets for other exams, previous exams, and quizzes.

1. Know the statement of the following theorems and definitions:

)
) The Mean Value Theorem for Definite Integrals
) The Fundamental Theorem of Calculus, Parts I and II
) The definition of In x using calculus
) The Sandwich Theorem for Sequences
) Monotonic Sequence Theorem
(g) n—th term test
(h) The Integral Test
) The Comparison Test for Series
) The Ratio Test
) The Root Test
) Leibniz’s theorem / Alternating Series Test
) The Absolute Convergence Test
)

The Convergence Theorem for Power Series

2. Be able to do the following integrals:
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3. Determine if the following integrals converge or diverge. Give reasons for your answers. If

the integral converges, find it’s value if possible.
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=
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/1 2dx ) L odx
2, = im [
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solving for the coefficients:
Az(4z —1) + B4z — 1) + C2® =3z — 1

fr=0=-B=-1=B=1
fr=_i=1C=3-1=1=C=4

4Ax* — Az +4Bx — B+ Ca? =3z — 1
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(f) / r2e %dx
0
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t—o0 0

. _ _ ot
= lim (—xQe T _2xe " —2e ‘T)O
t—o0
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Since the larger integral converges, / ——dt also converges, although we can’t find it’s
1

Vit

value.

4. Calculate the following limits:

rsinz

(a) lim

z—01 — cosx

. 1sinx +xcosx
=LH 1 -
x—0 sSinx

. —xsinx +cosx +cosx
=LH lim

x—0 COS T

. 2cosx —xsinx 2—-0
= lim = =2
z—0 CcoS T 1
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(b) lim pTE

eI = f(2)

So examine just the exponent and then plug back in:

= lim —— =0
r—o00 I

lim f(z) = lim e (@) = glime—conf(z) — 0 —
Tr—00 Tr—00

tan 3t
1
(C) tl—% tan bt

LH .. 3sec?3t 3
im =—
t=05sec25t 5

5. Solve the following differential equations

(a) j—i =— 1yinj2 where y(0) = €2
ylilydy T —I-la:Qdm
In(lny) = —tan" 'z + C
y(0) =€
In(In(e?)) = tan=1(0) + C
n2=C

In(lny) = —tan"'z 4+ In2

dy 2 T
b e =
()dac+(x+1>y r+1
2

wu(x) = ) T = e2lnle+l] _ e+l _ (z+1)>

1
Y= M(x)/ﬂ(x)g(w)dx

1 T
- 1)2
($+1)2/($+ i

= mlly/x(:r—i—l)dx
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(c) x%+2y:$2+1
dy 2 1
%4—; =x+ —
M(:L,)_e/%da:_ lnacQ_:L,Q

(d) 2y +y=xzcosx

, 1
Yy +—y=cosx
T

() = ef%d:c — T _

1
Yy = /xcosxda:
x

U= dv = cos xdx

To do the integral, let

du = dx v=sinx

(e fneac)
y=—|xsinx — | sinxdz
x

1
y = —(rsinz + cosx + C)
x

6. Find the volume of the solid generated by revolving the region bounded by the z—axis, the
curvey = 3z* and the lines z = 1 and 2 = —1 about

(a) the z—axis



(b) the y—axis
1
V:/ 2mx (3t )dx
0

1
:6pz’/ 2odx
0

=7 (),
=T

(¢c) the line x =1
1
V= / 21(1 — 2)(3z%)dx
-1

2 /1 (1 —2z)(3zY)dzx

-1

o (320 %
5 6)_,

(d) the line y =3

7. Find the area between the curves x = % and y ==

These curves are 2,/z = y and y = x. They intersect where

2T =2
Ay = 22
22 —4x =0
x(x—4)=0
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z=0and x =4

So the area between the curves is

8. Find the lengths of the following curves on the given intervals;

() z=y3,1<y<8

9ys
8 1/9y3
—/ "y
1 3ys
1 8
/ 9y§ —|—4(y_%> dy
31
u = 9y3 du = 6y 3
1 40
=— uzdu

1
o7
(b) & =5cost —cosbt,y = 5sint —sindt,0 <t < §

(403 _ 13%) ~ 7.634

d d
d—jz—Ssint%—BsinSt d—g:’f)cost—BCosSt
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First let’s just simplify the required square root:

J() - (%)

= \/(5 sin 5t — 5sint)? 4 (5cost — t cos 5t)?

= 5\/sin2 5t — 2sintsin bt + sin?t + cos2 t — 2 cos t cos bt + cos? 5t

= 54/2 — 2 (sintsin 5t 4 cos t cos 5t)

= 5/2 (1 — cos 4t)

_ 5\/4 (;) (1 — cosat)

= 10Vsin? 2t

=10 | sin2¢ |= 10sin 2¢ since 0 < ¢t <

bo | 3

us

L= /2 10sin 2tdt = (=5 cos 275)0g = (=5)(—1) —
0

—

~5)(1) = 10

9. A force of 200 N will stretch a garage door spring 0.8 m beyond it unstressed length. How
far will a 300 N force stretch the spring? How much work does it take to stretch the spring
this far from its unstressed length?

F = kz = 200 = k(0.8) = k = 250N/m

300
300 50xr = x 550 m

1.2 1.2
W = / F(z)dr = / 250xdx
0 0
= (1252%),” = 180,

10. Find the limits of the following sequences:

(a) an = (1 + (—1)”>

n

lim a, = lim <1+ (=1) )

n—oo n—oo n
=1

. nm
(b) ap = sin —
2

. . . nmw

lim a, = lim sin —

n—o0 n—o0 2

This limit does not exist since the sequence is {1,—1,1,—1,...}
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. . n+lnn
lim a, = lim ——
n—oo n—oo n

|
= lim 1+ﬂ

n—oo n

1
=1+ lim -2

n—oo MNn

=LH 1 4 lim

n—oo

=14+0=1

0 o _ (D!

Therefore the sequence diverges.
f) an=n (2% - 1)

lim a, = lim n (2% — 1)

n—oo n—oo
1
. 2n — 1
= lim T
n—oo =
n
27 (Z=5) 1n2
i 2
n—oo —_ =

— lim 27 In2=1n?2

n—oo

11. Determine if the following series converge or diverge. Provide reasons for your answers.
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R 1
Q)E:anQann

n=1
[o.¢] (o, ¢]
A B
> D
(2n—3 2n—1) 2n—-3  2n-1
nl n=1
A(2n—1)+B(2n—-3)=1
1 -1
Ifr=-=-2B=1=B=—
T 2
3 1
Ifx==-=2A=1=A=—
Y79 2
[e) o) 71
Z (2n —3)(2n —1) ZQn—ZB n—l
n:l n=1
_1§: 1 11
24«2 -3 2 2n-—1
n=1
s 1
Now Z PR — converges by the integral test:

S| 1 1 1 t
- =lim (-In|22-3]|——-In|2z—1
tﬁ 90 —3 2z 1 J&(zn‘x | —gnl2e Ol

— lim In
2 t—o0

1

L 1.1
=- —Zln-
e tert—l 271

:11n<lim 2> -0
2 t—o0 2

1

Therefore, the series also converges.

1
Notice that f(z) =

1
2r—3 2z-—1
o0
b) Z e "
n=0

is positive, decreasing and continuous.

i (1>n

n=0 €
Which is a geometric series with r = % < 1. Therefore, this series converges, and the
sum is

19



o0

@ >
n=1
n=1

which is a multiple of the harmonic series, which diverges. Therefore this series also

diverges.
=1
(@ > 5
n=1
1= 1
-3Y
n=1

which is a multiple of the series > 7 % which converges by a p—series test. Therefore,
this series also converges.

12. Determine if the following series converge absolutely, converge conditionally or diverge. Pro-
vide reasons for your answers.

= (-1

(a) nZ::Q n(lnn)?
1

Let’s examine absolute convergence by looking at the integral test using f(z) = PITTOLE
which is positive, decreasing and continuous.

Therefore the series converges or diverges with the integral:

o) 2
/ z(lnx) .
2 d

1
u=Inzx du= —
x
o0
1
2 u
— lim —_ |t
B tli>nolo u E
B 1 n 1
t—oo Int In2
1
- In2
= (-1
Therefore the integral converges and the series Z ~———5 converges absolutely
= n(lnn)
ad Inn
(b) Z(—l)nﬂﬁ
n=2

oo Inn

Let’s examine absolute convergence: )~ , 73

Use the comparison test:
Inn n 1

n3 nd n
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So

Ilnn =1
dF Sl
3 = 2
n=2 n n=2 "
= Inn > Inn
. . . e o TL+1 e
This converges by the p—series test and so 232 3 converges also. Therefore, 222( 1) 3
n= n=

converges absolutely.

(© Y (-t

n!

n=1
Let’s examine absolute convergence and use the ratio test:

. n+2 n!
lim .
n—oo (n4+ 1) n+1

: (n+2)
= lim ——M—
n—oo (n 4+ 1)(n+1)
n—+ 2
im ———m—
n—oon? 4+ 2n + 1

1
LH 1im

n—oo 21, + 2
=0<1
Therefore, it does converge absolutely.
o0
(-1)"(n* +1)
@ > St
o 2n*+n—1

Let’s check absolute convergence with the ratio test:

_ (n+1)24+1 2n2 +n—1
lim :
n—oo2(n+1)2+(n+1)—1 n?+1

) n?+2n+2 2% +n—1
= lim .
n—oo2n? +4n+2+n+1-1 n?+1
. n2+2n+2 2n24+n-—1
= 11m .
n—oo 2n? 4 5n + 2 n?+1

UGH!
Let’s try Leibniz - let’s look at condition 3.
. n?+1
lim
n—oo 2n2 +n — 1
1+ 25 1
= lim T n’ =5#0
noe 2t p e 2

Therefore the series diverges.

13. Determine the center and radius of convergence for the following power series. Specify where
they converge absolutely and where they converge conditionally.
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e T — 2n—2
(a) Z (G

ot (2n —1)!
Let’s check absolute convergence with the ratio test:

(x—1)>"  (2n—1)!
2n+1)! (z—1)2n2

12
= lim 7@ D
n—oo | (2n + 1)2n

n—oo

=(zr—12% lim —
(w =1 I oen 1)
=(z—-1)?2-0
=0<«1
So it converges absolutely for all x.
o0
3z —1)"
) Y B
n=1

Check absolute converge by the ratio test:

. (3.%' _ 1)n+1 n2
lim .
n—o00 (7’L + 1)2 (3$ — 1)”
) (3z — 1)n?
= lim |—V—+"—
n—oo |n? +2n + 1
= 32 — 1] i o
=B - ninc}on2+2n+1
=B3z—-1-1<1

So this converges absolutely if
-1<3z-1<1

0<3x <2

0< <2
< =
3

Check for conditional convergence at the endpoints.
At 2 =0, we have > | (—n12)" which converges by Leibniz.
at x = % we have

which converges by p—series test.

So it converges absolutely from 0 < z < % and conditionally on the endpoints.
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‘,ETL
(c) on
n=1

check absolute convergence using the n—th root test:

n
nf T
nn

— lim ‘5):o<1
n

n—oo

lim
n—oo

So this series converges for all z.

14. Find Maclaurin series for the following functions: ﬁ , COS (xg) cand e

For f(z) = =-:This is the sum of a geometric series with a; = 1 and r = 2z
1-2z

1 o0
— 2n n
= - 2.2
n=0
where | 2z |[<a —| 2 |< %

For f(z) = cos (mg> we have

5\ 2n
(=)™ (z2 X (1) Engn

T
For e2 we have:

[e's) (7r$ n [e's) n
oy %) S
e 2 = = €T

n! 2nn)
n=0 n=0

15. Find the first four nonzero terms f the Taylor series generated by each of the following func-

tions at x=2: f(z) = V3 + 22, g(x) = x%rl, and h(z) = %

xT

For f(x) = v3 + 22 ('m changing this to near z = —1) ’cos I'm lazy:

1

f'(z) znv(fi—i-:cg)_T
@) == (3+0%) 7 + (3+4°)"

f"(x) =323 (34+2%) 2 — 3z (3+2?)

2 3
5 .o T+l 3@+1)" 9(z+1)
VTt Rt T o T g

N

_3
2

For g(x) = near r = 2:

1
x+1



11
r+17 3

For h(z) =1

So near x = 2,
11 1
x 2 4

You can simplify these, also!

(1)
—6
g///(aj)— (:E+1)4
1 1 2 1 2
Z.Z 2) + — . = 3 T (g —2)
g @D F g g2 g g2
1
W(z)=——
(2) =
2
"
h”’(l‘)—%f
1 1
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