Math 142, Spring, 2005 Review for Exam 2 Name: Solutions

1. Be able to state the Extreme Value Theorem.

Let f be continuous on [a, b]. Then there exists ¢ € [a,b] and d € [a, b] so that f attains a
maximum at ¢ and a minimum at d, i.e. f(c) > f(x)Vx € [a,b] and f(d) < f(z)Vz € [a,b].

2. Be able to state Rolle’s theorem.

Let f be continuous on [a, b] and differentiable on (a,b). If f(a) = f(b), then there is a
¢ € (a,b) so that f'(c) = 0.

3. Be able to state the Mean Value Theorem.
Let f be C(l))ntinuous on [a, b] and differentiable on (a, b). Then there is a ¢ € (a, b) so that
— f(a
R U (C)
4. Be able to do word problems like the worksheet for section 2.7.
5. Be able to do word problems like the worksheet for section 3.5.
6. Be able to take derivatives of all of the functions on the pink “review of derivatives” sheet.

7. Find the values of 6, sin#, and cos # given that:
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8. Flnd Y for each of the following;
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(c) sin®x + cos’y = 1
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9. Find equations of the tangent line to the curve at x = a.

(a) f(a:)z—(l—i—%) (1+x%) for a = 2.
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(b) g(z) = cosmx + 3 for a = 2.

g(2) =cos(2m)+3=1+3=4

g () = —msin(rzx)

g(2) = —msin(2mr) =0

y—4=0
y=4



10. Find the points where the tangent to the curve has the following properties:

(a) f(x) = —a® — 6 is parallel to the line y = 42 — 1.
We want to find where the slope is 4.:

f(z) =22

(b) g(x) = 2 — 3z is perpendicular to the line 5y — 3z — 8 = 0.
This line has slope found by putting the equation in slope-intercept form:

So the perpendicular slope is:

So we want to find where the slope of g(z) is —2:
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(c) g(x) = 1,2511 is horizontal.

We want the slope of the tangent line to be 0.
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11. Does f(x) = Tt 7 ever have a horizontal tangent line? Justify your answer.
x

We would need the derivative to be 0:

(x+1)—1(z+4)
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This is never 0 so this function never has horizontal tangent lines.

fi(a) =

12. (a) Find the intervals where f(z) = 7% is increasing and where it is decreasing.

f(z) = 7" Inm(—sinx)

f'(x) = 0 exactly when sinz = 0. This occurs at 7k for any integer k. Therefore
this changes sign every 7 units. It is positive when — sin x is positive, that is on the
following intervals:

((2k — 1), 2km)
(b) Find the intervals where f(z) = 223 4 322 — 372 4 24 has slope less than or equal to
—1.
f(z) = 62 + 62 — 37

We want this to be less than or equal to —1.

622 + 62 + 37 < —1
62>+ 6x +38<0
322 +32+19<0

This is never negative (it has no z—intercepts, and is always positive). Therefore,
this function never has slope less than or equal to —1.

13. Find all values of = where f(x) = 5;5“1:5 is concave up.

, —5(bx — 15) — 5(—bx
ey = 5 - _)15)2< )
=25z + 75+ 25x
(5x — 15)2
75
(5z — 15)2




14.

15.

= 75(5x — 15) 72

F"(x) = —150(52 — 15)(5)
— —750(5z — 15)

The function is concave up if f”(z) > 0:

—750(5x — 15) > 0
5r—15<0
5T < 15
<3

Therefore the function is concave up for x < 3.

If f(z) is increasing for all z, find where f o f is increasing.

Since f is increasing, f'(x) > 0 for all x. We want to say something about the derivative
of fof:

(fof) =F(f(x)- f(z)

Since f’(x) > 0 for any input, f'(f(x)) > 0 and f/(x) > 0. Therefore the product is also
positive. Therefore (f o f)' > 0 for all x, and this function is increasing for all z.

A farmer wants to build a rectangular garden which is to have a 4 foot opening on one
side. If the fence costs $3 per foot for the side with the opening and $2 per foot for the
other 3 sides, find the dimensions of the largest garden he can build if he only has $300
to spend.

Let z be the length of the side without the opening, and y be the length of the side with
the opening. Then the farmer needs y — 4 feet of fencing on the side with the opening,
and 2x + y feet of fencing for the rest. Therefore,

300=(2z+y)2+ (y — 4)3
300 =4z 4 2y 4 3y — 12

312 =4z + 5y
312 — by =4z
312 5
1 47
and the area is A = xy
A=uxy
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A=y|——~
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A =0
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The other dimension is
3125 156312 156
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Therefore the dimensions are 31.2 feet by 39 feet.

x 39

16. A closed rectangular box is to be constructed with a base that is twice as long as it is
wide. If the total surface area is to be 24 square centimeters, find the dimensions of the
box that will maximize the volume.

Let w be the length of one side of the bottom of the box. Then the length of the other
side is 2w, and we have:

V=2w-w-h
and
SA=2 - (w-2w)+2(w-h)+22w-h) =24
4w? 4 2wh + 4wh = 24
4w? 4 6wh = 24
6wh = 24 — 4w?
4 2
=— ——w
w 3
Therefore
V =2w"h=2w"|— - sw
w 3
4
V:8w—§w3

This is the function that we wish to maximize. Therefore:
V' =8 — 4w?

V' =0=8—4uw?=0
8 = 4w?
2 = w?
w = +V?2
Clearly we cannot use the negative solution, so we have w = v/2. We need to ensure that

this is a maximum, and so
V"= 8w

V"(V2) = -8V2 <0



17.

18.
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So the function is concave down there and our critical point is a maximum.

Therefore the dimensions to maximize the volume are

4 2V2
\f2><2\f2><<\/§—3>

Use the definition of the derivative to prove that if a function is periodic, then its derivative
is periodic with the same period.

A function being periodic means that f(x+c) = f(x) where c is the period of the function.

) — fim L) = )

h—0 h

We want to see that f'(xz + ¢) = f’(x) where ¢ is also the period of the function, so let’s
examine this function:

fletcth) - flzte)

f'(z +¢) = lim

h—0 h
et )
h—0 h

= f'(x)
since f(x +c+ h) = f(x + h) since the function is periodic. Therefore if a function is
periodic, then the derivative is also periodic and has the same period.

Find the most general antiderivative for the following functions:
(a) f(x) = Sat — Txi
Azt — 4zt + O
(b) f(t) =Tcost—5sint
—7sint —5cost+ C

(c) f(0) =€’ +secHtand

e? +sech+C

1

It’s antiderivative is:

1
§:U2+x—|—ln]x|—|—0

Find f(z):



(a) /(@) = ooy when f(3) =
f(z)=4sin"tz +C
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f(x) =4sin™ J:Jrl—g

(b) f"(x) = 2® +3cosx when f(1) =1 and f'(1) =

1
f(z) = ga:?’ —3sinz 4+ C
1 3 .
5= 5(1 ) —3sinl+C

14
§+3sin1 =C

1 14
f(z) = §x3 — 3sinx + 3 +3sinl
1 14
f(z) = Ex —3cosz + §x+ (3sinl)x + C

1 14
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1 = +3cosl—3sinl 1 =C
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f(z) = ﬁx —3005x+§x+(3sm1)x+1——+3cosl—3sm1—?
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21.  Differentiate g(x) = ma® — e™x.
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Differentiate h(z) = x - sinz.

B (z) =sinz + x cosx

Differentiate (z) = 1_7_&
cos T
, cos x(1 + cos z) + sin z(sin x)
I'(z) =
(1 + cosz)?

_ cosz+ cos?x +sin’z

N (14 cosx)?
cosz +1

(1 + cosz)?

1

- 1+ cosx

What can be said about the extreme values of a function that is continuous on a closed
interval?

The function attains its absolute maximum and its absolute minimum (Extreme value
theorem)

What is a differential equation? What is a solution to a differential equation?

A differential equation is an equation involving a derivative. A solution to a differential

equation is a function whose derivative is given by the differential equation.

If you set the second derivative equal to zero, solve the equation, and get the solution
T = ¢, must £ = ¢ be an inflection point? If yes, prove it. If no, give an example of a
function f(z) for which there is a ¢ with f”(¢) = 0 but ¢ is not an inflection point.

No - a point of inflection only occurs when the second derivative changes sign, i.e. the
function changes from concave up to concave down or vice versa. There are many possible
examples - try f(z) = 2% at x = 0.

Can different functions have the same derivative? If yes, give an example of two different
functions with the same derivative. If no, prove that different functions cannot have the
same derivative.

Yes. For example:

fla) = a?
glz) = 2% +13
fll@) =g'(z) =2z

If y = f(x) is a differentiable function, is it possible that there exists a point ¢ such that
f'(¢) <0 and f"(c) > 07 If yes, give an example. If no, explain why such a point cannot
exist.
Yes, this means that the function is decreasing by concave up somewhere. Look at f(z) =
—x3.

fl(x) =-32° <0

f"(z) = —62

For x = —1 the function has negative derivative and positive second derivative.



29. Find all possible functions with the given derivatives:

(a) fl(z) =% +1+1+a+a?
1 1 1
— _ - 1 -2 -3
f(x) -t n\x!+x+2x +3e +C
(b) f'(z) =secxtanx

f(z) =secx+C

(©) /() =5 +ze

f@)=>022r+3)° +v22+3+C



