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IMMERSE Algebra Homework - Summer 2005
Field Theory III

Find a polynomial p (z) € Q|[z] so that
Q(V1+ Vi) ~Qlel/ o).
Let p be a prime, n € ZT. Let f (r) = 2" —x € Z, [x]. Let E be a splitting field of f ().

Let F={a€ E: f(a) =0}. Prove F is a subfield of F.

Let f (z) € F[z] (where F is a field). Show that f (z) has a multiple root a if and only if a
is a root of D, (f (z)).

Prove [Fp» : Fp] = n for any prime p and any positive integer n.

Let p be a prime and m,n € Z* with m < n.

(a) Show that if m divides n, then Fym is a subfield of Fyn.

(b) Show that if m does not divide n, then Fpm NFy» contains fewer than p™ elements, so
Fpm is not a subfield of [Fyn.

Prove 22 +x+1=10

(a) has solutions in Fy.
(b) has solutions in Fon for all n even.

(¢) has no solutions in Fan for all n odd.

Let p be an odd prime. Prove 22 + 32 + 1 = 0 has a solution in L.

Let R be a finite commutative ring with identity.

(a) Prove every element of R is either a zero-divisor or a unit.

(b) Prove every finite integral domain is a field.
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