
IMMERSE Algebra Homework - Summer 2005
Field Theory II

118. Prove every finite (multiplicative) subgroup of F ∗ is cyclic (where F is a field and
F ∗ = F − {0}). So, if F is a finite field, then F ∗ is a cyclic group.

119. Let F be a field, E be an extension field of F and a ∈ E. Show F [a] exists by showing

S =
⋂

{K : K is a subring of E and K contains F and a}

satisfies the definition of F [a] (so F [a] = S). i.e.

(a) S is a ring,

(b) F ⊆ S and a ∈ S, and

(c) if R is a subring of E and F ⊆ R and a ∈ R, then S ⊆ R.

120. Complete the proof that

F [a] =

{
n∑

i=0

ria
i : n ∈ Z+ and ri ∈ F

}
= {f (a) : f (x) ∈ F [x]} .

121. Prove the following:

(a) Q
[√

2
]

=
{
a + b

√
2 : a, b ∈ Q

}
(using the definition of F [a])

(b) Q
[√

2
]

= Q
(√

2
)

(c) Determine
[
Q

[√
2
]

: Q
]
.

122. Let α = 3

√
2 + 10

9

√
3 + 3

√
2− 10

9

√
3.

(a) Verify that
(
1 + 1

3

√
3
)3 = 2 + 10

9

√
3.

(b) Find a, b ∈ Q such that
(
a + b

√
3
)3 = 2− 10

9

√
3.

(c) Prove α = 2.

(d) Explain why Q
(

3

√
2 + 10

9

√
3 + 3

√
2− 10

9

√
3
)

= Q.

(e) Determine [Q (α) : Q] .
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