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IMMERSE Algebra Homework - Summer 2005
Direct Sums and Products

Let GG1 and G2 be groups. Suppose H1<G1 and Ho<Gs. Let G = G1PGs and let H = Hi® Ho.
Prove that H < G.

Suppose H and K are subgroups of a group G and HNK = {e} . Prove that every element of
HK = {hk: h € H, k € K} can be written uniquely in the form hk where h € H and k € K.

Suppose H and K are subgroups of a group G and H N K = {e} and G = HK. Prove
G~ Hx K.

Let G # {e} be a group. Show that {(g,9) | ¢ € G} is a subgroup of G x G which is not of
the form H x K with H, K < G.

Let R, S be rings with identity. Let I be an ideal in R x S. Define
Ir={reR|(r,y) €I for some y € S}
Is={se€ S| (z,s) €I for some z € R}
(a) Show I = 1Ig x Ig.

(b) Show IR is an ideal in R and Ig is an ideal in S.

Notice: this allows us to conclude that every ideal in R x S is of the form H x K where
H is an ideal in R and K is an ideal in S.

Suppose I and J are ideals of a ring R and INJ = {0} and R=1+ J, then R~ I J.
Show K [G x H] ~ K [G] [H] for every field K, and groups G and H.

Show (R; x Rg) [G] = R [G] x Ry [G] where Ry and Ry are commutative rings and G is a
group.

Show that G = Qg X Z is not hamiltonian.
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