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Abstract

In this thesis we develop a theory of Fourier analysis and fast Fourier transforms
(FFTs) for finite inverse semigroups. Our results generalize results in the theory
of Fourier analysis for finite groups. There is a general method for generating the
irreducible representations of an inverse semigroup, and we use this method to
prove that the problem of creating FFTs for inverse semigroups can be reduced to
the problems of creating FFT's for their maximal subgroups and creating fast zeta
transforms for their poset structures. We then use this result to create FFTs for
certain inverse semigroups of interest—in particular, for the rook monoid and its
wreath products by arbitrary finite groups. Along the way, we prove a number of
results that are important in the theory of Fourier analysis for inverse semigroups.
Finally, we use these results to provide an application to the statistical analysis
of partially ranked data. Generally speaking, our tools include elements from
group and semigroup representation theory, the theory of partially ordered sets

and Mobius inversion, and the theory of noncommutative rings.
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Chapter 1

Introduction

Given a complex-valued function f on a finite group G, we may view f as an
element of the group algebra CG by identifying the natural basis of CG with the

characteristic functions of the elements g € G. That is,

f= Zf(g)(sg

geG

corresponds to

> flg)g € CG.

9eG
Because CG is a semisimple algebra, it is the direct sum of its minimal left ideals
M;:
CG=M,&---&M,.

By taking a basis for each of the M;, we obtain a basis for CG known as a Fourier
basis. The Fourier transform of a function f is then its re-expression in terms of
a Fourier basis.

As an example, let G = Z/nZ, the cyclic group of order n. An element f of the



group algebra CZ/nZ expressed with respect to the natural basis may be viewed
as a signal, sampled at n evenly spaced points in time. In this case, the minimal
left ideals of CZ/nZ are all 1-dimensional, and hence a Fourier basis is unique (up
to scaling factors), and is indeed the usual basis of exponential functions given
by the classical discrete Fourier transform. The re-expression of f in terms of a
Fourier basis thus corresponds to a re-expression of f in terms of the frequencies
that comprise f. This change of basis may be computed efficiently with the help
of the classical fast discrete Fourier transform (FFT).

A naive computation the Fourier transform of f € CG requires |G|? operations.
An operation is defined to be a complex multiplication followed by a complex ad-
dition. The problem of efficiently computing the Fourier transform of an arbitrary
C-valued function on G has been considered for a wide range of groups G, and
efficient algorithms for computing this change of basis now exist for many finite
groups. For a survey of these results see, e.g., [12], [22], [23], [24], [25], or [33]. For

example, it is known that the Fourier transform of f € CG requires no more than:
e O(nlogn) operations if G = Z/nZ (see [2] and [8]),

e O(|S,|log?|S,|) operations if G = S, the symmetric group on n elements

(see [21]), and

e O(|B,|log*|B,|) operations if G = B,, the hyperoctahedral group (that is,

the signed symmetric group) on n elements (see [32]).

We shall define a fast Fourier transform (FFT) for (or on) a finite group G to
be a procedure for calculating the Fourier transform of an arbitrary complex-
valued function on G which compares favorably to the naive algorithm. In
general, O(|G|log®|G|) algorithms are the goal in group FFT theory, although

there exist families of groups GG for which there exist greatly improved—yet not
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O(|G|log® |G|)—algorithms, such as the family of matrix groups over a finite field
22].

The classical FFT has revolutionized signal processing. Applications include
fast waveform smoothing, fast multiplication of large numbers, and efficient wave-
form compression, to name just a few [3]. FFTs for more general groups have
applications in statistical processing [34]. For example, the FFT on (Z/27Z)% [40]
allows for efficient 2¥-factorial analysis. That is, it allows for the efficient statisti-
cal analysis of an experiment in which each of k variables may take on one of two
states; e.g., variable k1 may or may not be present, variable ks may be at a high
or low intensity, etc. The FFT on S,, allows for an efficient statistical analysis of
votes cast in an election involving n candidates [11].

In this thesis, we develop a theory of Fourier transforms for finite inverse semi-
groups through a study of their algebras. We provide a method for building FFT's
on arbitrary inverse semigroups and we construct O(|S|log®|S|) FFTs for particu-
lar inverse semigroups S of interest. We also give an application of these algorithms
to the statistical analysis of partially ranked voting data. This work marks the first

extension of group FFTs to non-group semigroups. Our main results are these:

Theorem (Theorem 5.2.7). Let S be a finite inverse semigroup with D-classes
Dy, ..., D,. Letr; denote the number of idempotents in Dy.. Choose an idempotent
ex from each D-class Dy, and let Gy be the maximal subgroup of S at ex. Then
the number of operations required to compute the Fourier transform of an arbitrary

C-valued function f on S is bounded by

C(Gs) + 3 rC(G),

where C((s) is the mazximum number of operations needed to compute the zeta



transform of f on S and C(Gy) is the mazximum number of operations needed to

compute the Fourier transform of an arbitrary C-valued function on Gj,.

Theorem (Theorems 7.1.1 and 7.2.3). If S = R,,, the rook monoid on n elements,
then the Fourier transform of an arbitrary C-valued function on S may be computed

in O(|S|log” |S|) operations.

Theorem (Theorems 8.2.2 and 8.3.4). If G is a finite group and S = G R, the
wreath product of R, with G, then the Fourier transform of an arbitrary C-valued

function on S may be computed in O(]S|log* |S|) operations.

We proceed as follows. In Chapter 2, we review important facts about algebras
and modules, we state standard definitions and theorems in semigroup theory,
and we introduce the most important finite inverse semigroup, the rook monoid.
In Chapter 3, we examine bases of inverse semigroup algebras and we define the
Fourier transform on an inverse semigroup. In Chapter 4, we review the classical
fast Fourier transform, and we examine tools that are useful for building group
FFTs and extend them to inverse semigroups. We also review the FFT for the
symmetric group and define the computational complexity of the Fourier transform
on an inverse semigroup.

Chapter 5 begins with an important result of B. Steinberg, which provides an
explicit isomorphism between the inverse semigroup algebra and a direct sum of
matrix algebras over group algebras [39]. We show how this result allows us to
generate the representations of an inverse semigroup and how this, in turn, allows
us to reduce the problem of creating inverse semigroup FFTs to the problems of
creating FF'T's for their maximal subgroups and fast zeta transforms for their poset

structures. This is our most general FFT result. We then use Steinberg’s result to



generate the “natural” representations of the rook monoid (first described by C.
Grood) directly.

In Chapter 6, we develop a variety of results that are important in the theory
of Fourier analysis for inverse semigroups. Our main result in this chapter is a
general Fourier inversion theorem for inverse semigroups.

In Chapters 7 through 9, we create explicit FF'Ts for particular inverse semi-
groups of interest. Chapter 7 contains an FF'T for the rook monoid and Chapter
8 contains an FF'T for its wreath products by arbitrary finite groups. Chapter 9
contains another FFT for the rook monoid. While not as efficient as the FFT pre-
sented in Chapter 7, it is built in an entirely different way and demonstrates that
group-theoretic techniques can be applied directly to the construction of inverse-
semigroup FFTs.

We provide an application of the rook monoid FF'T to the statistical analysis of
partially ranked voting data in Chapter 10. We conclude with thoughts on further

research directions in Chapter 11.



Chapter 2

Finite Semigroups and

Representations

In this chapter, we review some facts about algebras and modules and we explore
some basic notions in semigroup representation theory. Good references are [13],

115], [20], [31], [35], and [36].

2.1 Algebras and Modules

Let F' be a field.

Definition (algebra). An algebra A over F' (or an F-algebra) is an F-vector space
in which the elements of A multiply in a way that is compatible with the multipli-

cation of F'. Specifically,
(cay)as = c(ayaz) = ay(cay) for all ¢ € F, ay,as € A.
A is said to be a wunital algebra if there is an identity element 14, € A for

multiplication in A. In this thesis, we specialize to the case F' = C. Furthermore,
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every algebra that we consider in this thesis will be finite-dimensional.

Definition (algebra homomorphism). An algebra homomorphism from an algebra

A to an algebra B is a linear map ¢ : A — B satisfying

o(ab) = ¢(a)p(b) for all a,b € A.

An algebra isomorphism is an algebra homomorphism which is both one-to-
one and onto. Algebras A and B are said to be isomorphic if there is an algebra
isomorphism between them.

Let M,,(C) be the algebra of n x n matrices over C under the usual operations

of matrix addition and multiplication.

Definition (algebra representation). A representation of an algebra A is an algebra

homomorphism

p:A— M, (C).

A representation p is said to be unital if p(14) is the identity matrix (provided
A has an identity element). If A has no identity element, then every representation

of A is unital.

Definition (module). A left module over A (or A-module for short) is a C-vector
space M in which elements of M may be multiplied on the left by elements in A

in a compatible way. Specifically,

a(my 4+ msy) = amy + ams,
(a1 + az)m = aym + azm,
c(am) = a(em) = (ca)m, and

(ara2)m = aqy(azm)

7



for all ¢ € C, a,a1,as € A, and m, my, my € M.

Every module which we consider in this thesis will be finite-dimensional. M is
said to be unital if 14 € A implies 14m = m for all m € M. If A has no identity,
then every A-module is unital.

A particularly important example of an A-module is the algebra A itself (called
the regular module), where the action of A on itself is given by the usual multipli-

cation in A.

Definition (module homomorphism). A module homomorphism from an A-

module M to an A-module N is a linear map ¢ : M — N satisfying

ap(m) = ¢(am) for alla € A, m € M.

If ¢ is both one-to-one and onto, then ¢ is a module isomorphism. A-modules M

and N are isomorphic if there is a module isomorphism between them.

Definition (submodule). A submodule M' of an A-module M is a subspace of M
which is closed under the action of A. That is, am’ € M’ for all m’ € M’ and

ac A.

Definition (simple module). M is said to be a simple module if its only submodules

are M and {0}.
We will be interested in modules that decompose into sums of simple modules:

Definition (semisimple). M is said to be semisimple if it is isomorphic to a direct
sum of simple modules. The algebra A is said to be semisimple if it is semisimple

as an A-module over itself.



In fact, one can show that A is semisimple if and only if every A-module is
semisimple [13].

Let M be an A-module, and choose a basis {m1, ..., m,} of M. For any a € A,
the action of a on M defines a linear transformation of M, and we may denote
the action of a with respect to the basis {m4,...,m,} by the n x n matrix p(a).
This defines a map p : A — M, (C), and it is straightforward to show that p is
a representation of A. Conversely, a representation p of A gives the underlying
vector space (of dimension d,) the structure of an A-module. For this reason,
we call A-modules representations of A, and so the A-module A is the reqular
representation of A. It is easy to see that an A-module is unital if and only if the

associated representation is unital.

Definition (irreducible representation). A representation p of A is said to be
irreducible if the associated A-module is simple and nontrivial, i.e., p # 0 and

there is no invertible matrix X for which

XpX_l _ pr 0

m. p2
for some representations pi, p2 of A.
Theorem 2.1.1. FEwvery irreducible representation of A is unital.

Proof. Suppose A has identity 14. Every A-module M decomposes as

M =AM @ M,

where M' = {m — 1am : m € M}, and AM is unital. If M is simple, then either

AM = {0} or M" = {0}. If M is also nontrivial, then M’ = {0} and M = AM,



and hence M is unital. O

Definition (equivalence of representations). Representations p1, po are equivalent
if their associated modules are isomorphic (i.e., differ only by a change of basis).

In other words, p; and py are equivalent if there is a matrix X for which
Xp1(a) X' = py(a) for all a € A.

An important result in module theory is Wedderburn’s theorem, which states
that if A is semisimple, then A is isomorphic to a direct sum of matrix algebras
over C, and one may compute this isomorphism by “gluing together” a complete

set of inequivalent, irreducible representations of A. Formally,

Theorem 2.1.2 (Wedderburn’s theorem). Let A be a finite-dimensional semisim-
ple C-algebra. Let ) be a complete set of inequivalent, irreducible representations

of A. Then Y 1is finite, and the map
Boa- Dy (©
pEY peY

s an isomorphism of algebras.

An interesting corollary is that a semisimple algebra A necessarily has identity,
as the inverse image of the identity matrix in the Wedderburn isomorphism is the

identity of A.

2.2 Semigroup Representations

A semigroup S is a nonempty set together with an associative, binary operation,

which we will write multiplicatively. A sub-semigroup of S is a nonempty subset

10



of S which is itself a semigroup. A subgroup of S is a nonempty subset of S which
is itself a group.

If S has an identity element, then S is called a monoid. If S does not have an
identity element, then we may formally attach one to create a monoid. Let S! be
S if S has an identity element, and let S! be S with an identity formally attached
if S does not have an identity element. For the rest of this thesis, S will denote a

finite semigroup.

Definition (semigroup homomorphism). A semigroup homomorphism from a

semigroup S to a semigroup 7' is a map ¢ : S — T which satisfies

o(s152) = @(s1)P(s2) for all 51,89 € S.

¢ is an isomorphism if it is both one-to-one and onto, and S and 7" are said to be

isomorphic if there exists an isomorphism between them.

Definition (semigroup representation). A representation of S (over C) is a homo-
morphism p from S to the semigroup of d, x d, matrices with entries in C under

multiplication.

Remark: If S is a group, this definition does not agree with the usual group
definition, which requires that p associate the identity element of S to the identity
matrix. Such representations are called unital. However, there is only a trivial
difference between a representation and a unital representation of S': a represen-
tation is called null if p(s) = 0 for all s € S, and every representation of S is
either unital, null, or a direct sum of a unital and a null representation ([31], Fact

1.10).

11



Definition (semigroup algebra). Let S be a finite semigroup. The semigroup
algebra of S over C, denoted CS, is the formal C-span of the symbols {s}scs. Mul-
tiplication in CS, denoted by x*, is given by convolution (i.e., the linear extension

of the semigroup operation via the distributive law): Suppose f, g € CS, with

F=>_f0)r, g=> gt

res tes

Then

frg= frr) ot)t=>) > [f(r)g(t)s.

resS tesS SES rteS:irt=s

Remark: If S is a group, then convolution may be written in the familiar way:

Frg=S"% Frglrs)s.

seS res

The basis {s}scs of the semigroup algebra CS' is called the semigroup basis. Tt
is one of two “natural” bases of the semigroup algebra. We will define the other
natural basis in Section 3.2.

Let S be a finite semigroup. Any semigroup representation of S extends lin-
early to a representation of its algebra, and any representation of a semigroup
algebra yields a representation of the underlying semigroup by restricting to the
semigroup basis. In this way, representations of semigroups and representations
of their algebras are in one-to-one correspondence. Semigroup representations are
said to be irreducible (resp. inequivalent) if their associated algebra representations
are irreducible (resp. inequivalent). When S has an identity, it is immediate that
a representation of S is unital if and only if the associated algebra representation

is unital.

12



2.3 Inverse Semigroups and Algebras

In this thesis, we are concerned with a particular class of semigroups known as

muerse Semigroups.

Definition (inverse semigroup). An inverse semigroup is a semigroup S such that,

for each x € S, there is a unique y € S such that

ryr =z and yry = y.

In this case, we write y = 1.

We remark that the condition that y be unique is necessary for this definition.
An element x € S is said to be regular or Von-Neumann regular if there is at least
one y € S satisfying xyr = x and yry = y, and S is said to be regular if every
element of S is regular. Consider the full transformation semigroup X on the set
{1,2,...,n}; that is, all maps from {1,2,...,n} to itself under composition. It is
easy to see that X is regular, and that (for n > 2) there exist elements x € X for
which there are multiple elements y € X satisfying zyr = x and yry = y. X is
therefore not inverse. An equivalent characterization of inverse semigroups (see,

e.g., [20]) is as follows.

Definition (inverse semigroup). An inverse semigroup is a semigroup S which is

regular and for which all idempotents of S commute.

Let S be a finite inverse semigroup. In [29] (Theorem 4.4), Munn proves that

the semigroup algebra CS is semisimple, and we therefore have:

Theorem 2.3.1 (decomposing representations). Any representation of S (resp.

CS) is equivalent to a direct sum of irreducible and null representations of S (resp.

Cs).

13



Furthermore, Wedderburn’s theorem applies to CS"

Theorem 2.3.2. Let S be a finite inverse semigroup. Let ) be a complete set of

inequivalent, 1rreducible representations of CS. Then Y is finite, and the map

Pr:Ccs— P M, (C) (2.1)

peY peY

is an isomorphism of algebras. Explicitly, let f € CS where f =" s f(s)s. Then

=@ fls)nls).

peY seS

We also have the following formula for the sum of the squares of the dimensions

of the irreducible representations of S:

Corollary 2.3.3. Let S be a finite inverse semigroup, and let ) be a complete set

of inequivalent, irreducible representations of S. Then

EEDI (2.2)

pEY

Proof. The formula (2.2) is just the C-dimensionality of the algebras appearing in
(2.1). O

2.4 The Rook Monoid

The most important example of an inverse semigroup is the rook monoid (also
called the symmetric inverse semigroup) on n elements, which we denote by R,,. It
is the semigroup of all injective partial functions from {1,...,n} to itself under the

operation of partial function composition. In this thesis, we adopt the convention

14



that maps act on the left of sets, and so, for g, f € R,,, go f is defined for precisely
the elements = for which z € dom(f) and f(z) € dom(g). R, is called the rook
monoid because it is isomorphic to the semigroup of all n X n matrices with the
property that at most one entry in each row is 1 and at most one entry in each
column is 1 (the rest being 0) under multiplication. Such matrices, called rook
matrices, correspond to the set of all possible placements of non-attacking rooks

on an n X n chessboard. For example, consider the element ¢ € R, defined by

Then, viewed as a partial permutation, o is

1 2 3 4
-1 - 4

where the dash indicates that the above entry is not mapped to anything. As a

rook matrix, we have

010
000

o o O

000
000

—_

We quickly prove that R, is indeed an inverse semigroup:
Theorem 2.4.1. R, is an inverse semigroup.

Proof. For an element o € R,,, define v € R,, by

dom(y) = ran(o), and, for x € dom(y), v(z) = ¢~ *(z).

15



It is easy to see that yoy = v and oy0 = o, and that v is the only element of R,

satisfying both equations. O]

The rook monoid is a generalization of the symmetric group, and it plays the
same role for finite inverse semigroups as the symmetric group does for finite groups

in this variation of Cayley’s theorem (see, e.g. [20], p. 36-37):

Theorem 2.4.2. Let S be a finite inverse semigroup. Then there exists n € Z for

which S is isomorphic to a sub-semigroup of R, .

It is often useful to consider subsets of R,, whose elements have domains of a

certain size:

Definition (rank). Given an element o € R,, the rank of o, denoted rk(o), is
defined to be rk(o) = |dom(c)| = |ran(o)|. It is clear that the rank of o is the

same as the rank of the associated rook matrix.

The elements of R,, are divided into two classes, the elements of rank n (i.e.,
the permutations) and the elements of rank less than n. In his analysis of the rep-
resentation theory of R,, Munn [29] introduced what he called cycle-link notation

for the elements of R,,. As an example, consider the element ¢ € Ry

1 2 3 4
g =
3 — 2 4
In cycle-link notation, a cycle (aq, as, ..., ax) means that
aip v+ Ao, a9 V> as, ..., 0x_1 — ai, and a, — aq,

16



and a link [by, bs, ..., b;] means that
by v by, by — b3, ..., by_1 +— by, and by goes nowhere.

The element o, expressed in cycle-link notation, would be [1,3,2](4). Note that
the cycle-link representation of a permutation always consists of cycles only, and
elements of rank less than n always contain links when written in cycle-link nota-
tion.

We have the following theorem on the size of R,,:
Theorem 2.4.3.

IR,| = Zn: (Z)Qk!

k=0
Proof. For any particular rank k, there are (Z) choices for the domain and (Z)
choices for the range of an element of R,, and for any particular choice of domain

and range, there are k! ways of mapping the domain to the range. O]
We also have the recursive formula

Theorem 2.4.4. Forn > 3,
(Rl = 20| Ryt = (n = 1)?| Ryl

Proof. See Section 7.2. m
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Chapter 3

Fourier Transforms for Inverse

Semigroups

In this chapter, we review the poset structure of an inverse semigroup, define
natural and Fourier bases for inverse semigroup algebras, and define the Fourier
transform of a function on an inverse semigroup. Good references are [13], [23],

[37], and [39].

3.1 The Poset Structure of an Inverse Semigroup

Definition (poset structure of S). Let S be a finite inverse semigroup. For s,t € S,

define

s <t <= s = et for some idempotent e € S

<= s =tf for some idempotent f € S.

For R,, the idempotents are the restrictions of the identity map, and this

18



ordering is the same as the ordering:
s <t <= textends s as a partial function.

Remark: If S is a group, then its poset structure is trivial.

If P is a finite poset, then the zeta function ¢ of P is given by:
(:PxP—{0,1}

1 ifze <y,
((z,y) =

0 otherwise.

The zeta function is invertible over any field F’ (in fact, over any ring), and its
inverse is called the Mdbius function p. The Mobius function for R, over C is well

known ([37], [39]). It is, for x <y,

pla,y) = (10,

3.2 Natural Bases for Inverse Semigroup Alge-
bras

Let S be a finite inverse semigroup. We have already seen one natural basis for
the semigroup algebra CS, the semigroup basis {s}scs. Multiplication in CS with
respect to this basis is just the linear extension of the multiplication in S. We claim
that there is another “natural” basis of CS. To motivate this new basis, recall that
every finite inverse semigroup is isomorphic to a sub-semigroup of a rook monoid
and can therefore be viewed as a collection of partial functions. There is another

model for composing partial functions: only allow the composition if the range of
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the first function “lines up” with the domain of the second. For example, if

1 2 3 4 12 3 4
2 — 1 — 43 — -

then the idea is that the composition 7 o o is

1 2 3 4

mToo =

3 — 4 -

and the composition o o 7 is disallowed. The groupoid basis of CS encodes this.

Definition (groupoid basis). Define, for each s € S, the element |s] € CS by

)= 3 ult.s)

teS:t<s

Theorem 3.2.1. The collection {|s|}ses is a basis for CS. Multiplication in CS

relative to this basis is given by the linear extension of

|st] if dom(s) = ran(t),
[s] [t] =

0 otherwise.

Furthermore, the change of basis to the {s}ses basis of CS is given by Mdébius

INVErsion:

s= > |t]. (3.1)

teS:t<s
Proof. This is [39], Lemma 4.1 and Theorem 4.2, using our convention that maps
act on the left of sets. O

The notions of dom(s) and ran(s) may also be defined intrinsically in terms
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of S, i.e., without reference to an embedding of S into R,. Specifically, for any

element s € S, ss~! and s7's are idempotent, and one may define

dom(s) = s~ 's
ran(s) = ss~ .

If we use this definition for s € R,,, we see that dom(s) is actually not the domain
of s, but is rather the map which is the identity on the domain of s and undefined
elsewhere, and likewise for ran(s). This means that we are abusing the distinction
between the domain and range of a map and the corresponding partial identities.

Under this definition, we have that the groupoid basis multiplies as follows:

st| if s7ls =ttt
Ls] [t] = .

0 otherwise.

The viewpoint then is that we have two “natural bases” for CS, the semigroup
basis {s}ses and the groupoid basis {|s]}ses. Note that if S is a group, then

s =|s] € CS for all s € S, so group algebras only have one natural basis.

3.3 Fourier Bases for Inverse Semigroup Alge-
bras

Let S be a finite inverse semigroup. CS' is semisimple, so CS decomposes into a

direct sum of simple (i.e., irreducible) submodules:

(CS:@LZ».
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Let Y be a complete set of inequivalent, irreducible matrix representations of

CS. Then, according to Theorem 2.1.2,

&r:cs— P M, (C)

peY pEY

is an isomorphism of algebras.

There is a natural basis for the algebra on the right: the set of matrices in
the algebra with the property that exactly one entry is 1 (the rest being 0). The
inverse image of this set is a basis for CS called the dual matriz coefficient basis for
Y, or the Fourier basis for CS according to Y. When we refer to a Fourier basis
for CS, we mean any basis of CS that can arise in this manner by choosing an
appropriate ). Note that there is a unique Fourier basis for CS (up to ordering)
if and only if every irreducible representation of S has dimension 1.

Consider the natural basis for the algebra on the right. The preimage of a
single column of these elements from the p block is a basis B for a submodule
of CS, and each element of CS acts on B exactly as described by p. We therefore
have that B is a basis for an irreducible submodule of CS (isomorphic to the CS-
module described by p). Since the map above was an isomorphism, the preimages
of distinct columns have intersection {0}, and we therefore have the well-known

fact:

Theorem 3.3.1. Fach irreducible submodule of CS occurs in the decomposition

of CS into wrreducibles exactly as many times as its dimension.

We therefore also have that a Fourier basis for CS is a basis which realizes the
decomposition of CS into irreducible submodules L;.

We are now ready to define the Fourier transform on an inverse semigroup.
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3.4 The Fourier Transform on an Inverse Semi-

group

Let S be a finite inverse semigroup. The natural basis of the space V' of complex-

valued functions on S is denoted by {d,}ses. That is, for f € V,

F=>_ f(5)s

seS

We would like to associate this basis to one of the natural bases of the semigroup
algebra CS, and then define the Fourier transform on S as the change of basis in
CS (and hence in V', by association) to a Fourier basis. At present, it is not clear
which association is preferable, but as we shall see in Chapter 10, both associations

are useful, so we shall not discard either one.

Definition (semigroup association). Under the semigroup basis association, we
associate, for s € S,

seCS+—d,€V,

and so, for f =3 o f(s)0, €V, f € CS is written as

F=>_f(s)s.

SES

Definition (groupoid association). Under the groupoid basis association, we asso-
ciate, for s € S,

|s] e CS «—d,€V,
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and so, for f =3 ¢ f(s)d, €V, f € CS is written as

f=Y f(s)ls).

seS

These associations are not compatible unless the poset structure of S is trivial
(for example, if S is a group). Now, let ) be a complete set of inequivalent,

irreducible representations of CS.

Definition. The isomorphism

CS = @ My, (C), where f € CS — P p(f) (3.2)

peEY peY

is called a Fourier transform on CS.

Definition. Let f € CS. The Fourier transform of f is the image of f in the

matrix algebra
D, (©)

via the isomorphism (3.2). Equivalently, the Fourier transform of f is the re-

expression of f in CS in terms of a Fourier basis for CS.

Let f € CS be given with respect to one of the natural bases, i.e., either
f =2 s f(s)sor f=73 _cf(s)[s]. We shall sometimes say “calculating the
Fourier transform on CS” to mean calculating the Fourier transform of an arbitrary
element f € CS given with respect to one of the natural bases, where the choice

of Y is understood. We now define the Fourier transform of f at a representation

of CS:
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Definition. Let p be a representation of CS. Define

; Doses [(s)p(s) A f =30 eq f(s)s,
Doses F(s)p(ls]) i f=200es f(s) [s]-

For p € Y, f(p) is therefore just the p'* block in the image of f in the isomor-

phism (3.2). Thus, we can write

CS = @5 My, (C), where f € CS — P f(p).

peY pEY

Remark: Since the map in (3.2) is an isomorphism, it respects multiplication, and
hence the Fourier transform turns convolution of elements of C.S into multiplication
of block-diagonal matrices. It turns convolution into pointwise multiplication if and
only if all irreducible representations of S have degree one, which, for example, is

the case for S = Z/nZ.
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Chapter 4

Fast Fourier Transforms

In this chapter, we show how the classical discrete Fourier transform fits into our
general framework and we revisit tools for computing FFTs on non-Abelian groups
and extend them to semigroups. In particular, we explain Clausen’s algorithm for
the FFT on the symmetric group and explore complexity considerations for inverse

semigroups. Good references are [4], [18], [21], [22], [23], and [25].

4.1 The Discrete Fourier Transform

The classical discrete Fourier transform is defined as follows:

Definition. Let f(0),..., f(n — 1) be a sequence of n complex numbers. The

discrete Fourier transform of this sequence is the sequence f(O), . ,f(n - 1),
where
n—1
A —2mikt
fley=>"f(t)e =
=0

For t € {0,...,n — 1}, we then have



As motivation, suppose that {f(0), f(2), f(2),..., f(*=1)} is a collection of n eq-
uispaced samples of a continuous waveform f on [0, 1]. Suppose further that f is

band-limited of bandwidth n, so that its Fourier expansion is

for 0 < t < 1. The Fourier coefficients f (k) are given by the integrals

f(k) = /0 1 f(t)e 2™kt (4.1)

The assumption that f is bandlimited allows us to compute the coefficients f (k)
by finite sums which discretize the integrals (4.1). In particular, it is well known

that if f is band-limited of bandwidth n, then the following formula for f(k) holds
(see, e.g., [34]):

Thus, it is possible to reconstruct the original waveform f from the finite collection
of equispaced samples { f (%) "4, in the sense that this information is sufficient to
compute its Fourier coefficients. Notice now that the collection { f (k)}z;é appear-
ing here is just the scaled (by a factor of n) output of the discrete Fourier transform
of the sequence f(0), f(%), e f(”T_l) Thus, the discrete Fourier transform of a
sampled band-limited waveform allows us to express the underlying waveform in
terms of the frequencies of which it is comprised.

Now, let Z/nZ denote the cyclic group of order n. It is well-known that all
of the complex irreducible representations of Z/nZ are 1-dimensional, so they can

be put into one-to-one correspondence with the elements of Z/nZ. In fact, the

following theorem is immediate:
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Theorem 4.1.1. Let {¢o, ..., b1} be the sequence of representations defined by:

—2mikt

qbk(t) =€ n
Then ¢yt + ta) = ox(t1)Pr(t2) for all ti,ty € Z/nZ, and {¢o,...,¢n-1} is a
complete set of inequivalent, irreducible representations of CZ/nZ.

Let f: Z/nZ — C. The group algebra CZ/nZ has only one natural basis, so
f € CZ/nZ by

~
Il
o

and it is immediate that our definition of f(¢) is the same as the coefficient f(k)
from the discrete Fourier transform. The Fourier transform of f then expresses f

in terms of the Fourier basis of CZ/nZ, i.e., the basis {b}7—;, where

and we see from this that the Fourier basis of CZ/nZ is the usual basis of expo-
nential functions.

Calculating the Fourier transform of an arbitrary function f : Z/nZ — C by
naive methods requires n?> = |Z/nZ|* operations, where an operation is a com-
plex multiplication together with a complex addition. As n grows large, this cost
becomes prohibitive, and fast algorithms are therefore necessary.

Here is the idea behind the famous Cooley-Tukey FFT (i.e., the classical fast
discrete Fourier transform), expressed in the language of groups (see also [8] and

[23]). Let f:Z/nZ — C. Suppose n is composite, n = pg with p prime. Then
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Z/nZ has a subgroup H isomorphic to Z/qZ:

H={pr:2e{0,...,q—1}}.

H then partitions Z/nZ into cosets; Z/nZ = P_}j + H. For all k € Z/nZ, we

J

would like to compute

[y

n—

~

Fk) = flon) =D f(t)on(t).

t

I
o

Since ¢y is a homomorphism, by our partitioning we may rewrite this as

" 100l = o) S £ h)onlh), (42

where f;(h) = f(j + h).

The point is that the inner sums in (4.2) are themselves Fourier transforms
on H. To compute the Fourier transform on Z/nZ, then, we may proceed by
calculating the inner sums (by computing p Fourier transforms on H = Z/qZ) and
then multiplying the results by the ¢x(7) and adding them up.

For any group G, let C(G) denote the minimal number of operations required
to compute the Fourier transform of an arbitrary C-valued function on any group

isomorphic to G. Then we have

C(Z/nZ) < pC(Z/qZ) + np.

Since the inner sums in (4.2) are themselves Fourier transforms, if ¢ is composite,
then we can iterate this algorithm to amplify our savings. This algorithm is most

efficient when n is a power of 2, say n = 2*. In this case, we have:
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Theorem 4.1.2 (Cooley-Tukey [8]).

C(Z/2"7) < 28 + k2" = O(nlogn).

4.2 Representations and Schur’s Lemma

The reduction argument involved in the Cooley-Tukey FFT is also a central idea in
the construction of non-Abelian group and semigroup FFTs. However, more tools
are necessary to create these more general FFTs. In particular, we need to un-
derstand how multidimensional irreducible representations behave when restricted
to sub-semigroups. Let Xy, < X; < --- < X,, be a chain of finite semigroups
whose semigroup algebras CX; are semisimple. Even if a representation of X is
irreducible, its restriction to X;_; typically will not be. However, by the semisim-
plicity of the algebras involved, it will be equivalent to (though not necessarily

equal to) a direct sum of irreducible and null representations of X;_;.

Definition (adapted representations). Let ); be a set of inequivalent, irreducible
representations for CX;. The collection {);}7, is said to be chain-adapted to the

chain Xg < Xy < --- < X, if, for every ¢ > 1 and every p € Y, p

x,_, 1s equal
to a direct sum of null representations and irreducible representations in );_;.
Note that this definition forces the irreducible representations appearing in such a

restriction to be equal whenever they are equivalent.

Induction shows that a representation from a chain-adapted set of representa-
tions may be restricted further down the chain with the same equality results. In
particular, if {};}7, is chain-adapted to Xy < X; < --- < X,,, then {V;};es is

chain adapted to <;e; X; for any nonempty subset J C {1,...,n}.
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We shall often simply ask that a complete set of irreducible representations ),
for X,, be adapted to the chain Xy < X; < --- < X,,. In this case, the choices
of the ); are understood (and, in fact, are often completely determined) by the

choice of Y,.

Remark: While adapted representations are very important in the construction
of FFTs, the requirement that a set of representations be adapted is in no way
limiting. Given any chain X, < X; < --- < X,, of semigroups whose semigroup
algebras CX; are semisimple, a straightforward induction argument shows that
a complete set of inequivalent, irreducible, chain-adapted matrix representations
always exists. Explicitly describing such sets, however, is frequently a challenging

endeavor.

Remark: Chain-adapted representations are also sometimes referred to as semi-

normal or Gelfand-Tsetlin representations ([16], [21]).

One reason that adapted sets of representations are useful in the construction
of FFTs is that they are sparse and structured when evaluated at certain elements.
The specifics are given by the following computational version of Schur’s Lemma
(Lemma 4.2.2). While Schur’s Lemma appears in many forms, the most widely

recognized is probably this:

Lemma 4.2.1 (Schur’s Lemma). Let R be a ring and let M, N be simple R-
modules. Then every R-module homomorphism ¢ : M — N s either 0 or an

1somorphism.
Proof. See, e.g. [13], p. 30-32. ]

Here is the computational version of Schur’s Lemma. This result is an extension
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of the version of Schur’s Lemma in [22]. We derive it as a consequence of Lemma

4.2.1.

Lemma 4.2.2 (Schur’s Lemma). Suppose that A < B < C' are finite semigroups,
that Ya, Vg, and Yo are complete sets of inequivalent, irreducible matrix repre-
sentations for A, B,C respectively, adapted to the chain, and that CA,CB, and
CC are semisimple. Let p € Ve. Say plp = p* @ -+ ® p* (with each o either in
Vg or, without loss of generality, null of dimension 1) and p’|4 = p{ O---D ,0;(].)
(with each pf either in Ya or, again without loss of generality, null of dimension

1). Let 0 € B such that o commutes with A. Then p(o) is a block matriz

po) 0 0 0
0 po) 0 0
plo) = 0 0
0
0 0 - 0 pko)

where, for 1 < j < k, the block p’ (o) is itself a block matriz, with blocks indexed

by all ordered pairs from {pl, ... ,pg(j)}:

P]i P% T P;(j)
P]i )‘{,1[ )‘{,2] e )\{,g(j)]
j j j j
, P NI A N T
p7(0'> _ 2 2,1 2,2 2,g(])
: j j j
Py \ Mol A2l Awen!

where the /\ib are scalars, I is the appropriately-sized identity matrix for the block

i which it appears, and the block in position pg,p{; is mon-zero only if p! and pZ
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are equivalent representations of A.

Proof. To prove this, we need only show that p/(¢) has the block form indicated
above. Let V7 be the representation module for p’ on B. Viewing V7 as a CA-
module, we have VI =V/ @ --- @ ng(j), and the V7 are simple CA-modules where
the module action on V;j is given by ,0{ Note that a basis B of V7 has already
been chosen by virtue of the fact that p’ is in matrix form, and likewise, bases B;
for the V7 are given since p/ is in matrix form. Since p/ is adapted, we have that
B; C B for all i, BN B, = 0 for i # k, the B; are ordered as subsets of B, and
uB; = B.

Since o commutes with A, we have that, for all v € V7 and z € A,
(o) 30 = pilow) v = (o) v =7 p(0) v,
i.e., p/(0) is a CA-linear map from V7 to itself. Hence
P (o) € Homea (V7. V7) = Homea(V & -~ @ V) Vi & @ V).

According to our basis B for V7, we have

Homea(VY,V{)  Homea(V5,VY) - HOIH(CA(VZ(]-)JGJ')
Homea(VY, V) Homea(V5,V5) -+ Homea (V). V¥)

Vi)

)’

Homca(VY, V7)) Homea(V5, Vi

g( g(

») e Homea(Vg

Let X € Homgu(V, Vg)j ) be given in matrix form with respect to the bases B,, By.
By Lemma 4.2.1, X is either 0 or an isomorphism (i.e. X is either 0 or p/ and

pi are equivalent representations of A). Suppose then that X is an isomorphism.
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The goal, then, is to show that X is a diagonal matrix. Since X is CA-linear, for

every x € CA,v € VJ we have

Xz -v=ux- Xv.

With respect to B,, By this is

and hence for every x € CA

Since p/ and pi are equivalent, and are either null or part of an adapted set of

matrix representations, we have pJ = p/, and thus

Xpi(e) = pi(@) X (4.3)

for all x € CA.

Now, either p/ is null of dimension 1 (in which case so is p}), which means that
X is 1-dimensional and we’re done, or p/ is an irreducible representation of A. So,
suppose p/ is irreducible. Then by Burnside’s theorem (Theorem 1.14 of [31]), we

have

pa(CA) = Mg, (C),
and therefore (4.3) says that X is in the center of M|z, (C), i.e. X is diagonal. [

Remark/Notation: Schur’s Lemma says that adapted representations cause the
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matrix p(o) to be sparse and structured. Under the same hypotheses as above,
let M(B, A) be the maximum multiplicity of an irreducible or dimension-1 null
representation of A occurring in the restriction, from B to A, of an irreducible

representation of B. Since p(¢) is a block matrix of the form

ple) 0 0 0
0 pXo) 0 0
plo) = 0 0 :
0
0 0 0 p*o)

and the block p? (o) is of the form

J J J

P P2 Py
P]i /\{,1[ A{,Ql e A{,g(j)[
j j j j
A
j j j j
Py \Nanal Nyl Xyam !

where )\fb,b # 0 implies p? and pi are equivalent representations of A, we see that
the matrix p(o) contains at most M (B, A) non-zero entries per row and column.
The computational implication of Schur’s Lemma, then, is that for an arbitrary
d, x d, matrix H, it requires no more than M(B, A)di complex multiplications
and additions to perform each of the matrix multiplications p(c)H and Hp(o),
as opposed to the upper bound of df; multiplications and additions that would
be necessary if p(o) were arbitrary. See [22] for a variety of applications of this

consequence of Schur’s Lemma in the construction of group FFTs.
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4.3 An FFT for the Symmetric Group

With the tools developed in Section 4.2, we are now ready to extend the reduction
idea used in the Cooley-Tukey FFT to create an FF'T for the symmetric group S,,.
The algorithm that we describe in this section is due to Clausen [4]. We will use
symmetric group FFTs as sub-algorithms in the FFT for the rook monoid which
we develop in Chapter 7, and we will generalize Clausen’s construction to create
a different FF'T for the rook monoid in Chapter 9. We begin by reviewing the
necessary representation theory of the symmetric group. A standard reference is

18].

4.3.1 Seminormal Representations of the Symmetric Group

Clausen’s algorithm for the FFT on the symmetric group S, requires a set of

inequivalent, irreducible, chain-adapted representations relative to the chain
Sp > S,1 > > 51 = {e},

where e is the identity of S,, and Sy is the subgroup of S,, which fixes pointwise
k 4+ 1 through n. Two such sets of representations are Young’s seminormal and
Young’s orthogonal forms [41]. We describe Young’s seminormal form here. The
description given here may be found in [30], and this is the description that is
used in generalizations to seminormal representations of Iwahori-Hecke algebras
(see, e.g., [16] and [30]). The matrices described here are rescaled versions of the
ones found in the description of Young’s seminormal form appearing in [4] and in
Chapter 3 of [18].

The reader should compare the seminormal representations of S,, described here
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to the seminormal representations of R,, described in Section 9.3.

Definition (partition). A partition X\ of a nonnegative integer k (written A - k) is
a weakly decreasing sequence of nonnegative integers whose sum is k. We consider
two partitions to be equal if and only if they only differ by the number of 0’s they

contain, and we identify a partition \ with its Young diagram.

For example, A = (5,5, 3,1) is a partition of 14, and

A=(5,5,3,1) = (5,5,3,1,0) =

It is well-known that a complete set of inequivalent, irreducible representations

for S, is indexed by the partitions of n (see, for example, [18]).

Definition (tableau, standard tableau). For A\ F n, define L to be a tableau of
shape X if it is a filling of the diagram for A with numbers from {1,2,...n} such that
each number in L appears exactly once. L is a standard tableau if, furthermore,
the entries in each column of L increase from top to bottom and the entries in each

row of L increase from left to right.

Fix A. Let T* denote the set of standard tableaux of shape A. The symmetric
group acts on tableaux by permuting their entries. If L is a tableau, then (i —1,7)L
is the tableau that is obtained from L by swapping ¢ — 1 and i. Note that L € T?
need not imply (i — 1,4)L € T (that is, (i — 1,4)L need not be standard).

Let {vy : L € T*} be a set of independent vectors. We form

VA = C-span{v; : L € T*}.

As such, the symbols vy, are a basis for the vector space V*. Young defined an

37



action of S, on V* in such a way that (extending by linearity) V* is an irreducible
CS,-module and such that, as A ranges over all partitions of n, the V* constitute
a complete set of inequivalent, irreducible representations of S,,. We first describe
this action, and we then describe an ordering of the bases for the VV* so that the

resulting matrix representations are chain-adapted to S,, > S,_1 > --- > 57.

Definition (content). If b is a box of A in position (i, 7), then the content of b is
defined to be

ct(b) = j —i.

Let L € TA. If i — 1,5 € L, then let L(i — 1) and L(4) denote the box in L
containing ¢ — 1 and ¢, respectively.
To define the action of S,, on V?, it is sufficient to define the action of a set of

generators of S, on V*.
Definition (action of S, on V?). Define the action of the transpositions

t; = (i —1,7), for 2 < i <n, as follows:

L v+ (1+ ! )
ct(L(3)) — ct(L(i — 1)) L ct(L(3)) — ct(L(i — 1))

tiUL = v

where

vy, if t;L is standard,

Vv =
0 otherwise.

Theorem 4.3.1 (Young). As )\ varies over all partitions of n, the V> under the
above actions of CS,, constitute a complete set of inequivalent, irreducible repre-

sentations of CS,,.

Definition (corner of a partition). A corner is a box ¢ of A for which A contains no

box to the right or below c¢. In other words, the corners are the possible positions
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of n in a standard tableau of shape \.
We now record the Branching Theorem for S,, (see, e.g., Chapter 2 of [18]).

Theorem 4.3.2 (Branching Theorem). As a CS,,_1 module,

Ve e

HEAT

where A\~ 1s the set of all partitions = n — 1 such that p is obtained by removing

a corner from \.

Now, for purposes of chain-adaptation, we order the basis {vy} for V* using

Young’s famous last-letter ordering.

Definition (last letter ordering). Consider two standard tableaux L; and Ls of
the same shape A. If n is in a higher row in L; than in Ls, then declare L; < Lo.
Otherwise, n is in the same row of both L; and Ly (and is necessarily the last
entry in that row), so delete the box containing n from the tableaux and consider

the position of n — 1, etc.

It is now easy to see, under this ordering of the bases for the V*, that the
matrix representations afforded by the action of S, on the V* are chain-adapted
to the chain S,, > --- > S;. Let ¢; denote the j corner of the partition A\ and
let V* = C-span(vy, : L contains n in box ¢;). It is clear that S, V* C V;* for all
j and, by the definition of the action of S,, on V*, that each V;-)‘ is an irreducible
CS,,_1 module. The same argument is used to perform induction down the chain
S, > --- > Sy, and is trivial because we ordered our basis for V* inductively
according to the same rule.

We now restate the Branching Theorem for S, with respect to the matrix

representations obtained from this action and last-letter ordering:
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Theorem 4.3.3 (Branching Theorem). Let p* be the matriz representation as-
sociated to V> with respect to the basis {vy}, with the basis ordered according to

Young’s last-letter ordering. Then

p)\‘sn—l = @ pM7

HEANT

where A\~ is the set of all partitions pt=n — 1 such that p is obtained by removing
a corner from \. The first p € A\~ is the one that removes the highest corner, the

next p is the one that removes the second highest corner, etc.

The matrix representations of 5, afforded by this basis constitute Young’s
seminormal representations. With these representations in hand, we are now ready

to explain Clausen’s algorithm [4] for the Fourier transform on S,.

4.3.2 An FFT for the Symmetric Group

Consider S,, and the subgroup chain S,, > S,_1 > --- > S; = {e}, where e is the
identity of .S,, and Sj, is the subgroup of S,, which fixes pointwise k+1, k+2,...,n.
For any complete set of inequivalent, irreducible representations ) of CS,, let
Ty(S,) denote the minimal number of operations needed to compute the Fourier
transform of an arbitrary complex-valued function f on S, using ). That is,
Ty(S,) is the minimal number of operations necessary to compute, for all p € ),

the sums

Flp) =" f(s)p(s).

SESn
For the purpose of our analysis, we assume that all representations p € ) are

precomputed (i.e., evaluated at all elements of S,,) and stored in memory.
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Notice that a naive algorithm gives the bound

Ty(Sn) <Y |Sald2,

pEY

which, by (2.2), is |S,|?. Now, let us define C(S,,) to be the minimal value of the
Ty(S,), as Y varies over all complete sets of inequivalent, irreducible representa-
tions. Our goal is to give a bound for C(S,) which compares favorably to |S,|?,
and we will do so by giving such a bound on 7y(S,,) for a computationally ad-
vantageous set ). In particular, let ) = ), be any complete set of inequivalent,
irreducible representations for .S,, adapted to this chain. One well-known choice is
Young’s seminormal form, as described in Section 4.3.1.

Sp—1 partitions S,, into n cosets. That is, S,, = Ul ,1;S,—1 for some coset
representatives T;. Let ¢; be the transposition (j—1, j), and let us use the following

set of coset representatives:

{T:;:1<i<nT,=¢--etiatipa---tn}.

1

Thus, for example, T7 = tots3---t,, T,_1 = t,, and T,, = e. Let us define functions

fTii

fTi : Snfl —C

by fTi(S) = f(ﬂS)

For any representation p, since p is a homomorphism, it is straightforward that

flo) =Y f(s)nls) = ZP(TO > frls)p(s). (4.4)

SESH sESH_1
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Notice that, just as in the Cooley-Tukey FEFT, the inner sums in (4.4) are
themselves Fourier transforms on S,_;. If we knew all of the f7,(y) for all 7 € Y,_;
and for all 7, then we could reconstruct the inner sums in (4.4) based on how p splits
when restricted to S,_;. This splitting is described by the Branching Theorem
(Theorem 4.3.3), and this reconstruction can be done for free because p is adapted

to S, > Sp—1. In particular, say pls, , =p1 B - D p, pj € Vu—1. Then

Yo fr@ps)= D frls)[oi(s) @@ ()] = fri(p) ® - @ fr(pn)-
$€Sn—1 $€Sn_1
Once we have computed the inner sums in (4.4), to finish computing f(p), we
multiply the inner sums by the p(7;) and add the results. Since the number of
operations this last step requires depends on the coset representatives chosen, let
us denote the number of operations it requires by Mg, ({7;}!,). Equation (4.4)
then implies

Ty, (Sn) < nTy, ., (Sn-1) + Ms, {Ti}2y). (4.5)

We now turn to analyzing the Mg, ({7;}-;) term in (4.5). Notice that, for
J>2,t; € S; and t; commutes with S;_». Furthermore, 5 € Sy and ¢, commutes
with S;. By the combinatorics of Young tableaux and the Branching Theorem
(Theorem 4.3.3), the maximum multiplicity occurring in the restriction of any
irreducible representation of S; to S;_5 is 2. By Schur’s Lemma, then, for any j
(2 <j<n)and any p € V,, p(t;) contains at most 2 nonzero entries per row and
column.

Fix p € Y. Since p(Ti) = p(tit1)p(tit2) - - p(tn), computing p(T;) Ar,(p) for an
arbitrary matrix Ar, (p) may be accomplished by multiplying Ar. (p) on the left by

p(t,), multiplying the result on the left by p(t,_1), multiplying the result of that
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on the left by p(t,_2), etc. It therefore takes a maximum of 2(n — i)d> operations
to perform the multiplication p(7;)Ar, (p) (keeping in mind that multiplying by the
identity matrix may be done for free), and once p(7;)Ar,(p) has been computed
for all T}, it takes a maximum of (n — 1)d’ operations to add the results to give

S p(Ti)Ar,(p). Letting p vary over ), then, implies

ST < 32— 2+ Y (- D

PEYy =1 PEYVn
= (n = 1)(n)[Sy| + (n = 1)[S,]
= (n% = 1)|S,|.

Putting this together with (4.5), we obtain:

73,(Sn) < nTy, ,(Su1) + (n* = 1)]S,].
The algorithm described here is the heart of Clausen’s FFT on S, [4]. Induction
on n then yields:

Theorem 4.3.4 (Clausen [4]). Ty, (S,) < 2n(n + 1)n!

This is of order n!(logn!)® = |S,|log®|S,|. By a more careful analysis of the
matrix multiplications involved, D. Maslen has obtained an algorithm for the FFT

on S, of complexity O(|S,|log?|S,|). Here is Theorem 1.1 of [21]:

Theorem 4.3.5 (Maslen). Let ), denote a complete set of inequivalent, irreducible

representations for S, in Young’s orthogonal or seminormal form. Then

T5,(5,) < Snln — IS,
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4.4 Complexity for Inverse Semigroups

If G is a finite group, then {g} e indexes the natural basis of CG. If S is a finite
inverse semigroup, then CS has two natural bases, the semigroup basis {s}scgs, and
the groupoid basis {|s]}ses. We therefore define two notions of computational
complexity for the Fourier transform on S, one being the minimal number of
operations necessary to change from the semigroup basis of its algebra to a Fourier
basis, and the other being the minimal number of operations necessary to change

from the groupoid basis of its algebra to a Fourier basis.

Definition (Computational complexity). Let ) be a complete set of inequivalent,
irreducible representations of CS. For an arbitrary element f € CS expressed with

respect to the semigroup basis

F=>_f(s)s,

seSs

the minimal number of operations to compute the Fourier transform of f, i.e., to

compute

Flp)=>_ F(s)p(s) (4.6)

s€S
for all p € Y, is denoted by T;emigmup(s ).

For an arbitrary element f € CS expressed with respect to the groupoid basis

F=Y_fs)ls],

sesS

the minimal number of operations to compute the Fourier transform of f, i.e., to

compute

fo) = f(s)nlls]) (4.7)

SES
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for all p € Y, is denoted by TfrouPOid(S ).

As usual, an operation is defined to be a single complex multiplication followed
by a complex addition. For the purposes of our analysis, we assume that all
representations in ) are precomputed (i.e., evaluated at every semigroup basis
element of CS or at every groupoid basis element of CS) and stored in memory.

Now, let Y vary over all complete sets of inequivalent, irreducible representa-

tions for CS. We define
CmE (S) = miny (T3(S)),

Cgroupoid (S) _ I'IliIly (,]rygroupoid (S) ) ) and
c (S) — max (Cgroupoid (S) ’ Csemigroup (S) ) .

If G is a group, the semigroup and the groupoid bases of CG are identical, so

we drop the superscripts on the complexity notation. For example,
T;emigroup(G) _ Tfroupoid(G) _ %(G)

Now, let S be a finite inverse semigroup and let ) be any complete set of
inequivalent, irreducible representations of CS. A naive implementation of the

Fourier transform on S, i.e., computing (4.6) and (4.7) directly, gives

c(s) < 3181,

peY
which, by (2.2), gives

Theorem 4.4.1. C(S) < |S|%

45



We define a fast Fourier transform on an inverse semigroup S to be an algo-
rithm (or a collection of algorithms) which yields a complexity result for C(S) that
compares favorably to |S|%. Since every group is an inverse semigroup, we also have
C(G) < |G|? for any group G, although, as we have already seen, many families of
groups enjoy results along the lines of C(G) = O(]G|log®|G|). Indeed, such upper
bounds remain the goal in group FFT theory. There are also groups G for which
there currently exist greatly improved (but not O(|G|log®|G|)) algorithms, such as
matrix groups over finite fields or, more generally, finite groups of Lie type [22]. It
is conjectured [25] that there are universal constants ¢y, ¢o such that for any group
G, C(G) < 1[G log™ |G,

In Chapters 7 and 8, we demonstrate that such bounds are also attainable
for certain (non-group) inverse semigroups of interest. In particular, we exhibit
algorithms for the rook monoid R,, and for its wreath products G R,, by arbitrary

finite groups G, which in turn yield the following complexity results:

Theorem 4.4.2. We have

CEowoid(R ) < Zn(n — 1)|R,| = O(|R,|log? |Ry)

A~ w

and

. 2 3
CmEN(R,) < S| Ry| + Jn(n = 1)|Ru| = O(| Ry log® | Ra).

Hence

C(Rn) = O(|Rn’ 10g3 |Rn|)
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Also, if h is the number of inequivalent, irreducible representations of G, then

C(G) n(n+1)
iG] 2

O(|G 1 R, |log* |G R,)),

+ 1| - |G R,|

+

IA

. 2 1 2
Cgroupmd(Gan) th <n4+ )

and

n3

Csemigroup(G ) Rn) S Cgroupoid(G ) Rn) + |:|G|n2 4 |G|2§:| . |G ! Rn|

= O(|G 1 Ry|log* |G R,)).

Hence
C(GUR,) = O(|G Ry|log* |G R,|).
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Chapter 5

Inverse Semigroups and Groupoid

Algebras

In this chapter, we use a theorem of B. Steinberg (Theorem 4.6 in [39]) to reduce the
problem of creating FFTs on inverse semigroups to the problems of creating FFT's
on their maximal subgroups and fast zeta transforms on their poset structures.
We explain Steinberg’s result in Section 5.1. In Section 5.2, we use this result
to give a complete description of the irreducible representations of a finite inverse
semigroup in terms of the representations of its maximal subgroups, and we use
this description in turn to obtain our result on Fourier transforms. We provide
another application of Steinberg’s theorem in Section 5.3, where we use it to derive
C. Grood’s “natural” representations of the rook monoid [15] in a straightforward

and elementary manner.
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5.1 Matrix Algebras Over Group Algebras

Let S be a finite inverse semigroup. Recall from Section 3.2 that the groupoid

basis of CS is defined as follows:

Definition (groupoid basis). Define, for each s € S, the element |s] € CS by

[s] = Y wlt ),

teS:t<s

so that

s= > [t].

teS:t<s
The collection {[s]}ses is a basis for CS. Multiplication in CS relative to this

basis is given by the linear extension of

|st] if dom(s) =ran(t) < s ls=1tt"1
5] 14 = (5.1)

0 otherwise.

Given an element s € S, it is natural to think of s as an “isomorphism” from

dom(s) to ran(s). We use this to define the notion of isomorphic idempotents.

Definition. Let a,b € S be idempotent. a and b are said to be isomorphic idem-
potents if there is an “isomorphism” from a to b, that is, if there is an element

s € S such that a = s7's and b = ss!.

Let us now define two idempotents in S to be D-related if they are isomorphic.
For the rook monoid R,,, the idempotents are the restrictions of the identity map,
and two idempotents are isomorphic if and only if they have the same rank. We
can extend D to an equivalence relation on S by defining sDt if s~!s is isomorphic

1

to t71 (or, equivalently, if ss™! is isomorphic to t¢7!). This is Green’s famous
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D-relation ([6], [14]), and the equivalence classes of S with respect to this relation
are called the D-classes of S. We mention that an equivalent characterization of D
is that sDt if and only if s and ¢ generate the same two-sided ideal in S. For R,
there are n+1 D-classes. They are Dg, D1, ..., D,, where Dy is the set of elements
of R,, of rank k.

Let e € S be idempotent. Let G, be the mazimal subgroup at e, that is, the
largest subset of S which contains e and which is also a group. It is easy to see
that

G.=1{se€S:s's=s55"=¢e},

and that e is the identity of G.. If a,b are isomorphic idempotents, it is straight-
forward to show that G, = G,. For R,, the maximal subgroup at an idempotent
e of rank k is isomorphic to the permutation group .S;.

Now, let us describe the decomposition of the semigroup algebra CS into a
direct sum of matrix algebras over group algebras. Let Dy,..., D, be the D-
classes of S. Let CDy, be the C-span of {[s] : s € Dy}. It is immediate from (5.1)
that CS = @} _, CDy. We now show

Theorem 5.1.1 (B. Steinberg). Let 1y, indicate the number of idempotents in Dy,
and let e, be any idempotent in Dy. Denote the maximal subgroup of S at ey by

Gy. Then, as algebras, CDy, = M,, (CGY).

Proof. We already know that G, and G, are isomorphic for any idempotents
a,b € Di. Now, fix an idempotent e, € Dy, and for every idempotent a € Dy,

1 = a (that is, p, is an

fix an element p, € S such that p, 'p, = ex and peps~
isomorphism from ej to a). Let us take p,, = e;. It is easy to show that, in fact,
Pa € Di. We view our rp X 1, matrices as being indexed by pairs of idempotents

in Dy. We now define our isomorphism by defining it on the basis {|s] : s € Dy}
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of CD}, and extending linearly. So, for an element |s| € CDy with s™'s = a and
ss~t = b, define

¢( I_SJ ) = pb_lspaEILaa

where E,, is the standard r; x 7, matrix with a 1 in the b,a position and 0
elsewhere.
A quick calculation shows that p,~'sp, € G by construction. We now show

that ¢ is a homomorphism.

¢(L5J)¢(Lﬂ) = (pss_l718ps_1sEss_1,s_1s) (ptt—l71tpt—1tEtt—1,t—1t)
pss—1_lsps—lsptt—l_1tpt—1tEss—1,t—1t if 5_15 = tt_la

0 otherwise.

Supposing then that s7's = t¢~1, we have

—1 -1 _ -1 -1
Pss—1 SPs—15Py—1 tptfltEss*Ht*lt = Pss—1  SPs—1s5Ps—1s tptfltEssfl,tflt
_ -1 _..—1
= Pss—1 °SS StptfltEssfl,tflt
_ —1
= Pss—1 StptfltEssfl,tflt

= D(st)(st)~1 ! Stp(st)—l (st) E(st) (st)=1,(st)~1(st)

= ¢([st]).

It is now easy to see that ¢ is an isomorphism, with the inverse induced by, for
s € Gy,

$Epa = [popspa”] -
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The corollary is:
Corollary 5.1.2. CS = @;_, M,, (CGy).

A dimensionality count thus establishes

n

S| = rilGul. (5.2)

k=0

We now explain what the isomorphism constructed in the proof of Theorem
5.1.1 translates into when S = R,,, the rook monoid. Fix a D-class Dy, (that is,
the subset of elements of R,, of rank k), and let us take e, € Dy, to be the partial

identity on {1,...,k}, that is:

12 -+ k k+1 -+ n
€ =

We then have
Gy ={s € R, : dom(s) =ran(s) = {1,...,k}}.

Let us identify G} with the permutation group S; in the obvious manner.

For an idempotent a € Dy (that is, a rank-k restriction of the identity map),
let us take p, to be the unique order-preserving bijection from {1,...,k} to
dom(a) =ran(a). For an element s € R, of rank k, let us define the permutation
type of s, perm(s), to be, informally, the “arrows” from dom(s) to ran(s), expressed

as a permutation in G}, = S;. For example, if

1 2 3 4 1 2 3
s = , then perm(s) =

4 — 1 2 3 1 2
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because s sends the first element of its domain to the third element of its range,
the second element of its domain to the first element of its range, and the third
element of its domain to the second element of its range.

Formally, we define

perm(s) = Pran(s) - SPdom(s)

where dom(s) and ran(s) are once again understood to be the corresponding par-
tial identities in 2, so that pgom(s) is the unique order preserving bijection from
{1,...,k} to dom(s) and p,ans)~" is the unique order preserving bijection from
ran(s) to {1,...,k}.

The isomorphism ¢ defined in the proof of Theorem 5.1.1 now works as follows.
We have (’;) X (") matrices, so let us index their rows and columns by the k-subsets

k

of {1,...,n}. We have

CDy 2 My (CS)

n
k

by (b( LSJ) = perm(S)Eran(s),dom(s)-

Let us state the corollary for reference.

Corollary 5.1.3. CR, = ) _, M( )(CSk).

n
k

5.2 Representations of Inverse Semigroups

Let S be a finite inverse semigroup. In this section, we explain how Theorem 5.1.1
allows us to describe a complete set of inequivalent, irreducible representations of
CS' in terms of the representations of its maximal subgroups, and we state and

prove our most general inverse semigroup FFT complexity result. We remark that
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Theorems 5.2.1 through 5.2.5 in this section are essentially folklore results from
semigroup theory and Morita theory (see, e.g., [13] and [39]). We make them
completely explicit for the computational results that follow.

We begin with a finite-dimensional algebra A (with identity 14) over C and the

following theorem.
Theorem 5.2.1. A is semisimple if and only if M, (A) is semisimple.

Proof. Let J(A) denote the Jacobson radical of the algebra A. By p. 70 of [13],
J(M,(A)) is equal to M,,(J(A)). One characterization of semisimplicity for finite-
dimensional algebras is that an algebra is semisimple if and only if it has Jacobson

radical {0}. The theorem follows. O

Suppose now that A is semisimple. Let py,po : A — M(C) be irreducible

representations.

Theorem 5.2.2. For s € A, Define py, pa : M,(A) — M., (C) by

pi(sEij) = Eij @ pi(s),

where E; ; is the standard n x n matriz with a 1 in the i, j position and 0 elsewhere,
and extend linearly to representations of M,(A). Then p1 and py are irreducible,

and are equivalent if and only if p1 and py are equivalent.

Proof. The proof here is essentially straightforward linear algebra. Let p = p; for
1t =1 or 2. We begin by showing p is irreducible. Let V' be the underlying vector
space on which A acts via p, with the basis {vq,...,vx} giving rise to the matrix
representation p. To say that p is irreducible is to say that, for all v € V with v #£ 0,

p(A)v = V (that is, every non-zero element of V' generates V' as an A-module).
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The underlying vector space on which M, (A) acts via p may be described as a
vector space V with basis {vf,...,vi, v, ... 02, .. 07, ..., v} In other words,
V is, as a vector space, the direct sum of n copies of V. Let us superscript them
according to this ordering; V = V' @ --- @ V", where VI = C-span(v?,...,v]).
Then p defines an action of M, (A) on V under which sk, j sends vectors in Vi

to V' as described by p(s) (and sends vectors outside of V7 to 0). If v € V with

v # 0, then, say
and, for some j,

If x € V is any vector, say

_ D,,D
:C_szqvq’

p=1 ¢=1

then by the irreducibility of p, we may find elements s4,...,s, € A for which
k k
ﬁ(SiEi,j)@ = ﬁ(SiE@j) Zyé’l}; = ZZL‘;U;,
q=1 q=1

and hence

n n n k
UPSLENERS SEREREED ) R vEE
i=1 i=1 i
which proves that p is irreducible.
Now, suppose that p; is equivalent to ps. Then there is a matrix X for which
Xp X1 = py. Tt is straightforward that (I, @ X) py (I, @ X7 1) = py, ie., py is

equivalent to ps.

Now, suppose that p; is equivalent to p;. Then there is a matrix X for which
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Xp X1 = py. Write X as a block matrix:

X1 o Xig

Xn71 e Xn,n

with the X, ; k£ x k matrices. Since p1(1aE;;) = p2(14E;;) = E;; ® Iy, we have

X (B, ®1) = (B, ® 1) X,

and thus X;; = 0 unless ¢ = j. Furthermore, p1(14E; ;) = p2(14E; ;) = E; ; ® I,
so we have

and since X = 3", Ej; ® X;;, we have

Eij @ Xii = Eij @ Xj;

and so X;; = Xj; for all 7 and j. Thus X = I, ® X 1, and since X is invertible,
so is X 1, and X 1=1,® X171_1. It now follows that lelple,l_l = po, l.e., p1
is equivalent to ps.

]

Let G be a finite group. Let us denote by IRR(G) a complete set of inequivalent,

irreducible matrix representations of CG.

Corollary 5.2.3. Let n € N. Then M,(CG) is semisimple, and the elements of
IRR(G) are in one-to-one correspondence with the inequivalent, irreducible repre-

sentations of M, (CQ). Explicitly, for each p € IRR(G), let us form the represen-
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tation p of M, (CG) by “tensoring up.” That is, p is given by the linear extension
of
p(9Ei;) = Ei; @ p(g)

for g € G. Then the p form a complete set of inequivalent, irreducible representa-

tions of M,(CGQG).

Proof. The semisimplicity of M, (CG) follows from the semisimplicity of CG and
Theorem 5.2.1. The only thing left to show here is that the set of representations
obtained in this manner is complete, and we accomplish this by a dimensionality

count:

dim(M, (CG)) = n*|G]

and

Yo o= > (nd)’=n* >  d,=n’G].

pEIRR(G) pEIRR(G) pEIRR(G)

We now turn to sums of algebras. The following theorem is immediate.

Theorem 5.2.4. Let A and B be semisimple algebras. Let py be an irreducible
representation of A, and let py be an irreducible representation of B. Then we may
extend p; to an irreducible representation of the algebra A ® B by defining it to be
zero on the other summand. The representations p; and py extend to inequivalent

representations of A @ B in this manner.

Let S be a finite inverse semigroup with D-classes Dy, ..., D,. We know

CS = é M, (CGy), (5.3)

k=0
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where the G}, are the maximal subgroups of S. CS is semisimple (by Theorem
4.4 in [29]—alternatively, this follows directly from Theorem 5.1.1 and Corollary
5.2.3), and by combining Theorem 5.1.1 with the results so far in this section, we
have the following procedure for generating all of the irreducible representations

of CS:

Theorem 5.2.5. The irreducible representations of CS are in one-to-one corre-
spondence with Wi_ IRR(Gy). Specifically, given an irreducible representation of
CGy, we tensor it up to an irreducible representation of M, (CGy) and extend to
CS by letting it be 0 on the other summands of @, _, M, (CGy) and composing
with the isomorphism (5.3). The resulting set of representations is a complete set

of inequivalent, irreducible representations of CS.

Proof. The only thing to show here is that the resulting set of representations is

complete, and this follows immediately from a dimensionality count and (5.2). [

Let us now turn to Fourier transforms. Let S be a finite inverse semigroup.
We argue now that the set of representations for CS constructed from the repre-
sentations of the maximal subgroups of S in Theorem 5.2.5 is a computationally
advantageous set of representations, and we exhibit a construction which trans-
lates into a fast change of basis from the groupoid basis of CS to a Fourier basis
when fast Fourier transforms on all of the maximal subgroups of S are known.

So, suppose S has D-classes Dy, ..., D,. For each D-class Dy, choose an idem-
potent e, and let Gy be the maximal subgroup of S at e,. Let r; denote the
number of idempotents in Dj. For each idempotent a € Dy, fix an element p, € S

such that p, 'p, = er and pep,~!

= a (and take p,, = ex). By the proof of
Theorem 5.1.1, this defines the isomorphism (5.3). Let ) be the complete set of

inequivalent, irreducible representations of C.S given by tensoring up the represen-
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tations in W}_,IRR(G},) to representations of @;_, M,,(CG}) and following the
isomorphism (5.3). That is, if p € ) was obtained by tensoring up a representation

p € IRR(Gy), then p is given by the linear extension of

_ p(pss*1713ps*15Ess*1,s*13> = Essfl,sfls & p<pss*1713ps*15) if s € Dka
p(Ls]) =

0 otherwise.

Consider an arbitrary element v € CS, expressed with respect to the groupoid

basis:

v = Zv(s) |s] .

ses

Now, let p € Y, and suppose p was obtained by tensoring up a representation in

IRR(Gy). Then

0(p) = pv) = > v(s)p([s)) = Y v(s)pa(ls]),

seS seDy

the last equality arising from the fact that p is identically zero off of CDy. Now,
let us view p(v) as an 7 X rj, matrix with entries in d, x d, matrices (so we are
viewing the rows and columns of p(v) as indexed by the idempotents in Dy). For

idempotents a,b € Dy, the b, a entry of p(v) is then the d, X d, matrix

By the proof of Theorem 5.1.1, this is the same as

S w(ppspa)o(s). (5.4)

s€G

59



If we define a function Ay, : G — C by

hoa(s) = v(pyspa ),

we see that (5.4) is just the Fourier transform of the function h;, on the group
G at p. Notice that this holds regardless of the matrix realizations of the rep-
resentations in IRR(Gy), so we can choose IRR(Gy) to be a computationally
advantageous set of representations for these group Fourier transforms. Fur-
thermore, once IRR(Gg) is chosen, it is clear from the above argument that
the collection {El;(p) : p € IRR(Gg)} consists exactly of the blocks that compose
{0(p) : p € IRR(Gg)}. An algorithm for computing the Fourier transform of v
thus presents itself: for each D-class Dy, run ri Fourier transforms on Gy, and
then arrange the results into block form to construct the 0(p). The latter step can
be done for free in our computational model because it requires no operations. We

therefore have:

Theorem 5.2.6. Let S be a finite inverse semigroup with D-classes Dy, ..., D,.
Let ry, denote the number of idempotents in Dy. For each Dy, choose an idempotent
er and let Gy be the mazimal subgroup at ey. Let IRR(Gy) be a complete set of
inequivalent, irreducible representations of Gy, and let Y be the set of inequivalent,

wrreducible representations of CS obtained by tensoring up the representations in

i_o IRR(Gy). Then
T3 (S) < Y i Timmy) (Gr),
k=0
and since we may choose the IRR(Gy) at will, we have

Cgroupmd Zr C Gk
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Let us denote by C((s) the maximal number of operations necessary to compute
the change of basis in CS from the semigroup basis to the groupoid basis. We
choose this notation because this change of basis is just the zeta transform on CS,
where S is viewed as a poset. Then, under the same hypothesis as in Theorem

5.2.6, we have:

Theorem 5.2.7.
CsemigrouP(S) <C(Cs) + ZrﬁC(Gk).

k=0

The problem of building fast Fourier transforms for finite inverse semigroups
therefore reduces to the problems of building fast zeta transforms on their posets
and building fast Fourier transforms on their maximal subgroups.

We end this section by considering the case when “good” FFTs (that is,

¢|G|log? |G|-complexity FFTs) are known for every maximal subgroup G of S.

Corollary 5.2.8. Suppose S is an inverse semigroup with D-classes Dy, ..., D,.
Let . be the number of idempotents in Dy. Choose an idempotent e, from each
D-class Dy, and let Gy, be the mazimal subgroup at ey. If C(Gy) < cx|Gi log® |G|

for all k, then for some d € Z we have
cEowd(S) < O(|S|log?|S]).
Proof. Let ¢ = maxj_, ¢, and let d = maxj_, d;. Then

CEOOY(S) <Y " rie| G| log? |Gl

k=0

< clog?|S| > 1}IGyl

k=0

= ¢S] log"[S],
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the last equality arising from (5.2). O

5.3 Natural Representations of the Rook Monoid

There are many ways to describe the irreducible representations of the symmetric
group 5,,. Indeed, we have already seen one description in Section 4.3.1. There is
another description which gives rise to Young’s natural representations, in which
the irreducible representations are realized as certain submodules (called Specht
modules) of certain easily described CS,-modules. In [15], C. Grood generalizes
the notion of a Specht module and provides an analogous “natural” description of
the irreducible representations of the rook monoid R,. In this section, we show
how Theorem 5.1.1 allows us to recover Grood’s description directly from Young’s
natural representations of .S,,. The upshot of our approach is that we do not have to
prove (as Grood does) that the representations obtained are indeed representations,
that they are irreducible or inequivalent, or that the resulting set of representations
is complete, as these results follow from the discussion in Section 5.2. We begin
by reviewing Young’s natural representations, as described in Chapter 7 of [18].
Let X\ be a partition of n. As in Section 4.3.1, we identify A\ with its Young

diagram.

Definition (tabloid). A tabloid of shape A is an equivalence class of tableaux of
shape A, where two tableaux represent the same tabloid if and only if they contain
the same entries in every row. That is, a tabloid is just a tableau with unordered

row entries. If ¢ is a tableau, we denote its tabloid by [t].

Now, let M* be the C-span of the tabloids of shape A\. The action of CS, on
tableaux gives rise to a well-defined action of CS,, on tabloids, and hence M?* is a

CS,,-module. The irreducible representation corresponding to A that we seek (that
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is, the Specht module S*) will be a submodule of M*. Before we can describe S?,

however, we need another definition.

Definition (polytabloid). Let ¢ be a tableau of shape A. Suppose A has [ columns.
Let S., be the permutation group on the elements in the i** column of A, and form
G =5, X Sy X -+-x S,. That is, G is the group of permutations on the entries

of ¢ which permute entries within their columns. The element E, € M*, given by

E; = sgn(o)[o(t)],

oeG

is called a polytabloid of shape .

—_

For example, suppose t is the tableau t =

- B - B )

Note that the polytabloid F; depends on the tableau ¢, not just the tabloid [¢].

\V}
\}

[\]
(]

Theorem 5.3.1 (Young). Let T be the set of standard tableaux of shape X. Then
{Ei}ter is a basis for an irreducible CS,-submodule S* of M*. Moreover, as
A\ wvaries across all partitions of n, the S* form a complete set of inequivalent,

wrreducible representations of \S,,.

The matrix representations of S,, afforded by this basis comprise Young’s nat-
ural representations.
Now, let us turn to the rook monoid R,. We begin by generalizing the above

definitions, and we proceed as in [15].

Definition (n-tableau, n-standard tableau). Let A F k. An n-tableau t is a filling

of the Young diagram of A with numbers from {1,...,n} such that each number
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in ¢t appears at most once. We say that t is n-standard if, furthermore, the entries
in each column of ¢ increase from top to bottom and the entries in each row of ¢

increase from left to right.

Definition (n-tabloid). Let A - k. An n-tabloid of shape A is an equivalence class
of n-tableaux of shape A, where two n-tableaux represent the same n-tabloid if they
contain the same entries in every row. That is, an n-tabloid is just an n-tableau

with unordered row entries. If ¢ is an n-tableau, we denote its n-tabloid by [t].

Let M* denote the C-span of the n-tabloids of shape A. S, acts on tableaux
by permuting their entries, and this action naturally extends to an action of R,
on n-tableaux. Suppose that t is an n-tableau and ¢ € R,,. If t contains an entry
that is not in dom(o), then we set o -t to the zero vector. Otherwise, o -t is just
the n-tableau obtained by replacing the entries in ¢ with their images under o.

This action of R, on n-tableaux gives rise to a well-defined action on n-tabloids,

making M* a CR,,-module.

Definition (n-polytabloid). Let ¢ be an n-tableau of shape A. Suppose A has [
columns. Let S, be the permutation group on the elements in the i** column of \,
and form G'= S;, x S, x --- x S,,. That is, G is the group of permutations on the
entries of ¢ which permute entries within their columns. The element E;, € M?*,
given by

E; = sgn(o)[o(t)],

oeG
is called an n-polytabloid of shape .
Theorem 5.3.2 (Grood). Let T be the set of n-standard tableauzr of shape .
Then {E;}ier is a basis for an irreducible CR,,-submodule S of M*. Moreover,
as X varies across all partitions of {0,1,...,n}, the S* form a complete set of

inequivalent, irreducible representations of R,,.
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The matrix representations afforded by this basis comprise Grood’s natural

representations of R,. Here is our proof of Theorem 5.3.2:

Proof. For a D-class Dy of R, (that is, the subset of elements of R, of rank k),
and let us take e € Dy to be the partial identity on {1,...,k}. Let Gj be the

maximal subgroup at e, so we have
Gr={s € R, : dom(s) =ran(s) = {1,...,k}}.

Let us identify Gy with the permutation group Sj in the obvious manner. For an
idempotent a € Dy, (that is, a rank-k restriction of the identity map), let us take
Pa to be the unique order-preserving bijection from {1, ...k} to dom(a) = ran(a).

By Theorem 5.1.1, this defines our isomorphism

CR, & k@g M2 (CSy). (5.5)

Let ) denote Young’s natural representations of Si. As in Section 5.2, let us
take ) to be the complete set of inequivalent, irreducible representations of CR,,
obtained by tensoring up the representations in [#;_, ) to representations of
Do M ) (CSk) and following the isomorphism (5.5). This defines a complete
set of inequivalent, irreducible representations of CR,, by defining them on the
groupoid basis. To obtain representations of R,,, we need to express these repre-
sentations on the semigroup basis. Once we do so, it will be apparent that the
representations we have obtained are exactly those described in the theorem.

Let p € Vi, and let p € Y be the corresponding representation of CR,,. Suppose
p corresponds to the partition A of k. Let S* be the vector space on which S}, acts

via p. Let T = {t1,ta,..., 1} be the set of standard tableaux of shape A, so that
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the natural basis {E},, Ey,, ..., E;, } of S* gives rise to the matrix representation
p. Note that elements of T’ contain entries in {1,...,k}. Let S* be the underlying

vector space on which CR, acts via p. We denote the basis of S* giving rise

indices run across all k-subsets of {1,...,n}. Let us first remark why we are
justified in calling this space S*. Suppose X is a k-subset of {1,...,n}, and let px
be the unique order-preserving bijection from {1,...,k} to X. If ¢; is a standard
tableau of shape A, then px - t; is an n-standard tableau of shape A (it is the
tableau obtained by replacing the entries in ¢; with those in X, in order), so the
basis element Et)j may be identified with the n-polytabloid E,, ;. The basis of
SA that we have obtained is therefore exactly the collection of n-polytabloids E,
as t runs across the set of all n-standard tableaux. Thus, we will be done as soon
as we can show that the action of R, on S* given by p is the same as the natural
action of R, on n-polytabloids of shape A.

So, how does the groupoid basis of CR,, act on this basis of S* via p? Suppose
s € Ry, let X be a k-subset of {1,...,n}, and let us examine p([s]) - Et)f First,
it is clear that p([s]) - Et)f is 0 unless rk(s) = k. So, suppose rk(s) = k. Again, it
is clear that p([s]) - Et)f is 0 unless X = dom(s). So, suppose dom(s) = X. Then

o(ls]) - Efjom(s) is given by p(perm(s)). Explicitly, it is

plls)) - B =3 p(perm(s))s; B (5:6)

Consider the following action of CR, on n-tableaux, which we temporarily
denote by *. Suppose that t is an n-tableau and s € R,,. If the set of entries of ¢
is not precisely dom(s), set |s] * ¢ to the zero vector. Otherwise, set |s| x t equal

to the n-tableau obtained by replacing the entries in ¢t with their images under s.
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Extend this linearly to an action of CR,,. This gives rise to a well-defined action

of CR,, on n-tabloids, and hence to an action of CR,, on M*. If [t] is an n-tabloid,

we have
s = E LxJ )
TERR:
x<s
SO

sxlt]= ) lz] [,

TER,:
r<s

and we see that * is just the linear extension of the natural action of R, on n-
tabloids. It follows from this and (5.6) that the action of R,, on S* given by 7 is
just the natural action of R, on n-polytabloids of shape A. Thus, the collection
Y is a complete set of inequivalent, irreducible representations of R, in Grood’s

“natural” form. ]
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Chapter 6

More on Fourier Bases of Inverse

Semigroup Algebras

Let S be a finite inverse semigroup. In this chapter, we embark on a detailed
study of Fourier bases of the semigroup algebra CS. In Section 6.1, we exploit
Theorem 5.1.1 to explicitly describe a Fourier basis of CS in terms of Fourier
bases of its maximal subgroup algebras CGy. In Section 6.2, we consider two
“natural” inner products on CS. We prove that the isotypic subspaces of CS are
mutually orthogonal with respect to one of them and, in general, are not mutually
orthogonal with respect to the other. Finally, in Section 6.3, we state and prove a

general Fourier inversion theorem for finite inverse semigroups.

6.1 Explicit Fourier Basis Descriptions

Let S be a finite inverse semigroup. In this section, we explicitly describe a Fourier
basis for the semigroup algebra CS' in terms of Fourier bases for the group algebras

CGy of the maximal subgroups Gy of S. Fourier bases for these group algebras
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may be found using the Fourier inversion theorem for groups (Theorem 6.3.1).
Let Dy, ..., D, be the D-classes of S, and let r;, denote the number of idempo-

tents in Dj. Pick an idempotent e, in each D-class Dy, and let GG, be the maximal

subgroup of S at e;. As in the proof of Theorem 5.1.1, for every idempotent a € Dy,

fix an element p, € S such that p, 'p, = e, and pp, "

= a (and take p., = ey).
Now let IRR(G%) be a complete set of inequivalent, irreducible representations of
CGy. For each p € IRR(Gy), let p denote its extension (via “tensoring up,” as

discussed in Section 5.2) to @, _, M,,(CGy), and hence to CS. We take
Y ={p:p € T IRR(G)},

so that ) is a complete set of inequivalent, irreducible representations of CS.
It is now easy to explicitly describe the Fourier basis for CS according to ) in
terms of the groupoid basis. That is, if B C CS is the set of inverse images of the

natural basis of Py, M4, (C) in the isomorphism

@Pr:cs— M, (), (6.1)

peY pEY

then for each y € B,

y=> y(s)|s].

seS
We will now describe the coefficients y(s).
We begin by assuming we have an explicit description of a Fourier basis for
CGy for each k € {0,...,n}. That is, if C is the set of inverse images of the

natural basis of the algebra on the right in the isomorphism

B r:cci—» @ M,©), (6.2)

pEIRR(GY,) pEIRR(G},)
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then, for each c € C,

c= Z c(x)x,

z€Gy,
and we assume that we know the coefficients ¢(z). They may be found, for example,
by using the standard Fourier inversion theorem for groups (Theorem 6.3.1).

Now, fix p € IRR(G},). Fix ¢;; € CGy,

Ci,j = Z CZ',]'(.Z').Z',

€Sk

to be the inverse image in the isomorphism (6.2) of the element of

b M,

pEIRR(GY,)

that is 1 in the ¢, j position in the p block and 0 elsewhere. p is a block matrix
whose rows and columns are indexed by the idempotents in Dy, and whose entries
are themselves d, x d, matrices. Let a,b be idempotents in Dj,.

Under the above hypothesis, we have the following description of a Fourier basis

for CS:

Theorem 6.1.1. Let X be a d, x d, matriz with a 1 in the i,j position and 0
elsewhere. For idempotents a,b € Dy, let Ey, be an ry X v, matriz with a 1 in the
b, a position and O elsewhere. The inverse image in the isomorphism (6.1) of the

element of @ ..y, My, (C) that is By, ® X in the p block and 0 elsewhere is

peY

ra (Z ¢ij(2) m> [P -

zeGy
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Proof. Suppose 7 € Y, 7 # p, and v € IRR(Gy). Then

¥ (Lpr (Z ¢ij(@) Li'«“J) I a_lJ) =0

because

y (Z cij() Lﬂ) = FEeper @ (Z ng(@V@))

zeGy, z€Gy
= FEee, ®0

= 0.

Suppose now that ¥ € ), ¥ # p, and v € IRR(G}) with j # k. Then

gl (LPbJ (Z ¢ ;(z) LmJ) ] a_lj) =0

because
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On the other hand,

p (LPbJ <Z ¢i () M) Lpa_1J>
€S
=p ((ppbpbfl)_lpbppbflpbprpbflvpbflpb) X p <Z Ci,j(x) LIJ> X

z€GY

P ((ppa‘lpa)ilpailppapa‘l Epa‘lpa,papa—l)

:ﬁ (pb_lpbpek.Eb,ek) <Eek,ek. ® P <Z Ci,j(x)$>) ﬁ (pek_lpa_lpaEek,a)

2€Gy
=p (erPey Eb.er.) (Beyer. @ X) P (Per €t ey a)
=p (exEpe,) (Eeper © X) p(€rFe,.q)
= (Bre, @ 1) (Bepep @ X) (Bepa ® 1a,)

=E,, ® X.

6.2 Inner Products and Isotypic Subspaces

Let S be a finite inverse semigroup. Since CS' is semisimple, it decomposes into a
direct sum of irreducible submodules. This decomposition, however, need not be
unique, and different choices of Fourier bases typically realize different decompo-
sitions. On the other hand, the number of subspaces of a given isomorphism type
occurring in the decomposition is unique. Let ) be a complete set of inequivalent,
irreducible representations of CS. Let p € ). By the discussion in Section 3.3,
there are d; subspaces of CS isomorphic to the representation module for p in the

decomposition of CS into irreducible subspaces. Let V; denote the sum of these
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subspaces. Then

and the V; are called the isotypic subspaces or isotypic components of CS. They are
unique, and do not depend on the choice of ). Calculating the Fourier transform
of a function f : S — C automatically computes the projection of f onto the
V5, and we would like an inner product on CS (and hence on C-valued functions
on S, depending on the basis association used—see Section 3.4) under which this
projection is orthogonal, i.e., under which the V; are mutually orthogonal. In this
section, we prove that the inner product induced by declaring the groupoid basis
of CS mutually orthonormal accomplishes this while, in general, the inner product

induced by declaring the semigroup basis of CS mutually orthonormal does not.

Theorem 6.2.1. Let (-, ) be the sesquilinear form on CS induced by, for s,t € S,

1 ifs=t,
(Ls], [t]) =

0 otherwise.

Then, with respect to this inner product, the isotypic subspaces of CS are mutually

orthogonal.

Proof. By linearity, it suffices to show that (v,v') = 0 in the case that v and v’
are Fourier basis elements of CS in distinct isotypic subspaces. Let Dy,..., D,
be the D-classes of S, let 1, denote the number of idempotents in Dy, and choose
an idempotent e, from each D-class Dy. For every idempotent a € Dy, fix an

' = a (and take p,, = ex).

element p, € S such that p, 'p, = e, and pup.~
Let Gy be the maximal subgroup at e;. We take ) to be the complete set of

inequivalent, irreducible representations of CS induced by #,_,IRR(G}) in the
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manner described in Section 5.2, and we assume that v and v’ are part of a Fourier
basis for CS according to ). Let v € V; and v' € Vj, with V; # V5 (and hence
pA ).

We know that

cG.= @ w,

pEIRR(G},)
where W, is the sum of all the irreducible submodules of CG), isomorphic to the
representation module for p. If w € W,,w" € W,,,W, # W, then under the inner
product [-,-] on CGy defined by

[w,w ] =D w(s)s, Y w'(s)s] = Y w(s)w'(s),

seGy, seGy s€Gy,

it follows from the discussion in Chapter 2 of [35] that we have [w,w’] = 0.

Now, suppose that p was induced by p € IRR(Gy) and that p’ was induced by
p' € IRR(G;). By Theorem 6.1.1, when written in terms of the groupoid basis,
v contains nonzero coefficients only for the elements |s| where s is in Dy, and v’
contains nonzero coefficients only for the elements |s| where s is in D;. Thus, if

k # j, we have (v,v") = 0. Suppose then that & = j. By Theorem 6.1.1, we have

v = |ps] Z v(s) Ls] [pa_1J >

se€Gy

o =lpv] Y () L) e

seGy,

for b,a,b’,a’ some idempotents in in Dy, and

Z v(s)s € W, Z V'(s)s € Wy

s€EGy s€Gy,
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some Fourier basis elements for CGy.
If a #a or b #V, it is apparent that (v,v') = 0, so suppose further that a = @’
and b =10

Now, since p # g’ and k = j, we have p # p/, and we therefore note that
p#p J pF#p

Now, we have

<U>UI> = Z Z U(S>U/_(t)<tpb3pa_1j ) Lpbtpa_lj>>

s€Gy teGy

and, since s,t € Gy, |ppspat] = |pptp. '] if and only if s = ¢, so

(0.0) = 30 o) = [3 w(s), 3 v/ls)) =0

s€Gy se€Gy s€Gy

]

Remark 6.2.2. Let (-, -) be the sesquilinear form on CS induced by, for s,t € S,

1 ifs=t,
(s,t) =

0 otherwise.

The isotypic subspaces of CS need not be orthogonal under this inner product. For
example, consider S = R;. CR; has two nonisomorphic irreducible representations,

each of degree 1, and hence a unique Fourier basis. It decomposes as

CR; = (C-span(|1d])) & (C-span([0])) .

5



Under this inner product, we have

(1], [0]) = (Id = (0), (0)) = 1.

6.3 The Fourier Inversion Theorem

In this section, we state and prove a general Fourier inversion theorem for finite
inverse semigroups. We begin by recalling the Fourier inversion theorem for finite

groups.

Theorem 6.3.1. Let G be a finite group, and f = . f(s)s € CG. Let IRR(G)

be a complete set of inequivalent, irreducible matriz representations of CG. Then

f6)= g > dytrace (Flo(s™))

pEIRR(G)
Proof. See [35], Section 6.2. O

Now, let S be a finite inverse semigroup. As usual, let Dy,..., D, be the
D-classes of S, let r, denote the number of idempotents in Dj, and choose an
idempotent e from each D-class Dy. For every idempotent a € Dy, fix an element
Pa € S such that p, 'p, = ex and p,p, ' = a (and take p., = e;). Let Gy, be the
maximal subgroup at ey.

We now state a preliminary lemma.

Lemma 6.3.2. Let f = Y ¢ f(x) ] € CS, and let Y be the complete set of
inequivalent, irreducible matriz representations of CS induced by 4 _, IRR(Gy) in

the manner described in Section 5.2. If p € IRR(GYy), denote the corresponding
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representation of CS by p. Suppose x € Dy. Let y € Gy be the element defined by

Y = Paz—1? _lxpzflf

Denote the idempotents xx™' and 2= x by a and b, respectively. Viewing f(ﬁ)
as an r X 1, matriz whose entries are themselves d, X d, matrices, and whose rows

and columns are indexed by the idempotents in Dy, let us denote the a,b entry of

f(p) by f(ﬁ)mb. Then we have

1 £y -1
f@) =g 2 dytrace (f(Plapp(y™))

pEIRR(Gy)

Proof. For p € IRR(G}) we have

Fo) =" f(s)(ls),

seSs

with p(s) = 0if s ¢ Dy. The a,b entry of f(p) is determined by the f(s) for which

ss™t = xz~! and s7's = z7!z, and such f(s) do not affect any other entries of

f(p). Explicitly, the a,b entry of f(p) is given by (as in (5.4)):

F@av =" fpaspy™)p(s).

seGy

Let us define a function f,; : G, — C by

Jap(s) = f(Pasps™).

Then
S7 Fastn p(s) = D fas(s)p(s) = Fas(p).

seGy, s€Gy,
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The Fourier inversion theorem for groups then applies, and yields:

f(ZE) = f(pzxflypmflx_l) = f(paypb_l) = fa,b(y)

- |G_1k! Z d,trace (Eb(ﬂ)ﬂ(y_l)> ;
pETRR(G},)
and since
Jaalp) = J(P)as:
we are done. =

Now, let X be any set of inequivalent, irreducible matrix representations for CS.
Let )Y be the complete set of inequivalent, irreducible matrix representations for CS
induced by J;_, IRR(G}) in the manner described in Section 5.2. If p € IRR(Gy),
we have the corresponding p € ), which is equivalent to some representation in

X, which we denote by p.

Theorem 6.3.3 (Fourier inversion theorem for CS). Let

f=3 ) le) s

zeS

Let x € Dy, and let us denote the semigroup inverse of x by x=*. Then

1 Fro=r] .—1
f@) =g > dtrace (FER(])

pEIRR(G},)

Proof. Since p is equivalent to p, write
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for some invertible matrix A. We therefore have
#(5) = A7 f()A.

As in Lemma 6.3.2, let y € G, be the element defined by
Y= Puo-t TPyt

Now, we have

trace (F(D)arr araply™)) =trace ([F(2)] [Batoar @ ply ™))

the last equality arising from the similarity-invariance of trace. The theorem now

follows from Lemma 6.3.2. [
We can also state the Fourier inversion theorem without referencing IRR(GY).

Theorem 6.3.4 (Fourier inversion theorem for CS, alternate version). Let

f=>_f)lz] €CS.

zeS

Let x € Dy, and let us denote the semigroup inverse of v by x=*. Let X be any
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complete set of inequivalent, irreducible representations of CS. Then

- PG e Al)).

Proof. Notice that, since x € Dy, we also have x=! € Dy, and thus p(|z~']) is 0
unless p € IRR(Gy). If p € IRR(GY), then we have d; = d; = rd,. The theorem

now follows from Theorem 6.3.3. O
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Chapter 7

An FFT for the Rook Monoid

In this chapter, we develop a fast Fourier transform for the rook monoid R,. Our
approach in this chapter is based on Theorems 5.2.6 and 5.2.7. In particular, if we
are given an arbitrary element f € CR,, expressed with respect to the semigroup
basis, we compute the Fourier transform of f by re-expressing it in terms of the
groupoid basis and then calculating the Fourier transform of the resulting element.

We deal with the latter operation first.

7.1 From the Groupoid Basis to a Fourier Basis

Let f € CR,, be an arbitrary element, given with respect to the groupoid basis:

f= fs)ls].

We have already seen (Corollary 5.1.3) that

CR,~ P M2 (CSy).
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Let YV, denote Young’s seminormal (or orthogonal) matrix representations for the

symmetric group Sg. For our complete set of inequivalent, irreducible representa-

.....

in Section 5.2. Theorem 5.2.6 implies that

n 2
Cgroupoid(Rn) < Z (Z) C(Sk)
k=0

Since we chose )} to be in Young’s seminormal or orthogonal form, we can use
Maslen’s algorithm (see [21] or Theorem 4.3.5) for the Fourier transform on Sj.

Doing so yields:

Theorem 7.1.1. C&"P°(R,) < 3n(n — 1)|R,|, and hence

Cerod(R ) = O(|R,| log? |Ry)|).

Proof.
. "L /n\’3
Cgroupmd(Rn) < ( ) —k(k— 1)|Sk’
k) 4
k=0
3 "L /n\’
<im0 () s
3 = /)’
=-n(n—1 !
4n(n )kzzo (k) k
= Zn(n — D[R,
Since |R,| > n! and n = O(log(n!)), we are done. O
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7.2 From the Semigroup Basis to the Groupoid
Basis

Let f € CR, be an arbitrary element, expressed with respect to the semigroup

basis:

F=> fs)s.

SERTL

We may express f with respect to the groupoid basis:

F=3g) sl

SERn

where, by (3.1), the coefficients g(s) are given by

g(s) =Y f(D).

tERR:
t>s

Our goal is to compute the coefficients g(s) in an efficient manner, and in this
section we give an algorithm for doing so. We note that the savings in time afforded
by this algorithm come at the expense of a modest additional storage requirement
over the naive algorithm—the algorithm presented here requires the storage of
potentially n|R,,| complex numbers in memory during runtime, as opposed to the
naive algorithm, which requires at most 2|R,|.

We now present the proof of Theorem 2.4.4, as the algorithm presented in this

section is based (at least in part) on the ideas involved in the proof.

Theorem (Theorem 2.4.4). Forn > 3,
|Rn| = 27,L|}%n—1| - (TL - 1)2|Rn_2|.
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Proof. Viewing the elements of R,, as rook matrices, R,, consists of those elements
having all 0’s in column 1 and row 1 (of which there are |R,_1]|), together with, for
each a € {1,...,n}, those having a 1 in position («, 1) (of which there are n|R,_|
total), together with, for each o € {2,...,n}, those having a 1 in position (1, «)
(of which there are (n — 1)|R,,—1| total). Counting the number of elements of R,
in this way overcounts. For each pair o, 8 with 2 < «, § < n, every element with
ones in positions (a,1) and (1,3) (of which there are (n — 1)?|R,,_»| total) gets

counted twice. O

We now explain the fast zeta transform. Let us denote ), f(t) by (¢(s). The
basic idea is to “work from the top down.” Since we are trying to compute (¢(s)
for all s € R,,, it makes sense to begin with the elements of rank n. If rk(s) = n,
then there is no element ¢ such that t > s, so (s(s) = f(s), and this requires no
operations. Next, if rk(s) = n — 1, then there is only one element ¢ € R,, such that

t > s, s0

Cr(s) = fls) + f(t) = f(s) + (1)

Next, if rk(s) = n — 2, consider the poset consisting of the elements ¢t € R, for
which ¢ > s. This poset is isomorphic to the poset for Ry, with s in the place of the
0 element. We proceed down in rank in this manner, and the aim of this fast zeta
transform is, in general, to find a way to re-use the (;(¢) we have already computed
in order to efficiently compute (¢(s). In fact, instead of computing just (s(s) for
the elements s of rank k, we compute (¢(s) along with n—k other numbers for each
element s of rank k. These other numbers are needed for the efficient computation
of the zeta transform at elements of lower rank, and can be discarded once all
calculations are complete. We introduce some notation.

Let s € R,. Then s is a partial permutation of {1,2,...,n}.
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e Let d;(s) be the i'" element of {1,2,...,n} not in dom(s).
e Let r;(s) be the i*" element of {1,2,...,n} not in ran(s).

That is, d;(s) is simply the i"" element of the complement of the domain of s, and

similarly for r;(s). Define “partial” zeta transforms at s as follows:

Cf(s’ {dl(s)’dQ(s)v""dm(s)}7{7ﬂ1(8)7r2(8)7‘"7Tm(s)}) = Z f(t)

t>s:
di1(8)y-..,dm (s)¢dom(t)
71(8),...,7m (s)gran(t)

Our zeta transform proceeds as follows, with steps 0,1,...,n:

e Step 0: For all s € R,, with rk(s) = n, compute all (¢(s,{},{}) = (s(s) (0

operations).

e Step 1: For all s € R, with rk(s) =n — 1, compute (¢(s,{},{}) = (s(s) and

Cr(s,{di(s),m1(s)}) (1 operation for each element s).

e Step n — k: For all s € R, with rk(s) = k, compute all

Cr(s, {1 ) = ¢ (s),
Cr(s, {di(s)}, {ri(s)}),
Cr(s,{di(s),da(s)}, {ri(s),m2(s)}),

Cr(s,{di(s),da(s),. .., dni(s)},{ri(s),r2(s), ..., mni(s)}).
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Theorem 7.2.1. Step n — k requires at most

((n_k)2+ (n—k—1)(n—k)(2n— 2k — 1)) (n)Qk!

6

operations in total.

Proof. We will show that, for an element s € R,, with rk(s) = k, computing all

Cf(sv {}7 {}) = Cf(s)v
Cr(s, {di(s)}, {ri(s)}),
Cr(s,{di(s),da(s)},{r1(s),m2(s)}),

Cr(s,{di(s),da(s),. .., dni(s)},{ri(s),r2(s), ..., mnr(s)})

requires at most

mn—k—1)(n—-Fk)(2n—2k—-1)
6

(n —k)* +

additions, assuming that steps 0,1,...,n — k — 1 have already been completed.
Let s * (di(s) — r;(s)) denote the element of R, that is obtained by adding

d;(s) to the domain of s and sending it to r;(s). For example, if

12345 67
2 — 5 — — — 3

then
1 2 34 5 6 7

2 — 56 — — 3
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Now, consider the poset of elements t € R,, with ¢ > s. This poset is isomorphic
to the poset for R, , with s in the place of the 0 element. Following the idea in

the proof of Theorem 2.4.4, we have:

(s {1 AH) = (s x (da(s) = m(s), {1 D)
+ (s x (da(s) = 71(8)), {1, {}) + -+
+ s (dni(s) = 71(5)); {1, {})
+ (s x (dils) = ra(s)), {1 {}) + -+
+ (s (dil(s) = rar(s)), {1 {})
- Yo Glsx(dils) = ri(s) * (dils) = r5(s)) £ {D)

+ (s, {da(s)}, {ra(s)})-

Notice that every term in this sum, with the exception of (¢(s,{di(s)},{r1(s)}),
was computed in an earlier step. After all, rk(s * (d;(s) — 7;(s))) > rk(s) for all
i, 7. Thus, once we have (s, {d1(s)},{r1(s)}), all we have to do to compute (¢(s)

is add these terms up. To compute (¢(s,{d1(s)}, {r1(s)}), we again follow the idea
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in the proof of Theorem 2.4.4, and we write:

Crs, {du(s)}, {r(s)}) = Cp(s * (dals) — ra(s)), {du(s)}, {r1(s)})
+Crls x (ds(s) = 72(s)), {da(s)}, {r(s)}) + -+
+Crs  (dnr(s) = 72(s)), {da(s)}, {r1(5)})
+Crls % (dals) = 73(s)), {da(s)}, {r(s)}) + -+
+ (s x (da(s) = Tar(s)); {da(s)}, {r1(s)})
=Y GlsE(di(s) — ra(s))

i,7€{3,...,n—k}
(da(s) — ri(s)), {dr(s)},{r:(s)})
+ Cr(s, {di(s), da(s)}, {r1(s),72(s5)}).

Notice that i, > 2 implies

(s (di(s) = 75(s)), {da(s)}, {r1(s)})
= (s # (di(s) = 7(s)), {du(s * (di(s) = 7;(s)))}, {ra(s * (di(s) — 7;(5)))}),

so every term in this sum, with the exception of (¢(s, {di(s), da(s)}, {r1(s),m2(s)}),
was computed in an earlier step.
In general, suppose D = {d;(s), ds(s),. .., dm(8)}, R=A{ri(s),m2(s), ..., rm(s)}

If m = n — k, then we have

Cf<S7D7R) = f(S)
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If m =n—k —1, then we have

Cf<87 D7 R) = Cf(s * (dn—k(s) - Tn—k(3)7 D’ R)

+ (s, DU {dni(s)}, RU {rnk(5)}).

Otherwise, m < n — k — 1, and we have

Cr(8, D, R) = Cp(s # (dmyr(s) = rmia(s)), D, R)
+ (8% (dmya(s) = rmaa(s)), D, R) + - -
+ (s (8% (dnr(s) = Tmya(s)), D, R)
+ (5% (dmia(s) = rmia(s)), D, R) + - -
+ (s (dmsa(s) = rui(s)), D, R)

=Y Gle s ()

(dm-i-l (8) - Tj(s))7 D? R)

+ (f(sv Du {dm-l-l(s)}? RU {T‘m+1<8)}),

where every term in the sum, with the exception of

Cf(87 DU {dm-i-l (8)}’ RU {Tm-i-l(s)})v

was computed in an earlier step of the algorithm. Once we have computed
Cr(s, DU{dm+1(s)}, RU{rm41(s)}), the number of operations required to compute

C¢(s, D, R) is thus no more than

n—k-m)+(n—k-m-14+n—-—k—m-—1>2
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We do this for m from n — k to 0 to compute, in order:

Cf(sa {dl(s)v d2<8)7 st ’dn—k(s)}v {7’1(8), TQ(S)’ s 7Tn—k(8)}>7

Cr(s,{di(s), da(s)}, {r1(s), m2(s)}),
Cf(s’ {dl(s)}v {Tl (S)})’
Crls, {3, {}) = ¢ (s),

which is what we want. The total number of operations required is thus no more

than

3
ey

n—k—m)+n—k-m-1)4+n—k—m—1)>

3
I

(n—Fk—1)(n—k)(2n —2k—1)
G :

=(n—k?>+

This algorithm yields the bound:
Theorem 7.2.2. C((r,) = O(|R,|log® |R,|).

Proof. For n > 3,

(n—k—=1)(n—k)(2n —2k—1)

— k)2

Hence
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and since |R,| > n! and n = O(log(n!)), we are done.
Combining this algorithm with the algorithm in Section 7.1, we obtain
Theorem 7.2.3. C**™&°(R ) = O(|R,|log” |R,|).

Proof. We have

Csemigroup(Rn) < Cgroupoid (Rn> + C(CRn)

3 2
< Zp? “n®|R,|.
< (%I Ral + 30| Ral
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Chapter 8

FFTs for Rook Wreath Products

In this chapter, we study the wreath products of R,, by arbitrary finite groups G,

and we exhibit fast algorithms for their Fourier transforms.

8.1 Properties of Wreath Products

Let G be a finite group.

Definition. The rook wreath product G R, is the semigroup of all n X n matrices
with entries in {0} U G having at most one non-zero entry per row and column.

The operation on G R, is matrix multiplication.

Clearly, we recover the rook monoid as Z; ! R,,. Let us write 1 for the identity
of G. It is easy to see that the idempotents of G R,, are precisely the idempotents
of R,,.

Theorem 8.1.1. G R,, is an inverse semigroup.

Proof. Let s € GV R,,. Let i1,...,1; be the row indices of the nonzero entries

of s, and let j1,...,jr be the column indices of the nonzero entries of s. For
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x € {l,...,k}, then, s, ; isan element of G. Definet € GQ R, for x € {1, ... k},

by

_ -1
biyjo = Sjain

That is, t is given by transposing s and replacing the resulting nonzero entries with
their G-inverses. Then ¢ is a semigroup inverse of s and hence G ! R, is regular.
To prove that G R, is indeed an inverse semigroup, we appeal to the alternate
definition given in Section 2.3, which states that an inverse semigroup is a regular
semigroup with commuting idempotents. Since the idempotents of G R,, are just

the idempotents of R,, they commute, and hence G R, is inverse. O
We generalize the notion of rank to G R,,:

Definition. For an element s € G R,,, define the rank of s, denoted rk(s), to be

the number of rows of s which contain nonzero entries.

By definition of G R, rk(s) is the same as the number of columns of s which

contain nonzero entries.

Definition. The symmetric group wreath product G S,, is the group of all n x n
matrices with entries in {0} U G having exactly one non-zero entry per row and

column. The operation on G 1S, is matrix multiplication.

Thus, G .S, is contained in G ! R,, as the rank-n elements.

We also generalize the notion of domain and range from R,, to G R,:

Definition. Let s € G R,. Define dom(s) to be the set of indices of the columns
of s which contain nonzero entries, and ran(s) to be the set of indices of the rows

of s which contain nonzero entries.
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This definition agrees with our previous definitions of inverse semigroup domain

and range, that is,

dom(s) = s7's, ran(s) = ss ',

provided that we once again abuse the distinction between the domain and range
of a map and the corresponding partial identities (as elements of R,,).
In order to apply Theorem 5.2.7 to create an FFT for GiR,,, we must understand

the maximal subgroups of G R,,. Let e € G R,, be idempotent, with rk(e) = k.
Theorem 8.1.2. The maximal subgroup of GU R,, at e is isomorphic to G 1.Sy.

Proof. Denote this subgroup by G.. We have

G.={s€GIR, :ss ' =s"'s=¢}

Suppose that dom(e) = {iy,...,ix} (and hence ran(e) = {iy,..., i}, because e is

idempotent). Clearly, then,

{z € G R, : dom(z) = ran(x) = {iy,..., i} } C Ge.

If z € G, then dom(z) = ran(z). Furthermore, if rk(z) # k, then = ¢ G.. If

j € dom(z) with j & {41, ...,ix}, then 27 'z # e, and so = ¢ G.. Thus

Ge={r € G R, : dom(x) =ran(z) = {iy,...,ix}},

which is isomoprhic to G' ! Sy, in the obvious way (i.e., for z € G,, delete the rows

and columns of x which contain only zeroes). ]

We will also need to understand the poset structure of G R,,.
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Theorem 8.1.3. Let s,t € GUR,,. Then s <t if and only if s may be obtained by

replacing entries in t with 0.

Proof. This follows directly from our definition
s <t <= s = et for some idempotent ¢ € G R,

together with the fact that the idempotents of G R, are the idempotents of R,

(i.e., the restrictions of the identity matrix). O]
Finally, we record the size of G R,,:

Theorem 8.1.4.

n 2
(G R,| = (Z) kIGIE.
k=0

Proof. There are (Z)Qk'! rook matrices of rank k, and for a given rook matrix X

of rank k, there are |G| options to replace each of the 1’s in X with elements of

G. ]

8.2 From the Groupoid Basis to a Fourier Basis

Let f € CG ! R, be given with respect to the groupoid basis:

f= > flo)ls]

SEGR,

Theorem 5.1.1 and the discussion in Section 8.1 imply that we have

CGR, = @M(Z)(CG 1 Sk),
k=0
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and Theorem 5.2.6 yields

n 2
Cgroupoid(G ! Rn) S Z (Z) C(G l Sk)
k=0

In [32], D. Rockmore constructs a computationally advantageous and complete
set of inequivalent, irreducible representations ) for G .S, which we tensor up to
be our set of representations ) for CG ! R,,, and proves the following (Corollary 2
of [32]).

Theorem 8.2.1. Let h denote the number of inequivalent, irreducible representa-

tions of G. Then

C(G) k(k+1) k2 + 1)

+1f.

In particular, C(G ¢ Si) is bounded by the same amount. Thus:

Theorem 8.2.2. We have
CEOOY (G R,) = O(|G Ry log" |G U Ry)).

Proof. We have

n 2 2
Tgroupmd GZR < Z ( ) k?'lG|k . |:C(G> . k(k + 1) + Qhk (k + 1) + 1:|
k=0

a2 1
C(G) n+1) Lni(n+1)2 = ()’ )
< n )T ) k!
<% # 3 0 () w
C( n+1) pni(n+1)>2
2" ———+ 1| - |G R,|.
JEaR. e

Now, |G|, C(G), and 2" are constants with respect to n, and n = O(log |Gt R,|).

The theorem follows. [
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8.3 From the Semigroup Basis to the Groupoid
Basis

Let GG be a finite group. Let f € CG ! R, be an arbitrary element, expressed with

respect to the semigroup basis:

F=>Y_ f(s)s

SEGQR,

We may express f with respect to the groupoid basis:

F=> gs)lsl,

SEGIR,

where, by (3.1), the coefficients g(s) are given by

g(s)= 3 f(1).
tEtG’Zlfn:

In this section, we give a fast algorithm for computing the coefficients g(s). The
algorithm presented in this section reduces to the algorithm for the rook monoid
given in Section 7.2 when G = Z;. As with that algorithm, the time savings af-
forded by this algorithm come at the expense of an additional storage requirement
over the naive algorithm. The algorithm presented here requires storage of poten-
tially n|G? R,| complex numbers in memory during runtime, as opposed to the
naive algorithm, which requires at most 2|G ! R,,|.

As in Section 7.2, we begin with a recursive formula for the size of G R,,.
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Theorem 8.3.1. For n > 3,
|IGUR,| = (2n — V|G||GURy_1| + |GU R, 1] — (n — 1)?|G)?|G U Ry—sl.

Proof. G R,, consists of those elements having all 0’s in column 1 and row 1 (of
which there are |G R,,_1]), together with, for each z € G and « € {1,...,n}, those
having an z in position (a, 1) (of which there are n|G||G ! R,_1| total), together
with, for each x € G and « € {2,...,n}, those having an x in position (1, a) (of
which there are (n — 1)|G||G ! R,,—1] total). Counting the number of elements of
G ! R, in this way overcounts. For each pair o, 3 with 2 < «, f < n and for each
pair of elements x,y € G, every element with z position (a, 1) and y in position

(1,8) (of which there are (n — 1)?|G|*|G ! R,_2| total) gets counted twice. O

We now explain the fast zeta transform. As in Section 7.2, let us denote

> s f(t) by Cs(s). Let s € GUR,. The rows and columns of s are indexed by

{1,2,...,n}.
e Let d;(s) be the index of the i'® column of s which contains only zeroes.

e Let r;(s) be the index of the i row of s which contains only zeroes.

Define “partial” zeta transforms at s as follows:

Cf(87 {dl(s)’ dQ(S)v cee 7dm<8)}7 {7“1(8), T2(8)7 B 7rm(3)}) =
> F ().

t>s:
columns dj(s),...,dm(s) of t contain only zeroes and
rows 71(8),...,rm(s) of t contain only zeroes

As with R,,, we work from the “top” down, and our zeta transform proceeds

as follows, with steps 0,1,...,n:
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e Step 0: For all s € G R, with rk(s) = n, compute all (¢(s,{},{}) = (s(s)

(0 operations).

e Step 1: For all s € G R,, with rk(s) = n — 1, compute (s(s,{}, {}) = (s(s)

and (s(s, {di(s),r1(s)}) (|G| operations for each element s).

e Step n — k: For all s € G R, with rk(s) = k, compute all

Cf(sv {}7 {}) - Cf(s>7
Cr(s, {di(s)}, {r1(s)}),
Cr(s,{di(s),da(s)}, {r1(s),2(5)}),

Cr(s,{di(s),da(s), ..., dni(s)}, {r1(s),r2(s), ..., rn_i(s)}).

Thus, instead of computing just (¢(s) for the elements s of rank &, we compute
Cr(s) along with n — k other numbers for each element s of rank k. These other
numbers are needed for the efficient computation of the zeta transform at elements

of lower rank, and can be discarded once all calculations are complete.

Theorem 8.3.2. Step n — k requires at most

(\Gl(n s ‘G‘Z(n —k—1)(n —6k)(2n — 2k — 1)) (2)2’“!’G‘k

operations in total.
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Proof. We will show that, for an element s € G R,, with rk(s) = k, computing all

gf(sv {}7 {}) = Cf<8)7
Cr(s, {di(s)} {ri(s)}),
Cr(s,{di(s), da(s)}, {r1(s),72(s)}),

Cr(s,{di(s),da(s), ..., dnr(s)},{r1(s),m2(8), ..., Tn—k(s)})

requires at most

(n—k—1)(n—k)(2n—2k—-1)

Gl(n — k)? + |G .

additions, assuming that steps 0,1,...,n —k — 1 have already been completed.
Suppose G = {g1, 92, - - -, gia|}- Let sx(g,Fr;(s).d,(s)) denote the element of GURR,,

that is obtained by inserting g, into the r;(s), d;(s) position of s. For example, if

000000 0|
Gy 0 0 000 0
00 0 00 0 g,
s=| 0 0 0 000 0
0 0 g, 000 0
00 0 000 O
| 00 0 000 0 |

then
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di(s) =2, ri(s)=1,
do(s) =4, mris) =4,
ds(s) =5, rs(s) =6,
dy(s) =6, r4(s)=T1,
and _ -
00 0 0 0O0 O
gy 00 0 00 0
000 0 0 00 g,
$# 9y Ers)ax(s)) =1 0 0 0 0 00 0
0 0g, 000 0
00 0 g, 00 0
I 0 0 0 0 00 O |

Now, consider the poset of elements t € G R, with ¢ > s. This poset is
isomorphic to the poset for G R,_, with s in the place of the 0 matrix.
As in Section 7.2, we compute our n — k partial zeta transforms at s in the

following order. First, we have

Cf(sa {d1(8)7d2(8)7 st ’dn—k(s)}7 {7’1<S),T2(S), s 7Tn—k(5)}) = f(S),

which requires no operations. Next, let D = {di(s),da(s),...,dn—r-1(s)} and
R ={ri(s),ra(s),...,rn—k—1(s)}. We have

|G|
Cr(s, D, R) = Z Cr(s* (gl () dn_r(s))s D, R)
=1

+ (s, {di(s),da(s), ... dni(9)},{r1(s),m2(s), ..., rn_k(s)}),

which requires |G| operations.
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Now, suppose D = {dy(s),da(s),...,dn(s)} and R = {ri(s),re

with m < n — k — 1. Following the proof of Theorem 8.3.1, we have

|G|
SDR ngs* gz Tm+1(s )m+15))DR)
|G\
+ZC}” S * glETm+1(5) drn+2 ) D R)
=1
4+
|G|
+ Z Cf(s * (giE"‘m+1(5)7dn—k(s)>7 D, R)
=1
|G|
+ZCf s * ngrm+2(8) dm+1(s ) D, R)
i=1
+ e
|G|
+> (5% (9iEr, () dmia(): D R)
=1

- Z Cf(s * (ngTm+1( ),di(s ))

+ Cf(sa D U{dpni1(8)}, RUA{rme(s)}).

Computing (f(s, D, R) therefore requires no more than

|G|(2n — 2k — 2m — 1) + |G]*(n — k —m — 1)
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operations. We do this for m =n — k to 0 to compute, in order,

Cf(sa {dl(s)v d2<8)7 s ’dn—k(s)}v {7’1(8), TQ(S)’ s 7Tn—k(8)}>7

Cr(s,{di(s), da(s)} {r1(s), m2(s)}),
Cf(s’ {dl(s)}v {Tl (S)})’
Crls, {3, {}) = ¢r(s),

which is what we want. The total number of operations required to compute these

is thus no more than

n—k—2
Gl + Y 1GI(2n — 2k —2m — 1) + |G (n — k —m — 1)?
m=0
(n—k—1)(n—-k)2n—-2k—-1)

= [Gl(n — k)? + |G - .

O

This result should be compared to the result for the zeta transform on R, in

Section 7.2. This algorithm yields the bound:
Theorem 8.3.3. C((xr,) = O(|G U R,|log® |G R,|).

Proof. For n > 3,

_ _ o _ 3
k—1)(n 6k)(2n 2k —1) <|Gln? + ]G|22%

Gl(n — k)2 + |G
2
< §|G|2n3.
Hence
2
C(Car,) < §|G|2n3|G2Rn|.
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Since |G| is a constant with respect to n and n = O(log |G R,|), we are done.

Combining this algorithm with the algorithm in Section 8.2, we obtain:
Theorem 8.3.4. C**™&° (G R,) = O(|G ! Ry|log* |G R,|).

Proof. We have

Csemigroup(G ) Rn) S Cgroupoid(Q ) Rn) +C(<G2Rn)
= O(|G 1 Ru|log" |G 2 Ry|) + O(|G 1 Ry| log” |G 1 Ry|)

= O(|G 1 Ry|log* |G R,)).
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Chapter 9

Another FFT for the Rook
Monoid

In this chapter, we generalize Clausen’s approach to computing the Fourier trans-
form on the symmetric group (explained in Section 4.3.2) to create an FFT for
the rook monoid. The resulting algorithm is an efficient change of basis from the
semigroup basis of the rook monoid algebra CR,, to a Fourier basis. While the
algorithm presented here is not as efficient as the one presented in Chapter 7, it
is interesting in that it demonstrates that the notion of coset-based factorizations,
which are so important in the development of group FFTs, can be generalized to
create inverse semigroup FF'Ts. We do not consider the additional change of basis
necessary to run this algorithm on an element of CR,, expressed with respect to

the groupoid basis.
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9.1 Description of the Algorithm

Let f € CR,, be an arbitrary element, given with respect to the semigroup basis:

F=> fs)s.

SER,

As with the symmetric group (Section 4.3.2), let ¢; be the transposition

” Note that we use

(7 —1,7). We use the following sets of “coset representatives.
quotation marks here because, while these elements play the same role in this
FFT as coset representatives did in the symmetric group FFT, these elements do

not naturally partition R, into equally sized sets:
{T;:1<i<n,T, =t 1tiro--t,} (where T,, = 1d), and

{TZ 01 SZSTL—]_,TZ :tntn—l"'ti—i—l}-

We use the semigroup chain R, > R,,_1 > --- > R;, where
Ry={oc€R,:0(j)=7if j > k}.

Halverson has found a complete set of inequivalent, irreducible matrix representa-
tions for R, adapted to this chain [16]. We recall this description in Section 9.3.

Call this set )),. For each p € ),,, we must compute

Flp) =" f(s)p(s).

SERn

A subsemigroup does not necessarily partition its parent semigroup into equally
sized cosets, so we cannot directly factor through a subsemigroup as in (4.4).

Instead, we use an approach for R, that is based on the recursive formula given
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in Theorem 2.4.4. With this, we have the following factorization theorem.

Theorem 9.1.1 (Factorization theorem for R,,). For any representation p of R,

if n > 3, we have the following factorization.

Fp) =S p(T) Cen,, Fr(9)p(s) + p[n]) Xer, _, fii(5)0(s)

| | (9.1)
30 [ ser,, ST (s)p(s) | p(T7),

where [n] is the link (1)(2)---(n —1)[n], fa(s) = f(As), and

i 0 if n —1 € dom(s),
f(s) =
f(sT?)  otherwise.

Before we prove this theorem, we explain how it leads to an algorithm for the
Fourier transform. As with the symmetric group, we use the above breakdown
to compute f(p) recursively. If we knew f[;](y) for all v € V-1, E(v) for all
vyEYV,-1and 1 <i<mn, and ﬁ(fy) forally € Y,.1and 1 <i<n—1, we could
assemble them based on how p splits when restricted to R,,—; (see Theorem 9.3.3)
to compute the inner sums in (9.1), and this assembly can be done for free since we
are using chain-adapted representations. To finish calculating f (p) for any p € Y,
we take these inner sums, multiply them by the p(T;), p([n]), and the p(T"), and

add up the results. Therefore, we have:

Lemma 9.1.2. Forn > 3,

T;:migroup(Rn) S 2n7—;srﬁnligroup(Rnil> + Mer

where Mg, is the total number of operations required to compute the sum (9.1) for

all p € V,, given knowledge of the ]?[;}, all the fy\;, and all the ]?—F on R, 1.
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Before proving Theorem 9.1.1, we prove Theorem 2.4.4, as the ideas in the

proof will be used to prove Theorem 9.1.1.

Theorem (Theorem 2.4.4). Forn > 3,

IR, = 2n|R,_1| — (n — 1)*|R,_4].

Proof. Viewing the elements of R,, as rook matrices, R,, consists of those elements
having all 0’s in column n and row n (of which there are |R,,_1|), together with, for
each o € {1,...,n}, those having a 1 in position (a,n) (of which there are n|R,_|
total), together with, for each o € {1,...,n — 1}, those having a 1 in position
(n,«) (of which there are (n — 1)|R,—1| total). Counting the number of elements
of R, in this way overcounts. For each pair o, 3 with 1 < o,3 < n — 1, every
element with 1’s in positions (o, n) and (n,3) (of which there are (n — 1)?| R, o]

total) gets counted twice. O
We now prove Theorem 9.1.1.

Proof of Theorem 9.1.1. Let n > 3. We have 3 types of elements s of R,,.
e Type 1: Those for which s(n) =i for some 1 <i < n.

e Type 2: Those for which both s(i) = n for some 1 < ¢ < n — 1 and

n ¢ dom(s).
e Type 3: Those for which both s(i) # n for all 1 <i <n and n ¢ dom(s).

By the argument given in the above proof of Theorem 2.4.4, this counts all elements
of R,, precisely once.
Now, let 1 < ¢ < n. View the “coset representative” T; as a permutation

matrix, and view the elements s € R, as rook matrices. Multiplying any matrix
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X on the left by 7T; simply moves row j of X to row j + 1 (for all j such that
i <j<mn-—1)and moves row n of X to row i. Thus, as s varies over R, 1, T;s

varies bijectively over {s € R,, : s(n) = i}. Therefore, we have

Y. f@es) =) Y [(Tis)p(Tis)

SER;, of Type 1 i=1 s€ER,_1

=> Y fuls)p(T)o(s)

i=1 s€ERn_1

=30 Y fnlnls)

SERp—1

where fr,(s) = f(T;s).
Similarly, multiplying any matrix X on the right by 7% moves column j of X
to column j+ 1 (i < j <n— 1) and moves column n of X to column i. Thus, as

s varies over R, 1, sT" varies bijectively over {s € R, : s(i) =n}. So

Y f©ps)= Y f(sT)p(sT")

SERp:s(1)=n SERn—1

= Y f(sT)p(s)p(TY).

SERp—1

To ensure that we only count the elements of Type 2, we restrict our attention to

1 <i<n-—1, and we set the function values of the elements of Type 1 appearing

in the above sum to 0:

n—1
Yoo f@es) = Y fM(s)p(sT)
s€Ry, of Type 2 i=1 s€ER,_1
n—1
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where

. 0 if n —1 € dom(s) (i.e., n € dom(sT")),
fr(s) =
f(sT")  otherwise.
Finally,
Yo f®els)= > fnls)p([nls)
sERy, of Type 3 SER,—1
=p([n]) Y fui(s)p(s).

Putting this all together, then, we find that for any representation p of R, and

any n > 3,

flor=">_ flsps)+ D fees)+ Y f(s)p(s)

SERy, of Type 1 sERy, of Type 2 SERy, of Type 3
=> (1) D fr(s)pls)+p(n]) Y fimls)o(s)
=1 SERp—1 s€Rp 1

LS st | o,

=1 SERn—l

9.2 Analysis of the Algorithm

We now analyze the number of operations necessary to run the algorithm presented

in Section 9.1. We begin by analyzing the Mg, term in Lemma 9.1.2 to obtain:

Theorem 9.2.1. For n > 3,

T;:migroup(Rn> < QnT;:TligmuP(Rnfl) + 2712’Rn|. (9.2>
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Proof. To analyze Mp , let:

e )M, = The maximum number of operations necessary to calculate the matrix
product p(T;)Ar,(p) for arbitrary matrices Ar,(p), for all p € ), and for all

T, (1<i<n).

e ) = The maximum number of operations necessary to calculate the matrix
product AT (p)p(T?) for arbitrary matrices A™" (p), for all p € Y, and for all

T"(1<i<n-—1).

e M3 = The maximum number of operations necessary to calculate the matrix

product p([n])Ap(p) for arbitrary matrices Ap,(p), for all p € V.

e M, = The maximum number of operations necessary to add together 2n

d, X d, arbitrary matrices, for all p € Y.
Then Mg, < 330, M.

Analysis of My: For each p € ), and each T;, we must perform the multiplication

p(T)Ar, (p) = p(tiv1)p(tiva) - - p(tn) Az, (p) for an arbitrary matrix Ar,(p). As was
the case with S,,, for j > 2, ¢; € R;, t; commutes with R; o, and M(R;, R;_2) = 2.
By Schur’s Lemma, p(¢;) (j > 2) contains at most 2 non-zero entries per row and
column. For 7 = 2, t5 € Ry, and the maximum dimension of an irreducible
representation of Ry is 2. Therefore, p(ty) contains at most 2 non-zero entries per
row and column. Alternatively, it is obvious from the description of ), (see Section
9.3) that p(t;) (j > 2) contains at most 2 nonzero entries per row and column.
Therefore, multiplying an arbitrary matrix by p(t;) on the left requires at most

2d2 operations, and so performing the multiplication p(7;) Az, (p) requires at most
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2(n — i)d2 operations. Therefore, we have

My < 33 20— i) = (n)(n— DIR,.

pEYn i=1

where the final equality comes from (2.2).

Analysis of Ms: The only difference between M; and M, is that Ms involves mul-

tiplying arbitrary matrices by p(T%) on the right rather than by p(7;) on the left,

so M, is the same as M; in the complexity analysis. Thus

My < (n)(n — 1)|Ry).

Analysis of Mj: Since [n| € R, [n| commutes with R,,_1, and M(R,,, R,—1) = 1,

we have that p([n]) contains at most 1 non-zero entry per row. Thus

PEYn

Analysis of My: For a particular p, the matrix additions can be accomplished with

(2n — 1)d; operations. Thus

My <) (2n—1)d) = (2n — 1)|Ry|.

peyn

Putting this all together, we obtain

Mg, < (2(n)(n —1) + 1+ 2n — 1)|R,| = 2n*|R,.|.
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We now prove that this algorithm gives the complexity result:
Theorem 9.2.2. Forn > 5, ’T;:migroup(Rn) < 2'"n|R,|.

Proof. We proceed by induction. For the base case, we note that |Ry| = 7, so a
naive implementation of the FFT on R, gives ’]’;’;migronp(Rg) < 49. Applying (9.2)

repeatedly, we have

T3emEO(Ry) < 2(3) T (Ry) + 2(3)%| Ry| < 6(49) + 18(34) = 906, so
T8O (Ry) < 2(4) Ty ™" (Ry) + 2(4)%| Ryl < 8(906) + 32(209) = 13936, so
T8O (Ry) < 2(5) Tye ™" (Ry) + 2(5)%| Rs| < 10(13936) + 50(1546)

= 216660, and 216660 < 2°(5)|Rs| = 247360.

This proves the base case.

Similarly, for n = 6, we have

T MO (Re) < 2(6) Ty ™" (R5) + 2(6)%| Rg| < 12(216660) + 72(13327)

= 3559464, and 3559464 < 2°(6)|Rg| = 5117568.

Now, let n > 7. Observe that, for &« = 1 to n, the sets {o € R, : o(«) = n} are

disjoint, and each are of size |R,,_1|. Thus n|R,_1| < |R,|. Therefore, we have:

T35 (R,) < 20T ™5 (R,_y) + 207 | R,
< 2n(2" ' (n — 1)|R,_1|) + 2n®|R|
< 2"(n — 1)|R,| + 2n?|R,|
= 2"n|R,| + (2n — 2")|R,|

< 2"n|R,|,
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where the last inequality arises from the fact that 2n? < 2" for n > 7. ]

We end this section by proving that this algorithm compares favorably to the

naive algorithm.

Theorem 9.2.3. Let € > 0. Then, based on the algorithm presented in this chap-

ter, we have T;:migrouP(Rn) = O(|R,|"*).

Proof. If n > 5, then the algorithm presented in this chapter requires no more
than 2"n|R,| operations to run. Since |R,| > n! and n2" = O(n!¢) for any € > 0,

we have n2" = O(|R,|°). The theorem follows. O

9.3 Seminormal Representations of the Rook

Monoid

In this section, we give a description of a complete set of irreducible, inequivalent,
chain-adapted matrix representations for the rook monoid R, relative to the chain
R, > R, 1 > --- > Ry, and we describe the Branching Theorem for R,. These
results are needed for the FFT for R,, described in Sections 9.1 and 9.2. The results
in this section are a special case of the results in [16] (with the possible exception
of the generalized last-letter ordering described here, which was at least implicit
in [16]).

As in Section 4.3.1, we define a partition A of a nonnegative integer k (written
A F k) to be a weakly decreasing sequence of nonnegative integers whose sum is
k. We consider two partitions to be equal if and only if they only differ by the
number of 0’s they contain, and we identify a partition A with its Young diagram.

It is well-known that a complete set of inequivalent, irreducible representations

for R, is indexed by the set of all partitions of the integers {0,1,...n} (see, for
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example, [15] or [36]). In fact, this also follows directly from the discussion in

Section 5.2. Therefore, for integers n > 0, let

A={AFk:0<k<n}

Definition (n-tableau, n-standard tableau). For A € A,, define L to be an n-
tableau of shape X if it is a filling of the diagram for A with numbers from {1,2,...n}
such that each number in L appears at most once. L is an n-standard tableau if,
furthermore, the entries in each column of L increase from top to bottom and the

entries in each row of L increase from left to right.

Fix \. Let T denote the set of n-standard tableaux of shape A\. The symmetric
group acts on tableaux by permuting their entries. If L is an n-tableau, then
(1 — 1,4)L is the tableau that is obtained from L by replacing i — 1 (if i — 1 € L)
with 4, and by replacing i (if i € L) with s — 1. Note that L € T2 need not imply
(i—1,9)L € T

Let {vg : L € T} be a set of independent vectors. We form

VA = C-span{v; : L € T2},

As such, the symbols vy, for L € T), are a basis for the vector space V*. Halverson
defines an action of R,, on V* in such a way that (extending by linearity) V* is an
irreducible CR,,-module and such that, as A ranges over A,, the V* constitute a
complete set of inequivalent, irreducible representation modules for R,,. We first
describe this action, and we then describe an ordering of the bases for the V* so that

the resulting matrix representations are chain-adapted to R, > R, > --- > R;.
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Definition (content). If b is a box of A in position (7, j), then the content of b is

defined to be

ct(b) =5 —1i.

Let L € T). Ifi—1,i € L, then let L(i — 1) and L(i) denote the box in L

containing ¢ — 1 and 7, respectively.

To define the action of R,, on V?, it is sufficient to define the action of a set of

generators of R, on V.

Definition (action of R, on V?). Define the action of the transpositions

t; = (i —1,7), for 2 < i <n, as follows:

tivg =

where

1
L@ ==y L T (1+ (L)

vtiL

(%

1

—et(L(i—1))

)UL/ ifi—1,71€L,

if exactly one of

vy, if t;L is n-standard,

(e

0 otherwise.

Define the action of the link (1)(2)---(n —1)[n] =

i—1iel,
ifi—1,i¢L,
[n] on V* by

Remark: If A = (0), then V* is 1-dimensional, and the action of R, on V* is the

trivial action given by xv = v for all z € R,, and all v € V.



Theorem 9.3.1 (Halverson, [16]). As A\ varies over all partitions of all nonnegative
integers less than or equal to n, the V* constitute a complete set of irreducible,

pairwise non-isomorphic representation modules for R,,.

Definition (corner of a partition). A corner is a box ¢ of A for which A contains no
box to the right or below c¢. In other words, the corners are the possible positions

of n in an n-standard tableau of shape .
We now record the Branching Theorem for R,,.

Theorem 9.3.2 (Branching Theorem, Halverson [16]). As a CR,,_1 module,
V)\ = GB,LLE)\*’:VN7
where \™= is the set of all partitions p € A,y such that either up = X (if A\ ¥ n)

or i 1s obtained by removing a corner from A.

Now, for purposes of chain-adaptation, we order the basis {v;} for V* using
the following generalized last-letter ordering. We begin by partitioning the vy,
into subsets based on the corners cq,...,¢ of A\. Number the corners from top to

bottom. Now, form the sets

VA0)={vy: LeT)and n ¢ L},

VAi)={vp: LeT) andn€cof L}, 1<i<I,

and declare elements of V*(j) to be earlier in the ordering than elements of V*(k)
whenever j < k. To order the subset V*(k), delete the corner ¢, (do nothing if

k = 0) and repeat the same ordering process (starting by identifying the corners of
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the resulting partition and partitioning the v, into subsets based on those corners)
with n — 1 in place of n, etc.
As an example, consider A = (2,1, 1), which has two corners, and Rs. Our

ordered basis for the 15-dimensional V* is

I IEIRR I PIRR ST 5] < 2]5] < 1[3]

|>-l>|o:)}—t
|OJ|[\D}—l
|»l>|l\:)}—l
NS
|cn|1\3}—l

1
2
3

‘n-b‘l\:) —

2|< 4|<@ 4|<1/ 2|<@ 3|<@

|01|c,o —
[ro] =
|U!|Co —
BN
|o—~|q> —
|| [0

Remark: If A - n, then the generalized last-letter ordering scheme given above
reduces to the usual last-letter ordering scheme used for Young’s orthogonal and
seminormal representations of the symmetric group.

It is now easy to see, under this ordering of the bases for the V*, that the
matrix representations described in this section are chain-adapted to the chain
R, > R,_1>---> R;. We know, by the Branching Theorem for R,, how V*
decomposes as a R,_; module (it decomposes into the C-span of the V*(k) for

0 < k <), and it is obvious by the action of R, _; on V> that

R,_1C-span(V*(k)) € C-span(V*(k))

for all k. The same argument is used to perform induction down the chain
R, > R,_1 > --- > Ry, now, and is trivial because we ordered our basis for V*
inductively according to the same rule. We now restate the Branching Theorem

for R,, under our ordering of the bases for the V.

Theorem 9.3.3 (Branching Theorem). Let p* be the matriz representation asso-
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ciated to V> with respect to the basis {vy}, with the basis ordered according to the

generalized last-letter ordering. Then

A — H
P Ryy = Buer—=p"

where \7= is the set of all partitions p € A,y such that either p = X\ or p is
obtained by removing a corner from A. The first p € X7~ is the one that removes
no corners (if X\ ¥ n), the next p is the one that removes the highest corner, the

next p is the one that removes the second highest corner, etc.

119



Chapter 10

An Application to Partially
Ranked Data

In [11], P. Diaconis gives a method for analyzing partially ranked voting data with
Fourier transforms on the symmetric group. In this chapter, we explore the natural
generalization of his method to the rook monoid R,,. We will see how the Fourier
transform on R,, (i.e., spectral analysis for R,,) can be used to analyze a collection
of partially ranked data and how our approach differs from his.

The analysis in [11] considers the results of the 1980 American Psychological
Association election, in which voters were asked to rank five candidates in order
of preference. 15449 people voted, of which 5738 fully ranked all five candidates.

The votes are tallied in Tables 10.1 through 10.4.
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Table 10.1: Fully ranked ballots

HY62460005670028140558755@459780
Ta342234433175545274323391332223
N MmO O N M AN T mF AN M AN MO N TN 0™ <
olF PN T AT F A NSNS A A NI NI D F NI NG oD b S <f
Bl o A FF A T AN N IB IS d o NI 18 F N NS < o e
e T e O Ve I Vel Vo S Ve - S . s oV e S P SN NP PN AP P
NN NN A A A A A A A A A A A A A A A A
)
HoYYwatTorYoaorYw o ~SommtoPJonmamaP
Ta463787334433334217654219455511
T EF IO IO N TN LTI A M AT A e e — < — e < e
o|lF =18 T F T N B NS F o~ F AN S =G 0 =S S <
Lm 57?&;47471’175’574’472’2747473)3./171’57&37&;1717575)4’471’17
e P T IR R e T T A S S A Y7 S-SV S\ g . . . S V' SV )
fac War o WarlarWarlorlac lac lac Wac Wac A N Na Na Na o Ba Ba Ra N N N Na N NaNa N Nl
i) M~ ™
Ho YO0 010 00 F A N0 4 ma O~ -~ 0SR a0
Ta983333562554543221764243116283
TN AF IO NI A M T I I N NI MM TN AT N T AN =0 NN
ol I H T AN N A A N N NI NI M AN A NN D S N
Bl s a A 151 e A B e aNNFF NN A A5 NN
- MmN Hm ANNNANA A A S0 S0 10 D < < < < <f <
i s O O s s s s s e W W Mo W Sac T e ac Tac lac Jac War )
>
SO MO OONNSFOSFFOFINODO DDA D A 0O
ﬁ263242542232542235542112353233
TN EF AN MmN TN T TN AT AT T AN NN F AN N T
o S R Rl N B B i B R B R e R R R R D Bl B Rl |
Slen o AN AN — A AN~ NN o~ FFMm O ANNMNM”ANN —
P e FFF A S A B A AN NN NN N o 1S5 1515 15 1S
13 10 1D 10 1B 1B D 13 1B 1B 13 S 13 1B 1B 1B B 10 1B S B B S D F < < < <f <
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Table 10.2: Rank-3 ballots

Vote Tally Vote Tally Vote Tally Vote Tally
1,2,3,0,00 27 |][3,1,0,0,2] 38 |[1,0,0,2,3] 44 |][0,3,1,0,2] 16
[1,3,2,0,0] 79 [,3001] 35 [1003 2] 35 [0,2,3,0,1] 14
[2,1,3,0,0] 31 (3,2,0,0,1] 41 [2,0,0,1,3] 46 | [0,3,2,0,1] 15
3,1,2,0,0] 32 |[1,0,2,3,0] 30 |[2,0,0,3,1] 62 [0,1,0,2,3] 55
(2,3,1,0,0] 83 |[1,0,3,2,0] 21 [3,0,0,1,2] 90 |[0,1,0,3,2] 45
3,2,1,0,0] 57 |[2,0,1,3,0] 39 |[3,0,0,2,1] 75 [0,2,0 1,3] 54
[1,2,0,3,0] 19 | [3,0,1,2,0] 15 1]0,1,2,3,0] 9 [0,3,0,1,2] 62
[1,3,0,2,0] 22 | [2,0,3,1,0] 15 | 1[0,1,3,2,0] 17 110,2,0,3,1] 50
[2,1,0,3,0] 31 (3,0,2,1,0] 13 |][0,3,1,2,0] 26 |]0,3,0,2,1] 59
3,1,0,2,0] 45 |][1,0,3,0,2] 41 [0,2,1,3,0] 17 ] 1[0,0,1,2,3] 15
[2,3,0,1,0] 28 | ][1,0,2,0,3] 49 |[0,2,3,1,0] 21 [0,0,1,3,2] 19
3,2,0,1,0] 51 [2,0,1,0 3] 74 110,3,2,1,0] 18 |1[0,0,2,1,3] 16
[1,2,0,0,3] 26 |[3,0,1,0,2] 47 [0,1,2 0, 3] 8 [0,0,3,1,2] 46
[1,3,0,0,2] 31 [2,0,3,0,1] 37 |][0,1,3,0,2] 15 [0,0,2,3,1] 17
[2,1,0,0,3] 17 | [3,0,2,0,1] 32 |[0,2,1,0,3] 16 |[0,0,3,2,1] 20

Table 10.3: Rank-2 ballots

Vote Tally Vote Tally
[1,2,0,0,0] 83 |]0,1,0,2,0] 87
2,1,0,0,0] 72 |]0,2,0,1,0] 114
[1,0,2,0,0] 302 |[0,1,0,0,2] 80
[2,0,1,0,0] 547 | [0,2,0,0,1] 70
[1,0,0,2,0] 74 110,0,1,2,0] 56
[2,0,0,1,0] 104 | [0,0,2,1,0] 48
[1,0,0,0,2] 72 110,0,1,0,2] 93
[2,0,0,0,1] 117 | [0,0,2,0,1] 64
[0,1,2,0,0] 51 [0,0,0,1,2] 196
[0,2,1,0,0] 89 |0,0,0,2,1] 143

Table 10.4: Rank-1 ballots

Vote Tally
[1,0,0,0,0] 895
[0,1,0,0,0] 881
[0,0,1,0,0] 1198
[0,0,0,1,0] 1145
[0,0,0,0,1] 1022
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Note that this collection of tables defines a C-valued (actually, a Z-valued)
function f on Rs, where f(o) is the number of voters casting a ballot of type
0. The o here are written in standard list-form, with the top row removed. For

example, we have

1 2 3 4 5
) =172
2 3145
and
1 2 3 4 5
= T75.
3 — - 21

We begin by reviewing Diaconis’s method for analyzing this dataset.

10.1 The Symmetric Group Approach

To illustrate Diaconis’s method, let us begin by examining the fully-ranked votes.
Full details may be found in [11]. The collection of fully ranked votes defines a
C-valued function f on the symmetric group Ss. In other words, it defines a vector

in CS5 given by

Z f(o)o.

o€Ss

CS5 decomposes uniquely into its isotypic subspaces. A complete set of inequiva-
lent, irreducible representations of Sy is indexed by the partitions of 5 (see Section

4.3.1), so let us write

(CS5 _ V(5) @ V(4,1) oy V(3,2) fan V(S,l,l) an V(2,2,l) @ V(2,1,l,1) fan V(l,l,l,l,l)’
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where V* is the isotypic subspace corresponding to the irreducible representation

for A. There is a natural inner product on CS,, given by

(o) = <z o) 3 g<a>a> S oo

O'ESn O'ESn UESn

Under this inner product, the isotypic subspaces of CS,, are mutually orthogonal
(see Chapter 2 of [35]). Furthermore, each isotypic subspace contains certain natu-
ral statistical information which we are about to describe. Let us project f € CS5

onto each subspace. That is, let us write

F=Y_m

A5

where f* € VA, These projections f* may be computed by running an FFT
on Ss. Next, we examine the projections f*. This is the analog of examining
the component frequencies of a function in the Z/nZ case, and is called spectral
analysis [11]. However, in our case, many of the V* are multidimensional, and we
need concrete descriptions of these spaces together with an additional tool (which
Diaconis attributes to C. Mallows) to understand the projections onto these spaces.

V) is the one-dimensional space of constant functions on the fully ranked

votes, so no additional tools are needed to understand f®. We have

1
() — _—
£ = 5738 (120 > x)

TESs5

5738 is simply the number of rank-5 votes cast.

V@D s a sixteen-dimensional space. There are twenty-five “easily inter-
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pretable” first-order functions. They are of the form

By = Y i),

T€ESH

where

1 ifx(i) =7,
disj(T) =
0 otherwise.

A general element of V1 has the form

> ai iy,
i

where, since V*1 is orthogonal to V), the a; ; sum to 0. V&1 therefore carries
“pure” first-order statistics for fully ranked votes. Mallows’s idea, then, is to
project each of the ¢;_; onto V@& compute inner products of these projections
with the original function f, and examine the resulting scalars. For computational
purposes, we note that this is the same as, for a given easily interpretable first-order
function §, taking the projection of f onto Vb and taking the inner product of
that with §. The results of this analysis of f*!) are summarized in Table 10.5.

The 7, j entry is < f&n (51-Hj>, and entries have been rounded to integers.

Table 10.5: First-order analysis, rank-5 data

Rank
Candidate 1 2 3 4 5
1 -95 371 165 -146  -297

=373 -T1 267 268  -93
461 -188 -355  -98 178

24 -176 -39 16 193
-19 62 -20 -42 17

QU = W N

125



These entries can also be categorized, for general n, as

Entry, ; = Z f(@)w(z),

€S,
L if (i) = j,
w(r) =
—% otherwise.

These entries indicate that, among the rank-5 votes, there is a strong effect
for ranking candidate 3 in position 1, candidate 1 in position 2, and candidate
2 in positions 3 or 4. Candidates 3 and 4 also received some “hate vote,” as
indicated by the 3" and 4 values in the last column of the table. There wasn’t
an overwhelming effect for ranking candidate 5 in any particular position.

At this point, it would be useful to pause and ask how much of the “energy”
of f we have analyzed. Just as the frequencies of highest amplitude carry the
most information about the structure of a continuous waveform, here (and more
generally) the projections of longest length carry the most information about the

structure of the dataset. By orthogonality of isotypic subspaces, we have

IFIP = (F ) =D (Y f*) = 378756.

A5

The squared lengths of the projections f* are summarized in Table 10.6, whose
entries have been rounded to integers.

The third column of this table indicates the squared lengths of the projections
divided by the dimensions of the subspaces in which they reside. It is common in
statistics to divide the squared length of a vector by the dimension of the subspace
in which it resides in order to account for the distribution of the vector among

a set of basis vectors for the subspace. This is reasonable if the vector might be
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Table 10.6: APA election: Rank-5 squared projection lengths

A A

e [0

) 974372 | 274372
(4,1) 35790 | 2237
(3,2) 55008 | 2204
(3,1,1) 9385 | 261
(2,2,1) 3264 131
(2,1,1,1) 820 51
(1,1,1,1,1) | 26 26

reasonably distributed throughout an orthonormal basis for that subspace, so that
the result is a measure of signal to noise. However, if the original data vector
was highly structured (as it might well be for voting datal), then the projections
are more likely to lie close to a small number of easily interpretable vectors, and
dividing by the dimensions of the subspaces might therefore be misleading. In
either case, it is evident that the projection f2 warrants our attention. Also,
note that

||f(5) + f(471) + f(3’2)|| > 98||f||a

so f(32) will be the last projection that we consider.
Just as there are easily interpretable first-order functions, there are also easily
interpretable second-order (ordered and unordered) functions. The easily inter-

pretable second-order unordered functions are the

Ofir in}—{j1,ja} = Z 5{i1712}ﬂ{j1,j2}(x)377

TESs5

where

L if {x(i1), 2(i2) } = {J1. Ja},
5{i17i2}—>{j17j2}<$) =
0 otherwise,
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and elements of V(32 are linear combinations of the iy ia}—{j1,jo} Which are or-
thogonal to the other isotypic subspaces. The easily interpretable second-order

ordered functions for fully ranked votes are the

52'1 —j1&ia—jo

L1 are linear combinations of such.

(defined analogously), and elements of V3
Likewise, there are easily interpretable third-order functions and so on. For a
nice intuitive explanation for which isotypic subspaces correspond to which easily

interpretable functions, see [11]. We compute the inner products of f©2 with the

Ofi1,is}—{j1,jo} to obtain Table 10.7.

Table 10.7: Second-order unordered analysis, rank-5 data

Rank

Candidates | 1,2 1,3 1,4 1,5 2,3 24 2,5 34 3,5 4,5
1,2 -137 20 18 140 111 22 4 6 -97 -46
1,3 476 -88 -179 -209 -147 -169 -160 107 128 241
14 -189 51 113 24 -9 98 99 -65 23 -146
1,5 -150 57 47 45 44 49 56  -48 -3  -48
2,3 -42 84 19 -61 30 -16 27  -76 -39 73
2,4 157 -20 -43 -93 -25 -76  -56 8 38 112
2,5 22 -44 7 15 -117 69 25 62 99 -138
3,4 -265 -7 72 119 39 140 85 20 -52 -233
3,5 -169 10 88 70 78 44 47 -52 -36 -81
4,5 296 -24 -142 -130 -5 -163 -128 38 -9 267

With this table, the structure of the data becomes clear. Diaconis explains
the historical background for this election as follows—the APA is a professional
association that divides primarily into academicians and clinicians who are on
uneasy terms with one another. Indeed, its presidential elections are actively

contested, and the association nearly split in two after this election. Nearly a
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third of the APA membership voted in this election. In this election, candidates
1 and 3 were on one side, candidates 4 and 5 on the other, and candidate 2 was
somewhere in the middle, a bit closer to candidates 4 and 5. Voters primarily
tended to support one of these sets of candidates (either {1,3} or {4,5}), and then
chose between them. We can read this structure from this table as follows.
Recall that the entries in this table have already been adjusted for individual
candidate popularity (as f*?) is orthogonal to f(*1)). The large positive numbers
in the ({1,3},{1,2}), ({1,3},{4,5}), ({4,5},{1,2}), and ({4,5},{4,5}) positions
indicate strong effects for ranking candidates 1 and 3 either 1st and 2nd or 4th
and 5th, and the same for candidates 4 and 5. Among “opposite” groups such as
{1,4} and {3,5}, voters were split, tending not to rank the group in either the
first two positions or the last two positions.
Remark: We may generalize this technique to work for partially ranked votes
as well. Say we are interested in analyzing the rank-k votes in an election with
n candidates. The tally of the rank-k votes defines a function f on the rank-k

elements of R,. For each rank-k element x of R,, form the following element of

CS,,:

teSn:t>x
where t > x simply means that ¢ extends z, and E(z) is the number of elements

t € S, that extend x. Next, form the following element of CS,,:

F = Z x.

zERy:tk(z)=k

Finally, apply the technique described in this section to F'. This technique is

equivalent to the technique given by Diaconis in [11] for analyzing partially ranked
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data. The results of Diaconis’s partially ranked data analysis for the APA election

are given in Tables 10.8 through 10.11.

Table 10.8: Diaconis’s first-order analysis, rank-3 data

Rank
Candidate 1 2 3
1 2 76 114
-78 -28 52

2 -103 -116
38 -7 48
35 63 -1

T W N

Table 10.9: Diaconis’s second-order unordered analysis, rank-3 data

Rank
Candidates | 1,2 1.3 2,3
1,2 -50 6 12
1,3 150 -3 -41
14 -71 -8 11
1,5 -28 5 16
2,3 -2 24 28
2,4 57 -5 -7
2,5 5 24 34
3.4 -84 -12 -4
3,5 -63 -8 17
4,5 97 26 0
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Table 10.10: Diaconis’s first-order analysis, rank-2 data

Rank
Candidate 1 2
1 38 347
2 -202 -136
3 292 =27
4 -30 -132
5 -98 -51

Table 10.11: Diaconis’s second-order unordered analysis, rank-2 data

Rank
Candidates | 1,2
1,2 -107
1,3 385
1,4 142
1,5 -136
2,3 -81
2.4 122
2,5 66
3.4 -176
3.5 127
4.5 197
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We now give a generalization of this method using the rook monoid, and we

compare the resulting spectral analysis to Diaconis’s approach.

10.2 The Rook Monoid Approach

We illustrate our approach to spectral analysis using the same APA dataset, and
we follow Diaconis’s lead. That is, we use the vote tallies to define a function f on
Rs5, we associate f to a vector in the semigroup algebra CR5, we project f onto the
isotypic subspaces of CRj5, we use inner products with “easily interpretable func-
tions” to extract statistical information from these projections, and we examine
the resulting coefficients. We have two important considerations in generalizing

this approach to the rook monoid:

e We have two natural bases of CR,,, the semigroup basis and the groupoid ba-
sis. Declaring a basis association (see Section 3.4) is necessary for performing

spectral analysis.

e We require an inner product on CR,, under which its isotypic subspaces are
mutually orthogonal. Of the two “natural” inner products arising from the
natural bases of CR,, (see Section 6.2), only the one arising from the groupoid

basis guarantees this.

Therefore, we take our inner product on CR,, to be the one induced by declaring
the groupoid basis of CR,, mutually orthonormal. We first illustrate our approach

using the groupoid basis association.
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10.2.1 The Groupoid Basis Association

Choosing the groupoid basis association amounts to passing directly to the

groupoid algebra to analyze f. We have f € CR5 by

fF=>fs) s

SER5

First of all, note that this is a special type of dataset. The APA uses the Hare
election system, which is also known as proportional voting. A winner is chosen
as follows. If a candidate is ranked in first place by more than half of the voters,
then he or she is declared the winner. If not, then the candidate with the fewest
first-place votes is eliminated, the votes are re-tallied and the candidates re-ranked
in the new relative order, and the process repeats. In the Hare system, it only
makes sense for voters to rank their top k candidates in order. It would not make

sense for a voter to cast a vote such as

1 2 3 45
- — 15 4

However, our technique is perfectly general in that it can handle any C-valued
function on R,,.
We begin our analysis by noting how CR5 decomposes into isotypic subspaces.

A complete set of inequivalent, irreducible representations for Rj is indexed by all
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partitions of all integers from 0 to 5 (see Section 9.3), so we write

(CRS :V(B) D V(4,1) D V(3,2) D V(S,l,l) D V(Q,Q,l) D V(271’171) D V(l,l,l,l,l)@
V(4) D V(3,1) o) V(Q,Q) D V(Q,l,l) D V(l,l,l,l)@
VO @ Ve g yiilg

v gyviig

where V? is the isotypic subspace of CRj5 corresponding to the irreducible repre-
sentation for A. We begin our analysis by projecting f onto the isotypic subspaces,

that is, by writing

f=Z5:ZfA

k=0 Ak
for unique elements f* € V*. These projections can be computed by running a
single FFT on R,.

Under this basis association, the rank-k data projects onto the V* where X - k,
and we may therefore carry out our analysis rank-by-rank. Our rank-5 (that is,
fully ranked) analysis is exactly the same as Diaconis’s given in Section 10.1, as
the rank-5 portion of CRj5 is exactly CS5 and the rank-5 portion of f is exactly
the function analyzed in Section 10.1. It is in the partially-ranked data that our
analysis is different.

The projections f* for A F 4 are all zero, as there is no rank-4 data. After
all, ranking n — 1 candidates naturally ranks the n'* as well. Note, however, that
this is only necessarily true for voting data. A more general dataset on R, could

differentiate between a rank-4 element and the corresponding rank-5 element.
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Also, note that this is a dataset containing missing data (in the rank-3 and
lower-rank votes), and that the data missing here is not missing at random
(NMAR). That is, the rank-3 and lower-rank voters intentionally declined to state
their preferences about certain candidates. There are a variety of methods for an-
alyzing NMAR data, one of which is to average over the possible extensions of the
missing data (which amounts to Diaconis’s technique in [11]). Another method is
to analyze the subsets of non-missing data separately, which, as we are about to
see, amounts to spectral analysis for the rook monoid.

To illustrate, let us now consider the projections f* for A - 3. Every element
s € R, has a domain and a range, and V) is the sum of the spaces of constant
functions for each of the rank-3 choices of domain and range. That is, V® is

spanned by the elements

5P = 37 5P R (a) 4]

TERs

where

1 if dom(z) = D and ran(x) = R,
§PE(r) =

0 otherwise,
and D and R range across all 3-subsets of {1,2,3,4,5}. Following Diaconis’s and
Mallows’s lead, we take the projection f© and compute the inner products of it
with these 02"% to obtain Table 10.12. Notice that the D, R entry is simply the
number of rank-3 voters ranking the candidates in D in the positions in R.
More interesting is f*V, which in this case contains both the pure first-order

and second-order unordered information. To explain, we have the following easily
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Table 10.12: Zeroth-order groupoid analysis, rank-3 data

Range
Domain | 1,2,3 1,2,4 1,2,5 --- 3.,4,5
1,2,3 309 0 0 0
1,2,4 196 0 0 0
1,2,5 188 0 0 0
1,3,4 133 0 0 0
1,3,5 280 0 0 0
1,4,5 352 0 0 0
2,34 108 0 0 0
2,3,5 84 0 0 0
2,4,5 325 0 0 0
3,4,5 133 0 0 0

interpretable first-order rank-3 functions

D,R 2 : DR
51»—»] 6zr—>]

rER5

where D, R are 3-subsets of {1,2,3,4,5},i € D,j € R, and

5DR( - 1 if dom(z) = D, ran(x) = R, and z(1)

=7

0 otherwise.

Every element of VY is of the form

DI

D,R i,j

where, for every choice of D, R,

D,R _
ij =0
irj
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When ranking 3 candidates, choosing a domain, a range, and the ranking of one
of the candidates automatically defines the unordered set of rankings for the other
two candidates. Thus, for the analogous second-order unordered rank-3 functions,

we have (for {iy,i2} C D,{Ji, jo} C R),

6D,R _ 5D,R
{iv,ie}—={j1,2} = “D\{ir,i2}—=R\{j1.j2}"

V(1) therefore carries pure second-order unordered statistics as well.

We may also define the easily interpretable first-order rank-3 functions

TERs

where

1 if rk(z) =3, and z(i) = j,
3
0 otherwise,

and the analogous easily interpretable rank-3 second-order unordered functions

J

3
{irsi2}—{Jj1,J2}"
Inner products of 31 with the 63 . are given in Table 10.13, and inner prod-

Z¢—>j

ucts of £V with the 0%y in}—(jr oy A1€ given in Table 10.14. These inner products
are derived from sums of the inner products of 1 with the (5{2’5 (given in Ta-
bles 10.15 through 10.24). Since the numbers occurring in this section are smaller,
entries have been rounded to two decimal places. Also, if we denote the rank-3

portion of f by f3, that is,

= S e,

SERy, Tk(5)=3
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Table 10.13: First-order derived groupoid analysis, rank-3 data

Rank
Candidate 1 2 3 4 5
1 -62 12 50 0 0
2 -60.33 -10.33 70.67 0 O
3 75 -31 -44 0 0
4 44.33 -1.67 -4267 0 O
5 3 31 -34 0 0

Table 10.14: Second-order unordered derived groupoid analysis, rank-3 data

Rank
Candidates 1,2 1,3 2,3
1,2 -80 16 64
1,3 113.33 -32.67 -80.67
1.4 -51 11 40
1,5 -32.33 -6.33  38.67
2,3 -28 21 7
2,4 33.33 -16.67 -16.67
2,5 4 -10 6
3,4 -21.67 32.33 -10.67
3,5 -19.67 10.33  9.33
4,5 82 -25 -57

then we have

1+ fEVI > .996]|f3]],

1D from our analysis.

so we discard the projection fU

Diaconis’s technique creates the numbers in Tables 10.8 and 10.9 for the rank-3
data. It is clear from the differences in these tables that our analysis is different
from Diaconis’s. We find the same pattern in the second-order data—a strong
effect for choosing candidates 1,3 or 4,5, with 1,3 dominating 4,5. In the first-

order data, Diaconis points out that candidates 4 and 5 are preferred among all

rank-3 voters. This is true, though at first glance the numbers in Table 10.13
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seem to paint a slightly different picture. To explain, note that the numbers in
Table 10.13 are just the sums of the numbers in Tables 10.15 through 10.24, and
if we examine these ten tables, then a new and interesting structure in the data
emerges. We see that there is a positive first-order effect (and often a strong one)
for ranking candidate 3 in position 1 whenever candidate 3 is ranked, except when
the other two candidates ranked are (naturally) candidates 4 and 5. The rook
monoid approach therefore offers a more “local,” more granular inspection of the
data than the symmetric group approach does, in that it allows us to see how the
natural subsets of the rank-k£ voters vote amongst themselves. The disadvantage
with the rook monoid approach is that the summary of this more granular data
(as in Table 10.13) might be deceptive. In this case, the fact that nearly half of the
rank-3 voters simply didn’t rank candidate 3 (and thus, in this particular dataset,
implicitly ranked him somewhere in the last two places—this can be read from
Table 10.12) does not matter (and therefore does not count against him) in the

creation of Table 10.13.

Table 10.15: First-order raw groupoid analysis, D = {1,2,3}, R = {1,2,3}

Rank
Candidate | 1 2 3 4 5
1 3 11 -14 0 O
2 -40 -19 59 0 0
3 37 8 -45 0 O
4 0 0 0 0 0
5 0 0 0 0 0
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Table 10.16: First-order raw groupoid analysis, D = {1,2,4}, R = {1,2,3}

Rank
Candidate 1 2 3 4 5
1 -24.33 -6.33 3067 0 O
2 10.67 4.67 -1533 0 0
3 0 0 0 0 0
4 13.67 1.67 -1533 0 O
5 0 0 0 0 0

Table 10.17: First-order raw groupoid analysis, D = {1,2,5}, R = {1,2,3}

Rank
Candidate 1 2 3 4 5
1 -5.67 -10.67 16.33 0 O
2 -7.67  4.33 333 0 0
3 0 0 0 0 0
4 0 0 0 0 O
5 13.33 6.33 -19.67 0 O

Table 10.18: First-order raw groupoid analysis, D = {1,3,4}, R = {1,2,3}

Rank

Candidate 1 2 3
1 6.67  9.67 -16.33

0 0 0

9.67 -1.33 -8.33
-16.33 -8.33 24.67
0 0 0

U = W N
O OO OO
O O O O oOouG
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Table 10.19: First-order raw groupoid analysis, D = {1,3,5}, R = {1,2,3}

Rank
Candidate 1 2 3 4 5
1 -3.33  17.67 -1433 0 O
2 0 0 0 0 0
3 27.67 -12.33 -1533 0 0
4 0 0 0 0 0
5 -24.33 -5.33 29.67 0 O

Table 10.20: First-order raw groupoid analysis, D = {1,4,5}, R = {1,2,3}

Rank
Candidate 1 2 3 4 5
1 -38.33 -9.33 4767 0 O
2 0 0 0 0 O
3 0 0 0 0 0
4 18.67 1.67 -20.33 0 O
5 19.67 7.67 -2733 0 O

Table 10.21: First-order raw groupoid analysis, D = {2,3,4}, R = {1,2,3}

Rank
Candidate | 1 2 3 4 5
1 0 0 0 0 O
2 10 2 8 0 O
3 7 -9 2 0 0
4 3 7 -10 0 0
5 0 O 0 0 0
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Table 10.22: First-order raw groupoid analysis, D = {2,3,5}, R = {1,2,3}

Rank
Candidate | 1 2 3 4 5
1 0 0 0 0 0
2 5002 3 0 0
3 4 -5 1 0 O
4 0 0 0 0 0
5 1 3 -4 0 0

Table 10.23: First-order raw groupoid analysis, D = {2,4,5}, R = {1,2,3}

Rank
Candidate 1 2 3 4 5
1 0 0 0 0 O
2 -8.33 -4.33 1267 0 O
3 0 0 0 0 0
4 7.67 567 -1333 0 0
5 0.67 -1.33 067 0 O

Table 10.24: First-order raw groupoid analysis, D = {3,4,5}, R = {1,2,3}

Rank
Candidate 1 2 3 4 5
1 0 0 0 0 0
2 0 0 0 0 0
3 -10.33 -11.33 21.67 0 O
4 17.67 -933 -833 0 0
5 -7.33  20.67 -13.33 0 O
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Let us now consider the projections f* for A F 2. V) contains both the con-
stant and second-order unordered information for rank-2 votes, and V(Y contains
both the first-order and the second-order ordered information for rank-2 votes.

Table 10.25 is both the zeroth-order and the second-order unordered analysis.
It contains the inner products of f? with the §”°% and the 551i2}~ (1o} (which
are equal), where D, R are 2-subsets of {1,2,3,4,5}.

Table 10.25: Zeroth-order and second-order unordered groupoid analysis, rank-2
data

Rank
Candidates | 1,2 1,3 14 - 4,5
1,2 155 0 0 e 0
1,3 849 0 0 0
14 178 0 0 0
1,5 189 0 0 0
2,3 140 0 0 0
2,4 201 O 0 0
2,5 150 0 0 0
3,4 104 0 0 0
3,5 157 0 0 0
4,5 339 0 0 0

Table 10.26 contains the inner products of f(1) with the 62 .. These values

g
are the sums of the inner products of f!) with the 5&? (where D and R are
2-subsets of {1,2,3,4,5}), which are omitted.

Again, Diaconis’s method produces different numbers from ours, although both
approaches reveal the same general pattern in the data. Diaconis’s method gives
the results in Tables 10.10 and 10.11.

Finally, in our case, there is nothing to analyze for the rank-1 data, since

we have only one isotypic subspace for rank-1 data, and the result of the rank-1

analysis would be the number of rank-1 voters ranking candidate ¢ in position j,
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Table 10.26: First-order derived groupoid analysis, rank-2 data

Rank
Candidates 1 2 3 4 5
1 -154.5 154.5 0 0 0
2 -33 33 0 0 0
3 160 -160 0 0 0
4 51 -51 0 0 0
5 -23.5  23.5 0 0 0

and this is already tallied in the dataset. Diaconis’s method applied to the rank-1
data yields the average vote along with, for each candidate, the deviation from the

average vote.

10.2.2 The Semigroup Basis Association

Let us now associate the semigroup basis of CR;5 to the basis of characteristic

functions of R5. We have f € CR; by

F=> fs)s.

SERs

Note that f, when expressed with respect to the groupoid basis, is

where

glx) = f().

t>x
In other words, g(x) is just the number of votes which eztend the partial ranking
x.

As with the groupoid basis association approach, we will project f onto the
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isotypic subspaces of CR; and inner product with the appropriate easily inter-
pretable functions. Let E be an easily interpretable function for rank-k data.
That is, £ : Rs — {0,1} and E(z) = 0 if rk(z) # k. Let us denote by Eg and Ejg
denote the image of I/ in CR5 under the groupoid basis association and the semi-
group basis association, respectively. We claim that it does not matter whether
we compute inner products of the projections of f with Fg or Eg. To see this, let

A k. We have

Ec= Y  E@lz], Es= Y  E@

zE€R5:rk(x)=k z€Rs5:rk(z)=k

Now, Eg, when expressed with respect to the |x] basis, is of the form

Y. B@lx+ Y x|
zE€R5:tk(z)=k zE€Rs:tk(x)<k
for some function z(x) on Rs. Also, the projection f*, when expressed in terms
of the |[z] basis, contains nonzero coefficients only for elements |z| for which
rk(xz) = k. Therefore, <f>\,Eg> = <fA, Eg>.
Spectral analysis of f using the semigroup basis association, then, amounts to

the same analysis that the groupoid basis association does on the function g, where

glx) = f().

t>x

The rank-5 spectral analysis results from the semigroup basis association for the
APA election are thus equal to the results in Section 10.1, and the results of
the semigroup basis association analysis for the other ranks of this dataset are

summarized in Tables 10.27 through 10.32.
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Table 10.27: Zeroth-order semigroup analysis, rank-3 data

Range
Domain | 1,2,3 1,24 1,2,5 .-- 3,4,5
1,2,3 1212 0 0 e 0
1,2,4 708 0 0 0
1,2,5 626 0 0 0
1,3,4 619 0 0 0
1,3,5 1094 0 0 0
1,4,5 1084 0 0 0
2,3,4 478 0 0 0
2,3,5 434 0 0 0
2,45 1019 0 0 0
3,4,5 572 0 0 0

Table 10.28: First-order derived semigroup analysis, rank-3 data

Rank
Candidate 1 2 3
1 -304 236 68

-374.33  -22.33  396.67
563.33 -191.66 -371.67
138.66 -107.33 -31.33
-23.67  85.33  -61.67

O OO OO
O O O O o u

Ol = W N

Table 10.29: Second-order unordered derived semigroup analysis, rank-3 data

Rank
Candidates 1,2 1,3 2,3
1,2 -316.67 -59.67  376.33
1,3 612 -222 -390
1,4 -200.67 71.33  129.33
1,5 -162.67 -25.67  188.33
2,3 -94 139 -45
2.4 41 -35 -6
2,5 =27 -22 49
3,4 -103.33 191.67 -88.33
3,5 -43 83 -40
4,5 294.33 -120.67 -173.67
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Table 10.30: Zeroth-order and second-order unordered semigroup analysis, rank-2
data

Rank
Candidates | 1,2 1,3 1,4 <o 4,5
1,2 687 0 0 e 0
1,3 2436 0 0 0
14 781 0 0 0
1,5 961 0 0 0
2,3 754 0 0 0
2.4 977 0 0 0
2,5 816 0 0 0
3.4 557 0 0 0
3,5 814 0 0 0
4,5 1525 0 0 0

Table 10.31: First-order derived semigroup analysis, rank-2 data

Rank
Candidate 1 2 3 4 5
1 -424.5 424.5 0 0 O
2 -209 209 0 0 0
3 537.5 -537.5 0 0 0
4 174 -174 0 0 0
5 -78 78 0 0 0

Table 10.32: Zeroth-order semigroup analysis, rank-1 data

Rank
Candidate 1 2 3 4 5
1 2903 0 0 0 0
2 2289 0 0 0 0
3 4016 0 0 0 0
4 3239 0 0 0 0
5 3002 0 0 0 0
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Chapter 11

Further Directions

The generalization of the theory of Fourier transforms to inverse semigroups and
beyond presents a new set of interesting challenges. Theorem 5.2.7 opens the
door for the development of further inverse-semigroup FFTs, as it reduces the
problem of calculating their Fourier transforms to the problems of calculating
Fourier transforms on their maximal subgroups and calculating zeta transforms
on their poset structures. While the theory of group FFTs is well-developed, the
theory of fast zeta transforms is not. An interesting line of research, then, would
be to create a theory of fast zeta transforms for inverse semigroup posets. On the
other hand, the poset structure of an inverse semigroup can be about as bad as
one wants—any meet semilattice is possible. It remains to be seen whether there
are any guiding principles one might employ when creating fast zeta transforms.
Theorem 5.1.1 says that the representation theory of inverse semigroups is
completely understood, at least in principle. In particular, if one understands the
representations of the maximal subgroups of an inverse semigroup S, then one
can tensor up those representations to create all of the representations of CS, and

hence of S as well by restricting to the semigroup basis. The representations of

148



CS defined in this way are naturally defined on the groupoid basis of CS, and
some interesting combinatorics might arise in these representations when changing
back to the semigroup basis. For instance, it might be interesting to work out an
explicit description of the representations of the signed rook monoid from the rep-
resentations of the signed symmetric group. More interestingly, it appears that the
Mobius transform involved in defining the groupoid basis of CS might somehow
be applicable to more general algebras—in particular, to certain Iwahori-Hecke
algebras—and might therefore be useful in understanding their representation the-
ory as well.

We would like to develop further applications of the Fourier transforms pre-
sented in this thesis. In Chapter 10, we gave an application of the rook monoid
FFT to the statistical analysis of partially ranked data. Rook wreath products
arise as the partial automorphisms of nested designs, so their FFTs should have
statistical implications as well. We can also use representations to study the un-
derlying processes that generate these sorts of data. For instance, instead of using
the representation theory of the symmetric group to statistically analyze voting
datasets, in [10], the authors use the representation theory of the symmetric group
to study voting systems and paradoxes. The representation theory of the rook
monoid and its wreath products should have similar applications.

Finally, the question of how we should generalize the notion of the Fourier
transform to semigroups whose algebras are not semisimple (such as the full trans-

formation semigroup on n elements) remains open.
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