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The Markov library contains methods to compute the ideals and primary decom-
position associated to Bayesian networks described in [1]. This library iimp
mented in a computer algebra system, Singular ([2]). This document describ
how to use this library for the various computations. In Section 1, we showtdo
compute various ideals associated to Bayesian networks without hiddehlgar

In Section 2, we describe how to compute the polynomial constraints forsizaye
networks with hidden variables.

1 Markov Ideals of Bayesian Networks

Consider the Bayesian netwdgkin Figure 1 which has 4 vertices. Assume that all
the random variables take binary values and the probability distributiociatswd

to the Bayesian network is represented by indetermin@ies, - - - , P2o22. The
commandprobring(d) whered is a list of integers that represent the dimensions
of variables creates a polynomial ring associated to the probability distribution

intvec d = 2,2,2,2;
int n = size(d);

def pdR = probring(d);
setring pdR;

pdR;

// characteristic : 0

// number of vars : 16

// block 1 : ordering dp

// :  names pllll pl1112 pl1121 pl122 pl211
pl212 p1221 pl1222 p2111 p2112 p2121 p2122 p2211 p2212 p2221
p2222

// block 2 : ordering C



/XA‘\
XX

N/

X

Figure 1: A Bayesian network on four observable variables.

We use am x n matrix M to represent the Bayesian network structure with
variables. We assume a topological orderag> --- > X;3. M[i, j] = 1 implies
the existence of an edgg |). The commandnet (n,v) generates anxn matrix
whose lower triangle is given by the ligt Thus, the network structure in Figure 1
is represented as follows.

intvec v 1,1,0,0,1,1;
intmat m = bnet(n,v);

m
0,0,0,0,
1,0,0,0,
1,0,0,0
0,1,1,0

The commanddocalMarkov(m), pairMarkov(m) andglobalMarkov(m)
generate local, pairwise and global Markov property respectivelthieopBayesian
network represented hy. If 1=1ocalMarkov(m), thenl[i] corresponds to the
ith conditional independence statemgdf ] [1]111[i]1[2] | 1[i][3].

list 1 = localMarkov(m);
list pw = pairMarkov(m);
list g = globalMarkov(m);
1;
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The result of the commaribcalMarkov shows that the local Markov property
for Gis the sefXy 1L Xg | {Xo, X3}, X2 1L X3 | Xa}.

The commandarkovIdeal (L, d) givesthe ideal of the independence model
represented by a li&t We can get the codimension, degree and number of minimal
generators of an idealby the commandnfo(I).

ideal I = MarkovIdeal(l,d);
info(I);
// ** I is no standard basis
// ** I is no standard basis
// dimension (proj.) = 10
// degree (proj.) = 24
// ** right side is not a datum, assignment ignored
[1]:

5
[2]:

0
[3]:

6

Let piy...tu.,-u, dEnote the marginalization over the firstandom variables
andp denote the product of all of these linear forms. The commamrddeal (I,d)



Figure 2. A Bayesian network on two observable variabfgsand X, and one
hidden variablexs.

computes the idedl: p~.
ideal T = torideal(I,d);
We can test ifocaic) = lgiobaie) DY executingquotient (I,G).

quotient(I,G);
_[1]=1

Sinceliocaie) < lgiobale), the result above implies thbcaie) = giobalc)-

2 Bayesian Networkswith Hidden Variables

In this section, we show how to compute the polynomial constraints for a Bayes
network with hidden variables. L& be a Bayesian network andiscrete random
variables. Assume that the variablés - - - , X; are observed an¥;,1,--- , X, are
hidden. LeR[D] denote the ring generated by the indeterminates for the probabil-
ity distribution P(Xy, - - - , Xp) andR[D’] denote the subring dk[D] generated by

the indeterminates for the observable probability distribufgXy, - -- , X;). Our

goal is to compute the ideal

Qg = Pc NR[D’]

wherePg is the distinguished component Gt See [1] for more details.

We will computeQg for the Bayesian networts in Figure 2. Assume tha{;
andX; are ternary an&3 is binary. We first declare the polynomial rinRgD] and
R[D’]. We use namesdR andH for R[D] andR[D’] respectively.

intvec d = 3,3,2;
int n = size(d);



int r = 2;

def pdR = probring(d);
intvec d2 = d[1..r];
def H = probring(d2);

pdR;

//  characteristic : 0

// number of vars : 18

// block 1 : ordering dp

// :  names plll pl12 pl21 pl122 pl131 pl32 p211
p212 p221 p222 p231 p232 p311 p312 p321 p322 p331 p332

// block 2 : ordering C

H;

// characteristic : 0

// number of vars : 9

// block 1 : ordering dp

// : names pll pl2 pl3 p21 p22 p23 p3l p32 p33
// block 2 : ordering C

The commandnap_observable(H, d, r) generates the ring map froito
basering induced by the inclusion df in basering.

setring pdR;

def Phi = map_observable(H, d, r);
Phi;
Phi[1]=p111+p112
Phi[2]=p121+p122
Phi[3]=p131+p132
Phi[4]=p211+p212
Phi[5]=p221+p222
Phi[6]=p231+p232
Phi[7]=p311+p312
Phi[8]=p321+p322
Phi[9]=p331+p332

Pc = lgiobai) : P™ is computed by the commangrideal as in Section 1.

intvec v 0,1,1;

intmat m = bnet(n,v);

list g = globalMarkov(m);
ideal G = MarkovIdeal(g,d);



ideal T = torideal(G,d);
Finally, Qz = Pc N R[D’] can be computed by the commapeimage.

setring H;

ideal Q = preimage(pdR,Phi,T);

Q;
Q[1]=p13*p22*p31-p12*p23*p31-p13*p21*p32+p11*p23*p32+p12*p21*p33
-pl1*p22*p33

The result above shows that the id€ad is generated by the determinant of the
3x3 matrix (pjj).
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