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Abstract

Multinomial Bayesian networks with hidden variables are real algebraic varieties.
Thus, they are the zeros of some polynomials in the probability simplex. These
polynomials form the set of all independenceand non{independenceconstraints
on the distributions over the obsenable variables implied by a Bayesian network
with hidden variables. We determine these cortraints for Bayesian networks with

three obsenable variables and one hidden variable. The relevance of these results
for model selectionis discussed.

1 Intro duction

A Bayesiannetwork is a family of probability distributions. In this paper, all
random variables are assumeto be discrete. In this case,these families are
algebaic varieties (actually, semi{algebraicsets): they are the zerosof some
polynomialsin the probability simplex [3,4].

Bayesiannetworks can be descriked in two possibleways: parametrically, by
an explicit mapping of a set of parametersto a set of distributions, or implic-
itly, by a set of independenceconstrairts that the distributions must satisfy
[9]. But Bayesiannetworks with hidden variablesare usually de ned paramet-
rically becausethe independenceand non{independenceconstrairts on the
distributions over the obsenable variablesare not easily established.

Finding the independenceand non{independencecortraints is relevant for the
problem of model seletion [5]. Sincethese constrairts vary from one model
to another they can be usedto distinguish between models. Moreover, since
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these constrairts are over the obsenable variables, their t to data can be
measureddirectly with somespecially designedstatistical tests. For instance,
the so{calledtetrad di er ence constraints have beenusedfor model selection
and evaluation [11].

In this paper we give the constrairts on the distribution over the obsenable
variablesof all Bayesiannetwork with three obsenable variablesand one hid-
den variable. Theseresults showv that all but one of thesemodels correspnd
to intersections(or joins) of (higher secam varieties of) Segrevarieties. More-
over, thesecortraints are given in a compact synactic represetation. These
resultswere rst announcedin [2]. But in here,we presen completeproofs of
our claims.

Moreover, we alsocomputethe dimension of eat of thesevarieties. This is also
relevant for model selection.Recettly, the importance of using the correct di-
mensionof a model when applying the Bayesianinformation Criterion (BIC)

for Bayesianmodel selectionwas highlighted in [10]. It was shown in [2] that
the correct dimensionof a model equalsthe dimensionof the correspnding
variety.

This paper is organized as follows. In Section 2, we review the algebraic
statistics theory of Bayesiannetworks with hidden variables.In section 3, we

presen the main theoremthat computesthe set of all independenceand non{

independencecortraints and the dimensionof all Bayesiannetworks discussed
in this paper. Most of the large{scalecomputationsthat provided enoughevi-

denceto make conjecturesabout the structure of thesepolynomial cortraints

were carried out in Singular [6].

2 Algebraic Statistics of Bayesian Net works

takesvaluesin [di] = f1;2;:::;dig. A Bayesiannetwork M for variablesX is
a set of joint distributions for X de ned by a graph Gy, and a set of local
(multinomial) distributions Fy . A probability distribution P(x) belongsto
the model M if and only if it factors accordingto Gy via

N
PX=x)=p(Xi=xjpalXj)=1j), (@))

i=1

wherex is an n{dimensional vector of valuesof X, pa(X;) denotethe parerts
of node X; in Gy, j denotesthe valuesof pa(X;) in x and p; is a condi-
tional distribution from F,,. We denote the model parameters de ning the



conditional probability p;(X; = k j pa(X;) = j) by w; and the joint space
parameters P(X = Xx) by 4. The mapping that relates these parameters,
derived from (1), is

(X1;:5%Xn) = Wij K (2)

joint spaceparametersas algebraic indeterminates This allows us to form
two rings of polynomials: C[ ] the ring of polynomials over C generatedby
all the indeterminates , and C[w; ]=J the ring of ponnomiaIBgeneratedby
all the indeterminates w;; x modulo the ideal J generatedby ‘k’;l Wi 1,
for eatr i and j. The ideal J encalesthe fact that pi(X; = k j pa(X;) =
) is a probability distribution, for eady xed i;j. Hence(2) inducesa ring
homomorphism

tCLLI! Clwi]=d:

Note that C[ ] is a polynomial ring in N = Qi”:i d; indeterminates. Recall
that ker() isaprimeidealin C[ «]. It wasshown in [3] that the intersection
of the variety V (ker()) with the probability simplex

X
=f(as:iian)ja O a=1g

is the set of all probability distributions that factor accordingto Gy . Com-
puting generatorsfor ker() is the so-calledimplicitization problem [1,5].

The graph Gy descriles the independenciesof variablesin M. Theseinde-
pendenciesgive an implicit description of the model M. The set of all in-
dependencerelations encaled by Gy, is known as the set of glokal Markov
relations [9]. From this set we can construct an ideal Iy in C[ ], see[3]. In
that paper, the authors show that the variety V(Iy)  C[ «] is the set of
all d; d, dn{tables with complexenries which satisfy the conditional
independencestatemeris encaled by Gy, .

Note that the Factorization Theorem[9, Thm. 3.27]statesthat

V(u)\ = V(ker()) \

This result no longer hold if one allows complex\probabilities,” see[3]. But
there is a nice formula that relates both ideals in this general setting. Let
2 C[ «] be the product of all the linear forms (marginals)
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wherek is arbitrary and u, takesall possiblevaluesin [di] forallk+1 | n.
Then we have the following theorem.

Theorem 1 The prime ideal ker() is a minimal primary componentof |, .
More precisely,

v © ' = ker() : 3

Considernow the situation when someof the random variablesin M are hid-

prokabilities are

X X X
(i s+ = (ivii2iniken sin) -
Jk+1 2[di+1 Tik+2 2[dk+2 ] in2[dn]

We write C[ o] for the polynomial subringof C[ 4] generatedby the obsenable
probabilities. Let : CN 1 CN’ denote the canonical linear epimorphism
induced by the inclusion of C[ o] into C[ «]. The following result was proved
in [3].

Prop osition 2 The setof all polynomial functions which vanishon the space
of observablgrolability distributions is the prime ideal

ker() \ C[ x|

In the next section,we usethis result togetherwith Theorem1 asan algorithm
to compute the set of polynomial constraints on the distributions over the
obsenable variables implied by a Bayesian network with hidden variables.
This method is equivalent to the implicitization method proposedby Geiger
and Meek[5]. The di erence is that we computethe implicitization in two steps
rather than one. First, we compute the prime ideal ker() correspnding to
the model where all variablesare assumedto be obsened. Then, we project
the variety V(ker()) into the spaceof obsenable probability distributions

0

V (ker()) cN™

This approad enabledusto nd a clearsyntactic structure of the constrains
implied by ead Bayesiannetwork studied in this paper.



3 Polynomial Constrain ts and Dimension

A step towards computing the constrairts of a Bayesian network with hid-
den variableswas given in [3], wherethe authors conjecturedthat any naive
Bayes model M with 2 classesand n featuresis generatedby the 3 3{
subdeterminarts of any two{dimensional table obtained by attening the n{
dimensionaltable ,.,. .,). This conjecturewas proved (set{theoretically in
all casesand ideal{theoretically for n = 3) by Landsberg and Manivel in [8].
The previous result concerninga naive Bayesian model with 2 classesand 2
ternary featuresobtained in [5] is oneinstanceof this theorem.

In this section,we give the constrairts on the distribution over the obsenable

variables of all Bayesian networks with three obsenable variables and one

hiddenvariable. For somenetworks, we had to assumehat the hiddenvariable

is binary for the results to hold. To simplify notation we will set i, i, =
(i1::5in) and PG = ker().

Table 1 gives all the non{isomorphic directed acyclic graphs on 4 vertices,

exceptthose arising from the completegraph.

We useTheorem1 to computethe prime ideal ker(). Thus, we computethe
ideal Iy generatedby all global Markov relations and then we saturate this
ideal by . The following theorem, proved in [3], is fundamenal in this step.
This theoremgivesa primary decomposition of all Bayesiannetworks on four
arbitrary random variables.

Theorem 3 Of the 30 glotal Markov ideals on four randomvariables, 26 are
alwaysprime, oneis not prime but alwaysradical (number 10 in Tablel) and
three are not radical (numbers 15,17,21 in Table1).

Therefore,we do not needto compute the saturation by for ead of the 26
idealsly, that are already prime.

The main result of this chapter is Theorem 4, which statesthat if G is a
Bayesiannetwork on four random variables (G 6 G7) where one of the vari-
ablesis a hidden binary variable, then the variety assaiated to G is the join
(or the intersection) of seeral (higher secan varieties of) Segrevarieties.

For networks 15, 17, 20, 21, 23, and 27, we have conjecturesabout the generat-
ing setbasedon extensive computationsfor particular casesand the dimension
of the correspnding ideals. We remark that a proof for any of the last four
networks would alsoyield a proof for the remaining three.
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All Bayesian networks on four random variables.
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Theorem 4 Of the 30 Bayesiannetworkson three randomvariablesand one
hiddenvariable

() ve networksG alwaysgive zer ideals Qg = Pg\ CJ o], regardlessof the
numker of levelsof the randomvariables.(numbers 1, 3, 7, 10, 16 in Table
1).

(I) Fourteen networks G alwaysgive ideals Qg genented by quadatic polyno-
mials arising from the 2 2 suldeterminants of certain matricesof indeter-
minates (numbers 4, 5, 11, 13, 14, 18, 19, 21, 22, 25, 26, 28, 29, 30 in
Tablel).

(1) If the hiddenvariableis binary, ten networksG giveideals Qs geneated by
guaditic and cubic polynomials arising fromthe 2 2 or 3 3 suldeter-
minants of certain matrices of indeterminates (numbers 2, 6, 8, 9, 12, 15,
20, 23, 24, 27 in Tablel).

(IV) The network G;7 givesan ideal Qg,, geneated by irr educible sextic polyno-
mials and cubic polynomials, if the hidden variableis binary.

PR OOF. We prove this theoremby an exhaustive caseanalysisof all thirty
networks.

Networks 1, 3, 7, 16: The ideal I, is a prime ideal equalto | ,» ,. It is
generatedby the 2 2{subdeterminarts of the matrix ( ++ ), wherethe rows
areindexedby k 2 [d3] and the columnsareindexedby | 2 [d4]. We claim that
I ,\ C[ xo] = O. It isenoughto show that every d; d, ds{table a= (a;«) is
the projection of atable in V(I ,» ,). Let A bethed; d, ds ds{table de ned
by Aij kIl = & k=04, SOA.+ | = &+r k=0C4. Then, the d4 rows of Al= (A++ kl) are
equalto ead other, that is, A°hasrank 1. S0A 2 V(I ,»,) and (A) = a.

()_b;er\e that g, = I,» 43" le, = I,» 4t 2:3g and lg,, = |f1;2g?? 43" Thus, a
similar argumert shavsthat Q; = Q; = Q=0
Network 10: The ideal I¢,, is aradical ideal equalto | ;7 .55, + |3, We

claimthat Ig,,\ C[ xo] = 0. It is enoughto show that every d; d, ds{table
a= (aj«) is the projection of atable in V(lg,,). Let A bethed; d, d3 daf
table de ned by Aj = a;k=d;. We saw above that A 2 V(I ,» p 2;39) and
A2 V(I37; ) SOA 2 V(lgy,). Theorem1lin [3] shaws that if ds = 2, then
lc,, Isaprimeideal. In this case,Qip = lg,,\ C[ xo] = 0.1f dy > 2,15, IS the
intersection of Pg,, and 2% ! prime ideals P indexed by all proper subsets

[ds3]. By construction, the ideal M = h ,j @ ] 2 [do;k 2 ;1 2 [d4]i
is cortained in P, soM \ C[ yo] = hyj+ 1] 2 [dy];k 2 i is a subsetof
P \ C[ xo]. Then

dim(P \ C[x]) dim(M \ C[ o) < dydds

Moreover, since[ g,V (P \ C[ xo]) [ V(Q10) = C[ xo], then V(Q10) = C[ xo].



Networks 4, 19, 26: The ideal I, is a prime ideal equal to I3r_,?f2;4g. It
is generatedby the 2 2{subdeterminarts of the matrix M = ( +jx), where
the rows are labeled by k 2 [d3] and the columns are labeled by the pairs
;D 2 [d7] [dﬁ] Flrst changecoordinatesin C[ 4] by replacingeat unknown
gk by = , 1 i k. This coordinate changetransformsl g, into abinomial
idealin C[ «].

We want to show that Q4 = Pg, \ C[ xo] is equal to the ideal I generated
by the 2 2{subdeterminarts of the matrix N = ( jx+) wherethe rows are
indexedby k 2 [d;] and the columnsare indexedby j 2 [d,]. Each column of
this matrix is obtained by taking the sum of the correspnding d, columnsof
M. A direct computation shovsthat I Q.

The ideal Q4 is prime as shown in Proposition 2. The ideal | is prime since
it is generatedby the 2 2{subdeterminarts of a genericmatrix. Hence,to
shav equality betweenideals,it would su ce to shovthat V(1) V(Q). Let
a2 V(l),thenaisad; dx{matrix ofrank 1sinceall the 2 2{subdeterminarts
of a vanish. Let A bethe d; d,d,{matrix de ned by A;i = a;«=d,. Clearly,
A hasrank 1,s0A 2 V(Pg,). Thusa= (A) 2 V(Qu).

The ideal I g, is a prime ideal equalto |, t1:3.4g" A similar argumen shows
that the ideal Q9 = Ig,, \ C[ xo] is generatedby the 2 2{subdeterminarts
of the d, dyds{matrix M, = ( j«+) wherethe rows are indexedby j 2 [d]
and the columnsare indexedby pairs (i; k) 2 [d1] [ds]. The prime ideal | g,
equalslfl;Sg?_;fz;‘lg. A similar argumen shows that Q25 = Q0.

Networks 5, 11 FIFSE changecoordlnatesm C[ «] by replacingead indeter-
minate 45 by ju = , . ijki- The primeideall g, is equalto the sumof ide-
a|S|3'7)f24g I47;f2,3 The rst idealequalsl s, and I47_;f2,3 \ C[ xo] = 0.Also
37;f24g\ Cl xo] lgg\ C[ xol, that is,V(Qs) V(Q4). On the other hand,
givena 2 V(Qu), let A bethed, d; di{table de ned by Ay = gjx=ti. Then,
A 2 V(Pg,). SOA 2 V(Pg,)\ V(I4??f2,3g) anda= (A) 2 V(Qs). HenceQs =
Q4. The prime ideal | s, is equalto the sum of ideals| + 1 A
similar argumen shaws that Qq; = Q.

37? f2;49 fl;3g?? 4j2*

Networks 13, 14: The prime ideal | ., equalsl ,» t2.4j3" A similar argumert
as for network G4 shaws that Qq3 is generatedby the 2 2{subdeterminarts
of the d; matrices of the form ( j«.+) where the rows are indexed by i 2
[di1], the columnsare indexedby | 2 [d;], and k is xed. The ideal Ig,, IS a
prime ideal equalto | ,» t3.4gj2" Thus, the ideal Q14 is generatedby the 2 2{
subdeterminarts of the d, matricesN; = ( j«+) wherethe rows are indexed
by i 2 [d;] and the columnsare indexedby k 2 [ds].

Networks 18, 22, 28 The prime ideal |, is equalto the sum|l 7 .., +



{1047 43- The rst ideal equalslg,,. AlsO I, » 43\ C[ x] = 0. Thus, a
similar argumert as for Gs shaws that Qg,, = Qg,,. The prime ideal | g,

equalsl 2P 1139 T V4P 1235- WE know that I4??f2;3g\ C[ xo] = 0. Similarly, we

concludethat Qz; = Qi¢. The prime ideal | g,, equalsl yp ;.40 + 111007 4j3-
Henceng IG28 \ C[ XO] ng.
Network 25: The prime ideal I ,, equalsl ;5 * I27;f14gj3 lg,; +J.

First, obsene that I, \ C[ xo = J\ CJ[ xo]. Each ideal is generatedby the
2 2{subdeterminarts of d; matrices of the form ( j«+), wherethe rows are
indexedby i 2 [d;] and the columnsare indexedby | 2 [dy] and k is xed. A
similar argumen asfor G4 shows that Q5 = Qgs.

Networks 29, 30: The prime ideal Ig,, equalsl,p ;5. + | Pro-

ceedingin a similar way asfor G4, we seethat Q.9 equals

3 f1,2,49°

|3??f1;2;4g\ C[ xo] + I2??f1;3;4g\ Cl x] = |3’??f1;2g + I2??f1;3g C[ xel:

The prime ideal 1g,, equals| + Moreover,

27 f1;3;49 + | 37? f1;2;49 a7 1;2;3g°

47_;”;2;39\ C[ xo] = 0. This implies that Qzg = Qao.

Network 21: The ideal | = lg, equalsl; + J, wherel; = Il??f3;4gj2 and
J = I;»,. In general,this ideal is not radical, see[3, Theorem 11]. A closer
look at the proof of Theorem 8 in [3] revealsthat Pg,, equals(J + ;) :
where ; is the product of .y for all j 2 [dy];k 2 [d3] and | 2 [d4]. Hence
l,, = Pa,, \ (I; 1) for somee;. Thus, we have the following equalities

V(1) = V(Pe,y) [ V(I 1)

V(1) =V(Qa) [ (V(I; 1) (4)
Weknow that | ;» ,\ C[ xo] = 0. Hence,following a similar argumert asin Gy,
we seethat | \ C[ xo = 11\ C[ xo] = Q14. S0,equation(4) canbe rewritten as

V(Qu) = V(Qa) [ (V(I; 1)):

Therefore, V(Q,;) is a subvariety of the irreducible variety V(Q4). More-
over, we conjecturethat V(Q21) = V(Qu4). For this we needto shaw that
dim(V(Q14)) = dim(V(Q21)). Sinceboth ideals are prime, this would imply

Q21 = Qua.

Networks 2, 12: The prime ideal | g, equalsl,» 34 It is generatedby the
2 2{subdeterminarts of the d, matrices( .jxi,), wherethe rows are indexed
by j 2 [d;] and the columnsare indexedby k 2 [d3]. If dy = 2, then by [7,
Exercisell.29]

V(Q2) = (V(Pg,)) = S(My1) = My;



whereMy is the variety of d, ds; matricesof rank at most k. Thus, the ideal
Q is given by the 3 3{subdeterminarts of the d, d; matrix ( +jx+). The
prime ideal | ,, equalsl Thus, we can proceedas for G, to nd a
set of generatorsfor Q5.

27 £1;3gj4"

Networks 6, 8, 9: The prime ideal | g, equalsl,» it 3:4g" It is generatedby
the 2 2{subdeterminarts of the dsd, matrices ( j,1,), Wherethe rows are
indexedby i 2 [d;] and the columnsare indexedby | 2 [dy]. Assumed, = 2.
For eath ko 2 [ds], let I, bethe ideal generatedby the 2 2{subdeterminarts
of the 2 matrices( jj 1), Wherel is xed. Then just asfor G,

V(i \ Clx]) = (V(I)) = S(M1) = My; (5)

where Mk is the variety of d; d, matrices of rank at most k. Note that
lce =  keqas) Ik, @Nd the ideals | are de ned in pairwise disjoint set of in-
determinates.For eat kg 2 [d3], the b er dimensionover a generalpoint in
V(I \ C[ xo]) is equalto 2. Thusthe b er dimensionover a generalpoint in
V(lgs\ C[ xo]) is equalto 2d;. Moreover, by [7, Proposition 12.2]

X X X
codim(lg,) = codim( ~ 1) = codim(ly) = 20, 1)(d, 1)

k2[ds] k2[ds] k2[ds]

So dim(lGG) = 2d1d3 + 2d2d3 2d3, and

X X
codim (Ie\ C[ x) = codim(l\ C[ xo]) = da(dh  2)(d» 2)
k2 [da] k2[ds]

Sodim P k2ias](Ik \ C[ xo]) = 2dids + 2d,ds  4ds. Moreover, [7, Corollary
11.13]implies

dlm(Qe) = dim(lGG) 2d3 = 2d1d3 + 2d2d3 4d3:

Therefore, P k2qds] (T V' EL xo]) Qs and both prime ideals have the same
dimension.Thus, Qs = 24,1k \ C[ xo]). Moreover, equation (5) givesa set
of generatorsfor this ideal.

The prime ideal | , equalsl ,» 3t 2:4g- SO0, We can proceedin a similar way as
for G to nd asetof generatorsfor Qg. The prime ideal | g, equalsl | » st 3ag T
|, ,- We know that | ,» ,\ C[ xo] = 0. Therefore,a similar argumert as for
Gs shovsthat Qg = Qg, if dy = 2.

Network 24: The graph G,4 correspndsto the naive Bayes model with dg
classesand 3 features.As we mertioned earlier, Landsberg and Manivel proved
in [8] that this ideal is generatedby the 3 3{subdeterminarts of any two{
dimensionalmatrix obtainedby attening the 3{dimensionaltable (i,.i,.i,), if
ds = 2. Here,we computethe dimensionof this ideal.

10



The prime ideal | g, equalsllr?_;fz;ggj4+ '2??f1;3gj4+ I37;flzgj4 [1+ 15+ |3.

Note that lg,, = I+ 1, =1+ I3 = I,+ I3. Assumed, = 2, then by [7,
Proposition 12.2]we have that codim(l1) = 2(d; 1)(d2d3 1), sodim(l,) =

2d; + 2d,d; 2. Theideall, is generatedby the 2 2{subdeterminarts of the
d; dxds{matrices My, = ( jj«,), Wherely 2 f1;2g. Similarly, the ideal I is
generatedby the 2 2{subdeterminarts of the d, d;ds{matrices N;, = ( jj i),
wherely 2 f1;29. Note that for ead (ko;lg) 2 [ds] [d4], the d; dy{matrix

Moo = (ijkolo) 1S the transposeof the d, di{matrix Ny,, = ( i ko1,)- HENCE,
for eah k 2, the 2 2{subdeterminarts of Ny, lowers the dimensionof I ;
by d, 1.Thus,

dim(|G24) = dlm(l 1+ |2) = 2d1 + 2d2d3 2 2(d2 1)(d3 1)
= 2d1 + 2d2 + 2d3 4.

Let I§ = I, \ C[ x forr = 1;2;3. Exercise11.29in [7] implies that [§ is
generatecby the 3 3{subdeterminarts ofthe d; d,ds{matrix M = ( i k+ ) and
dim(I%) = 2d; + 2d,d; 4. Proceedingin a similar way asfor dim(l;+ 1), we
concludethat I& lowersthe dimensionof I§ by 2(d, 2)(d; 1), sodim(I§+1&) =
2d; + 2d, + 4d; 8. The ideal I& is generatedby the 3 3{subdeterminarts of
the d3 did{matrix L = ( j«+). Note that the ko, row of L can be obtained
by attening the d; dx{matrix M, = ( .+ ). Hence,the ideal IS lowersthe
dimensionof I§ + 1§ by 2(d; 2). Thus,

dm(&+ 6+ &)= 2d,+ 2d, + 2d3  4:

ThenPdim(P 3. R) = dim(lpcaic,)  dim(Qas). But the result in [8] states
that = 3., & = Qs Thus, dim(Qo4) = 2d; + 2d, + 2d; 4.

Network 20: F[gst change coordinates in C[ 4] by replacing eatch unknown
ikl BY jii = 21 jjk. The binomial prlme ideal |1 ,, is equalto the sum
of ideals| = ly? 1350 = lon and J = l3% 1249 = lc.- Denote by I =
I\ C[ xoJand J = J\ CJ yo]. Recallthat the ideal | is generatedby the 2 2{
subdeterminarts of the d, matricesM, = ( jj «) wherethe rows areindexedby
(i; k) 2 [dy] [ds], the columnsby j 2 [d,], and | 2 [d4] is xed for eadr matrix.
TheidealJ is generatedby the 2 2{subdeterminarts of the matrix N = ( i)
wherethe rows are indexedby k 2 [d3] and the columnsby (j; 1) 2 [dy] [d4].

For ead |, the ideal generatedby the 2 2{subdeterminarts of M, hascodimen-
sion(d;ds 1)(d> 1). Moreover, sincethe ertries of ead matrix are pairwise
disjoint, the codimensionof | equalsds(d;d; 1)(d, 1). Hencedim(l) =
didsds + dyds  d4. Similarly, the codimensionof J equals(ds 1)(d,d; 1),
SOdlm(J) = d1d2d3d4 d2d3d4+ d2d4+ d3 1. Let |\/|i0|0 be the d3 dz{matrix

11



(iojkio), then

0 1

My
M
M, = _ and N = (MM,  Myg,):

M,

Hence,just asfor Gy, the ideal J removesds; 1 parametersof all but one of
the matrices M,. Thus,

dim(l + J) = dim(1) (ds 1)(ds 1)= didsds+ cody dads+ ds 1: (6)

Let d; = 2. Then, the prime ideal I"is generatedby the 3 3{subdeterminarts of
the two dimensionaltable M, = ( j«+ ), wherethe rowsareindexedby j 2 [d]
and the columns are indexed by pairs (i; k) 2 [d1] [ds3]. Hencecodim(T) =
(dids 2)(d> 2),sodim(l) = 2d,ds+ 2d, 4. Similarly, sinceJ is generatedby
the 2 2{subdeterminarts of the d, ds{matrix N, = ( 4+ ), thencodim(J) =
(d2 1)(d3 1), SO dlm(\T) = d1d2d3 d2d3 + d2 + d3 1.

Recall that | + J is prime, then [7, Thm. 11.12]implies dim(V(l + J)) =
dim(V(Q20)) + . Weconjecturethat = 2 which implies

dlm(on) = dlm(l + J) 2= 2d1d3+ 2d, d3 3.

Let Mj,, bethe d, ds{matrix ( ijjk+), thenM, = (M1 M2, My,+), and
M1+ = N.. A similar argumert asfor the ideal | + J shaws that the ideal J
lowersthe dimensionof by d; 1. Hence

dlm(r+ J.) = 2d1d3 + 2d2 d3 3= dlm(on)

Note that '+ J° Ig, \ C[ xo] and both ideals have the samedimension.
Onecanche that '+ Jis a radical ideal by Grebnerbasismethods. In fact,
if < denotesthe degreereverselexicographicordering, then the (quadratic)
generatorsof J”and the (cubic) generatorsof I form a Grebnerbasisof '+ J-.
Therefore,the initial ideal in< (M+ J) is square{free,which impliesthat '+ J
is a radical ideal. Moreover, a set{theoretic result asin [8] would imply that
the ideal Qy equalslg, \ C[ xo] + 'z??fl;sgj4\ C[ xa].

Network 23: The binomial prime ideal | g,, is the sum of two prime ideals
| = I27_;f1;3gj4 andJ = lg,. Let = 1\ C[ xo. If dy = 2, the ideal I"is
generatedby the 3 3{subdeterminarts of the did; dx{matrix M, = ( jj«+)
obtainedby attening the 3{dimensionaltable ( j x+) accordingto the relation
f1,3g? 2. Note that '+ J° Ig,, \ C[ xo]. Moreover, a similar argumen as
for G,o shavs that the ideal Q,3 equalslig,, \ C[ xo] + '2’??f1;3gj4\ C[ xd].
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The ideal | is generatedby the 2 2{subdeterminarts of the d; matrices
M; = ( jj«), wherethe rows are indexed by (i; k) 2 [di] [ds], the columns
by j 2 [d;] and | is xed. Recall that dim(l) = didsds + d>ds ds. The
ideal J is generatedby the 2 2{subdeterminarts of the d; matrices of the
form Ny = ( ), wherethe rows are indexed by i 2 [d;], the columnsare
indexed by (j; 1) 2 [dy] [ds], and k is xed. The codimensionof J equals
ds(d; 1)(dxds 1), sodim(J) = dpdsds + didz  ds.

For ead Ko; lo, let My, bethe d;  dy{matrix ( jj,l,). Then

0 1
My

M3 _
M| = . and Nk = (MllMlz M1d4).

My,

Thus, the following two d;d; d,ds{matrices are equal

Hence,the ideal | lowers the dimensionof J by d4(d, 1)(d3 1). Thus,
dim(l + J) = dim(J) d4(d; 1)(dz 1)= did3+ dpds+ d3d; ds ds. If
d; = 2,dim(l +J) = dids+ 2d, + d3 2. Theorem11.12in [7] implies that
dim(V(l + J)) = dim(V(Q23)) + . We conjecturethat = 2, which implies
dlm(Q23) = d1d3+ 2d2 + d3 4,

Recallthat dim(I") = 2d,ds + 2d, 4. Moreover, sinceJ is generatedby the
2 2{subdeterminarts of the d; matrices Ny, = ( j«+), then codim(J) =
ds(d; 1)(d; 1). Sodim(J) = d;d3 + dd; d3. Obsene that M, =
(N1+N2+  Ngs+). Therefore,I" lowersthe dimensionof J by (d, 2)(d; 2).
Thus,dim('+ J) = did; + 2d, + d3 4 = dim(Q23). Hence,Q,3 equalsi+ J.

Network 27: The prime ideal I g,, equalsl ,» t1.249 T 1P t1.3g0 Obsene that

M=l fl;2;4@]\ C[ o] is generatedby the 2 2{subdeterminarts of the matrix
(ijk+), wherethe rows are indexedby k 2 [ds;] and the columnsare indexed
by (i;]) 2 [di] [do]. If dy = 2, the prime ideal J = I27_;f1;3gj4\ C[ xo] is
generatedby the 3 3{subdeterminarts of the two dimensionaltable ( ),
where the rows are indexed by | 2 [d,] and the columns are indexed by the
pairs (i; k) 2 [dy] [d3]. Moreover, following a similar procedureasfor G,g, we
conjecturethat Q,; equalsr-+ J.
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Network 15: The ideall,; equalsl +J, wherel = 1,2 ;.. andJ = |5 4,
This ideal is not radical, in general.Hencelg,, = Pg,, \ L for someideal L.
Thus,

(V(leys)) = V(Qs) [ (V(L)):
Notethat I\ C[ yxo] = 0. Moreover, if d4 = 2,then a similar argumen asfor G,
shownsthat Ig,,\ C[ xo] = J\ C[ xo] = Q2. Hence,V(Qy) = V(Qs)[ (V(L)).
Similar to G,;, we conjecturethat Q5 = Q.

Network 17: Theideallg,, equalsl + J, wherel = | » 3t 2:49 andJ = |,» 43"
This ideal is not radical in general.Hencelg,, = Pg,, \ L for someideal L.
So, we have the following equality of varieties

(V(ley)) = V(Qu) [ (V(L)):

Note that J \ C[ xof = 0. Also | = Ig, and we have given a generating set
for Qg for the cased, = 2. Moreover, Ig,, \ C[ xo] = Qg. HenceV(Qy7) is an
irreducible subvariety of the irreducible variety Qg. But, opposedto all the
previousvarieties,in generalV (Q17) will be a proper subvariety of V(Qg). We
have a conjecture for the cased; = d; = 2. Note that for this caseQg = 0,
that is, V(Qg) = C[ xo]. To simplify notation, let i = k.

The ideal Q7 is generatedby d22 d33 sextic polynomials constructed as fol-
lows. For eat jo 2 [dy], let M, be the d; ds{matrix M;, = ( j.k). Ead
j1;02 2 [d2], J1 6 ], specify two matrices Mj, and M;,. Also, ead triplet
kq; ko; ks of distinct elemerts in [ds] specify three columnson ead 2 ds{
matrix M;, and M;,. Sowe gettwo 2 3 submatricesN;, and N;j,

0 1 0 1

% 1j1ks  1j1ke 1J'1k3£ and %} ljz2ks  1j2ke ljzkag

2j1k1  2j1k2  2j1k3 2j2k1  2j2ka  2j2k3

The irreducible sextic polynomial arising from thesetwo submatricesis given
by the following alternating sum

ik UiVi e UVo + 4 ks UsVa:

Where Us is the determinart of the 2 2{submatrix of N;, obtained by elim-

inating the s-th column. And Vs is the determinart of the 2 2{matrix NJ-O2

wherethe rst column of N equalsthe s-th column of N;, and the second
column of NJ-O2 is the product of the remaining two columnsof Nj,.
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