Chapter 2

Affine Algebraic Geometry

2.1 The Algebraic-Geometric Dictionary

The correspondence between algebra and geometry is closest in affine algebraic geom-
etry, where the basic objects are solutions to systems of polynomial equations. For
many applications, it suffices to work over the real R, or the complex numbers C.
Since important applications such as coding theory or symbolic computation require
finite fields, IF, , or the rational numbers, Q, we shall develop algebraic geometry
over an arbitrary field, ', and keep in mind the important cases of R and C. For
algebraically closed fields, there is an exact and easily motivated correspondence be-
tween algebraic and geometric concepts. When the field is not algebraically closed,
this correspondence weakens considerably. When that occurs, we will use the case of
algebraically closed fields as our guide and base our definitions on algebra.

Similarly, the strongest and most elegant results in algebraic geometry hold only
for algebraically closed fields. We will invoke the hypothesis that F is algebraically
closed to obtain these results, and then discuss what holds for arbitrary fields, par-
ticularly the real numbers. Since many important varieties have structures which are
independent of the field of definition, we feel this approach is justified—and it keeps
our presentation elementary and motivated. Lastly, for the most part it will suffice
to let F be R or C; not only are these the most important cases, but they are also
the sources of our geometric intuitions.

Let A™ denote affine n-space over F. This is the set of all n-tuples (t1,...,t,) of
elements of F. The reason for writing A" instead of F" is to emphasize that we are
not doing linear algebra. We may write A} to emphasize our field. Let ¢4,...,¢, be
variables, which we regard as the coordinate functions on A". Let F[ty,...,t,] be the
ring of polynomials in these variables ¢y, ...,t, with coefficients in the field F. We
make the main definition of this chapter.

Definition 2.1 Given polynomials fi,...,fs € F[t1,...,t,], their set of common
zeroes
V(fi, ..., fs) == {te A" | fi(t)=---= fs(t) =0}
is called an affine variety in A”.
A variety V(f) defined by a single polynomial equation is called a hypersurface.
If X and )Y are varieties with ) C X', then ) is a subvariety of X.
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Example 2.2 Consider the real plane AZ. Figure 2.1 shows the three cubic curves
V(y? — %), V(y? — 2® — 2?), and V(y? — 23 + x).

Figure 2.1: Three Cubics

These are, respectively, the cuspidal cubic, the nodal cubic, and a non-singular
cubic (elliptic curve). The first two have a singularity at the origin.

Example 2.3 Let Mat,,y,, (or Mat, «,(IF)) be the set of all nxn matrices with entries
in the field F. Identify Mat,,, with the affine space A"Q, giving it the structure of an
affine variety. Set

SL, := {M € Mat,x, |det M =1} = V(det—1).

Call SL,, the special linear group. We will show that SL, is smooth, irreducible, and
has dimension n? — 1. (We must first, of course, define those terms.)

Example 2.4 Let X = V(f1,...,f.) C A" and Y = V(¢1,...,95) C A™ be affine
varieties. Here, the polynomials f; are in F[ty,...,¢,] and the polynomials g; are in

Fls1,...,8m]. Then X x Y C A" is V(f1,. -, far 91, -, Gb)-

We have so far considered affine varieties defined by finitely many polynomials.
More generally, given any collection S C F[ty, ..., t,] of polynomials, define the affine
variety

V(S) = {te A" | f(t)=0forall f e S}.

Then V associates affine varieties in A" to subsets of polynomials. Observe that V
reverses inclusions so that S C 7 implies V(7) C V(S).

We would like to invert this association. Given a subset Z of A", consider the
collection of polynomials that vanish on Z:

Z(2) == {feFt,...,t;] | f(z) =0forall z € Z}.

Observe that 7 reverses inclusions so that Z C Y implies Z(Y) C Z(Z).
Thus we have two inclusion-reversing maps

%
{Subsets S of ]F[tl, ... ,tn] } T {Subsets Z of A™ } (2.1)

which form the basis of the algebraic-geometric dictionary of affine algebraic geometry.
We now refine this correspondence.

Lemma 2.5 For any Z C A", Z(Z2) is an ideal of Fty,..., t,].
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Proof: Let f,g € Z(Z). Since f and g both vanish on Z, f + ¢ vanishes on Z, and
for any h € F[ty,...,t,], hf vanishes on Z. Thus both f + g and hf are in Z(Z).
]

Observe that if S C F[ty,...,t,] and g € F[ty,...,t,] is in the ideal (S) generated
by S (by this we mean there are fi,..., fs € S and hy,..., hs € Flty, ..., t,] with

g = h1f1+"'+hsfs)7

then g vanishes on V(S). Together with Lemma 2.5, this shows that we lose nothing
if we restrict the left hand side of (2.1) to the ideals of F[ty, ... t,].

Lemma 2.6 For any Z C A", if X = V(Z(Z)) is the variety defined by I(Z), then
I(X)=ZI(2).

Proof: Set X = V(Z(Z)). Then Z C X, and X is the smallest variety containing Z.
If Z C V(J), then necessarily J C Z(Z). Since Z C X, we then have Z(Z) D Z(X),
but we also have Z(Z) C Z(X), and so we conclude that Z(Z) = Z(X). O

Thus we also lose nothing if we restrict the right hand side of (2.1) to the subva-
rieties of A™. Our correspondence (2.1) now becomes

v
{Ideals T of F[ty,...,t,]} — {Subvarieties Z of A"} (2.2)

This association (more precisely, the map V) is not one to one. Suppose n = 1. When
F = R we have V(1+2?) = V(1+2*) = 0, but the ideals generated by 1+z?* and 1+z*
are not equal. While this example is due to R not being algebraically closed, the map
V is still not one to one when F = C. To see this, note that V(z) = V(z?*) = {0}.

The map V o (2.2) is one to one when we restrict it to radical ideals. An ideal
7 is radical if whenever f™ € T for some m > 1, then f € Z. Given an ideal Z of
Flt1,...,t,], the radical v/Z of T is defined to be

VI = {f €F[ts,...,t,] | f™ €T for some m > 1}.

This is the smallest radical ideal containing Z. The reason for this definition is that
if Z C A™ and f™ vanishes on Z for some m > 1, then f vanishes on Z. We record
this fact.

Lemma 2.7 For Z € A", Z(Z) is a radical ideal.

When F is algebraically closed, the precise nature of the correspondence (2.2)
follows from Hilbert’s Nullstellensatz (null=zeroes, stelle=places, satz=theorem), one
of several fundamental results of Hilbert in the 1890’s that helped lay the foundations
of algebraic geometry and usher in twentieth century mathematics.

Theorem 2.8 (Nullstellensatz) SupposeF is algebraically closed andZ C Clty, ..., t,]
is an ideal. Then T(V(T)) = V'T.
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We give a proof of this important theorem in Appendix 7777 We discuss a real
version of the Nullstellensatz in Section 3.1.

Corollary 2.9 (Algebraic-Geometric Dictionary I) The mapsV and I give an
incluston reversing correspondence

Radical ideals T RN . N
{of Flty, ... 1) } — {Subvarieties Z of A™} (2.3)

with Z one to one and V onto, and V(Z(Y)) =Y. When T is algebraically closed, the
maps L and V are inverses, and hence the correspondence is one to one and onto.

Proof: First, we have already observed that VV and Z reverse inclusions. By Defini-
tion 2.1, V(Z) is a subvariety of A™ and by Lemma 2.7, Z(Z) is a radical ideal. When
F is algebraically closed, the Nullstellensatz implies that composition V o Z is the
identity, so V is one to one, for any field. Finally, as V(Z) = V(VZ), the map V is
onto, when I is algebraically closed. This proves the corollary. |

This correspondence will be further refined in Section 2.4 to include maps between
varieties. Because of this correspondence, each geometric concept has a correspond-
ing algebraic concept, when F is algebraically closed. When F is not algebraically
closed, the correspondence is not exact. In that case, we will use algebra (or the
situation when F is algebraically closed) to guide our geometric definitions. This is
appropriate, as it is important for us to not only consider the zeroes V(Z) of an ideal
T C Flty,...,t,] in A}, but also its super set of zeroes in Ag, the affine space over F,
the algebraic closure of F.

We present an equivalent form of the Nullstellensatz.

Theorem 2.10 (Weak Nullstellensatz) Suppose F be algebraically closed. If T is
an ideal of Flty, ... t,] with V(Z) =0, then T = Fty,... t,].

Thus if V(f1,..., fs) = 0, by which we mean that there are no common solutions
to the system of polynomial equations
fit) = folt) = -+ = fi(t) = 0,

then there exist polynomials g1, ..., gs € F[t1,...,t,] such that

1 = gfi+gfet+-+afs.

The Fundamental Theorem of Algebra states that any nonconstant polynomial f €
C[t] has a root t € C (a solution to f(t) = 0). The multivariate fundamental theorem
of algebra is a consequence of the weak Nullstellensatz.

Theorem 2.11 (Multivariate Fundamental Theorem of Algebra) If the ideal
generated by polynomials f1, ..., fs € Flt1,...,t,] is not the whole ring Flty, ... t,)],
then the system of polynomial equations

fit) = folt) = - = [f(t) =0

has a solution in AEE.
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2.2 Generic Properties of Varieties

We saw in Example 2.4 that the product of two affine varieties is again an affine
variety. The same is true for intersections and unions.

Theorem 2.12 The intersection of any collection of affine varieties is again an affine
variety. The union of any finite collection of affine varieties is again an affine variety.

Proof: For the first statement, let {Z, | 7 € I'} be a collection of ideals in F[ty, . .., %,].

Then we have
v,) =V (U I,Y> .

vel’ yer

For the second statement, it suffices to consider the union of two affine varieties.
Let Z,J be ideals of F[t,...,t,]. Then we have

VD)UV(I) = V{f-glfel geT}).

We introduce the following useful terminology.

Definition 2.13 We call an affine variety a Zariski closed set. The complement of
a Zariski closed set is a Zariski open set. The reason for this terminology is that by
Theorem 2.12, affine varieties in A™ form the closed sets of a topology on A", called
the Zariski topology.

We emphasize that the purpose of this terminology is to aid our discussion of
affine varieties, and not because topology is a prerequisite for algebraic geometry.
This Zariski topology is rather strange.

Example 2.14 The Zariski closed subsets of A! are the empty set 0, finite collections
of points, and A! itself. Thus the usual separation properties of Hausdorff spaces (any
two points are covered by disjoint open sets) fails spectacularly when F is infinite.

We compare this Zariski topology with the usual (Euclidean) topology on R™ or
Ccn.

Proposition 2.15 Suppose that F is one of R or C. Then
1. A Zariski closed set is closed in the Fuclidean topology on A™.
2. A Zariski open set is open in the Euclidean topology on A™.
3. A nonempty Fuclidean open set is dense in the Zariski topology.
4. A nonempty Zariski open set is dense in the Fuclidean topology on A™.

5. A Zariski closed set Z C A" is nowhere dense in the Euclidean topology on A™.
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6. R™ is Zariski dense in C™.

Proof: For statements 1 and 2, a Zariski closed set V(Z) is the intersection of the
hypersurfaces V(f) for f € Z, so it suffices to consider the case of a hypersurface
V(f). But this follows as f : A" — F is a continuous function in the Zariski topology
and V(f) = f71(0).

For the third statement, it suffices to show that a nonempty ball B containing the
origin is dense in the Zariski topology. If a polynomial f vanishes on B, then all of
its partial derivatives do as well. In particular, as all partial derivatives of f vanish
at 0, all coefficients of f vanish, and hence f is identically zero on A™. Thus B is
dense in the Zariski topology.

For statements 4 and 5, observe that if f is nonconstant, then by 3, the interior
of the (Euclidean) closed set V(f) is empty, hence V(f) is nowhere dense.

Lastly, if a polynomial vanishes on R”, then all of its partial derivatives are zero
and so it vanishes on C". O

Example 2.16 The Zariski topology on a product X x ) of varieties is in general not
the product topology. In the product topology on A2, the closed sets are finite unions
of the following sets: the empty set, points, lines of the form {t} x Al or A! x {t},
the whole space A%2. On the other hand A? contains a rich collection of 1-dimensional
subvarieties (called curves), such as the cubic curves of Example 2.2, which are not
in that list.

The fourth statement in Proposition 2.15 leads to the very important notions of
genericity and of generic sets and properties.

Definition 2.17 A subset G C A" is called generic if there is a nonempty Zariski
open set X with X C G. A property is generic if the set of points where it holds is a
generic set.

When F is R or C, generic sets G C A" are dense in the Fuclidean topology.
Example 2.18 The generic n X n matrix is invertible. Set
GL, := {M € Mat,x, | det(M) # 0},

the set of all invertible n x n matrices, called the general linear group. Since GL,
equals Mat,,», — V(det), it is Zariski open. As GL,, is nonempty (for instance, it
contains the n x n identity matrix I,,), it is a generic set.

Example 2.19 The general univariate polynomial of degree n has n distinct roots.
Identify A™ with the set of univariate polynomials of degree n via

(at,...,a,) €A™ — 2" +az" '+ +a, €F]. (2.4)

We construct the discriminant A € Flay,...,a,] which vanishes precisely when the
polynomial (2.4) has fewer than n distinct complex roots, which shows the general
univariate polynomial of degree n has n distinct complex roots.
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A polynomial f € F[z] of degree n has fewer than n distinct complex roots when
it has a double root. In this case, f and its derivative f’ have a factor in common.
We use linear algebra to detect this. Let S,, be the set of polynomials of degree at
most m, a vector space of dimension m + 1. Consider the linear map

Pn - Sn—l X Sn—2 — SQn—Q
(9,h) — f'g+ fh

If ¢, is onto, then 1 = f’g+ fh for some pair (g, h) and so f and f” are relatively prime.
Conversely, if f and f’ share a common root y in F, then every polynomial in the
image of ¢, also vanishes at y and so ¢,, is not onto. It follows that the discriminant
polynomial A := det ¢,, vanishes precisely when f and f’ have a common root. This
discriminant is a polynomial of degree 2n — 2 in the coefficients aq,...,a,: In the
basis of S,, given by the monomials in z, ¢, is a (2n — 1) X (2n — 1) matrix whose
entries are the coefficients of f and f’ and the first column has entries the constants
1,7n, and 0.
For example, if n = 2 and f = 22 + ax + b, then

0

2
v = | 2 a and A = a®>—4b.
1 a

O R

A complex n x n matrix is semisimple or diagonalizable if C" has a basis of
eigenvectors for M.

Example 2.20 The generic complex n X n matrix is semisimple. Let M € Mat,,«,
and consider the (monic) characteristic polynomial of M.

X(A) = det(Al,, — M).

If M is not semisimple, then in particular x(\) has a double root. The coefficients
of x(\) are polynomials in the entries of M. Evaluating the discriminant at these
coefficients gives a polynomial v in the entries of M that vanishes precisely when the
characteristic polynomial has a double root.

Since Mat,,,,— V(1) consists of matrices with distinct eigenvalues, it is a nonempty
Zariski open subset of the set of semisimple matrices. This shows that the semisimple

matrices constitute a generic subset of Mat,, .
When n = 2,

det (/\] — [ i i }) = N = Mait + ag) + annaz — a12a91 ,

21 (22
and so the polynomial v is (a1 + ag)? — 4(a11a20 — a12as1).

Exercise 2.1 Prove the statement of Example 2.14 about the Zariski topology on
A': A closed set is either the empty set, a finite collection of points, or A! itself.
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2.3 Unique Factorization for Varieties

We initially defined an affine variety to be the set of common zeroes of a finite set of
polynomials, and then later extended this to the common zeroes of all polynomials in
an ideal. Does this added generality give us anything new? In other words, are there
any ideals in F[ty, ..., t,] which are not of the form

(fi, - fs) = {Zngz | g1, 9s €F[ty, ... 1]} 7

The answer is that we do not gain anything; all ideals of F[t,...,t,] are finitely
generated.

This result, due to Hilbert, implies many important finiteness properties of al-
gebraic varieties. In particular, the existence and effectivity of computational tech-
niques is a consequence of this Hilbert Basis Theorem, which we state below. We
give a proof in Section 3.2, where we discuss Grobner bases, the foundation of many
effective algorithms in algebraic geometry.

Theorem 2.21 (Hilbert Basis Theorem) FEuvery ideal Z ofF[tq,...,t,] is finitely
generated.

A direct consequence of the Basis Theorem is the following corollary.

Corollary 2.22 Any affine variety Z C A™ is an intersection of a finite number of
hypersurfaces.

Proof: Let fi,..., fs € Flt1,...,t,] generate the ideal Z(Z) of Z. Then Z = V(f1) N
NV f). O

We will establish a basic structure theorem for affine varieties, which is an analog

of unique factorization for polynomials. A polynomial f € F[ty,...,t,] is reducible

if we can write f = gh with neither g nor h a constant; otherwise f is irreducible.

Given f € F[ty,...,t,], we may write f as a product of irreducible polynomials
f=9'-9297, (2.5)

where each [; > 0 and each g; is irreducible and non-constant, and if ¢ # j, then g;
and g; are not proportional. A basic property of the polynomial ring F[ty,...,t,] is
that it is a unique factorization domain; any factorization of f into irreducibles (2.5)
is essentially unique. We give a proof in Appendix 77?7 By this we mean that if we
have another such factorization

fo= hmoprz. pms

then » = s, and we may reorder the factors so that [; = m;, and g; is a scalar multiple
of h;, foreachi=1,...,s.
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This algebraic property has an immediate geometric consequence for hypersur-
faces. Suppose a polynomial f is factored into irreducibles (2.5). Then the hypersur-
face X = V(f) is the union of hypersurfaces X; := V(g;), and this decomposition of
X

X= XU U---UAX,

into hypersurfaces defined by irreducible polynomials is unique.
We show this decomposition property is shared by general affine varieties, and
prove this geometric property.

Definition 2.23 An affine variety X is reducible if there exist proper closed subva-
rieties X}, Xy C X with X = &) U &,. Otherwise X' is irreducible.

Example 2.24 We display a reducible variety below. It has 3 components, one is a
surface, and the other 2 are curves.

Example 2.25 The special linear group SL, = V(det —1) is an irreducible variety.
If det —1 = fg is a nontrivial factorization, then the top homogeneous components
of f and g give a nontrivial factorization of the determinant polynomial det.

We use induction on n to show that the determinant polynomial det,, for n x n
matrices is irreducible. When n = 1, det; = x1; is irreducible. Suppose now that
det,,_; is irreducible and that we may factor det,, = fg. Since det,, is linear in the
lower right entry z,, of a matrix in Mat,,,, we may assume that f is the factor of
det,, = fg in which z,, appears. Then f is linear in x,,,, so that there are polynomials
a and b in which z,,, does not appear with f = x,, - a +b. We then have

det, = fg = xp,-ag+bg.

Since det,, 1 is the coefficient of x,, in det,, we have ag = det,,_;. Our induction
hypothesis is that det,_; is irreducible, so either ¢ = 1, which shows that det,, is
irreducible, or else a = 1. If a = 1, then g = det,,_; divides det,,. To see this cannot
happen, consider the matrix M whose only non-zero entries are x;,_; = 1. Then

det,,_ (M) = 0, but det, (M) = (—1)(2) £ 0.

Theorem 2.26 A product X x ) of irreducible affine varieties is irreducible.
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Proof: Suppose that X x ) = Z; U Z,, with each Z; a closed subset of X x ). For
each x € X, the closed set {x} x ) is isomorphic to Y, and is therefore irreducible.
Since

{z} xY = ({z} x V)N 21) U (({z} x V)N 2,),

either {z} x Y C Z; or else {z} x Y C Z5. The subset X; C X consisting of those
z € X with {z} x Y C 2, is a closed subset: We have X; = ., X, where X, is the
collection of points {x € X' | x x y € Z;}. Since X, x {y} = (X x {y}) N 2, &, and
hence A is closed. Similarly define the closed subset X5. Since X = A3 U Xy and X
is irreducible, we either have X = & or X = X,. But X = & implies X x Y = Z,;,
which proves X x ) is irreducible. O

Under the algebraic-geometric dictionary, the geometric property of irreducibility
corresponds algebraically to prime ideals. An ideal Z is prime if whenever f; - fo € 7

with fi §ZI, then f, € 7.

Theorem 2.27 An affine variety X is irreducible if and only if the ideal Z(X) of X
18 prime.

This shows that a hypersurface X = V(f) is irreducible if and only if f is irre-
ducible.

Proof: Let X be an affine variety and set Z := Z(X'). Suppose X is irreducible and
we have polynomials fi, fo € Z. Then X} := X N V(f1) and &y := X N V(f2) are
proper Zariski closed subsets of X' so that X} U Xy = V(f1f2) is also a proper closed
subset of X', as X is irreducible. But then f; fo & 7, which implies that Z is prime.
Suppose now that X is reducible with X = X} U X5 where &} and &, are proper
closed subvarieties of X'. Then there exist polynomials f;, fo with f; vanishing on
X;, but not on all of X, for ¢ = 1,2. That is, fi, fo € Z. Since X = &} U Xy, the
polynomial f; fs vanishes on X and so is in Z. Thus Z is not prime. |

Theorem 2.28 Any affine variety is a finite union of irreducible subvarieties.

Proof: Suppose the theorem fails for an affine variety X C A™. Then X is reducible,
and we may write X = A} U X| with both &} and X proper subvarieties of X'. If
the theorem held for both X} and X}, then it would hold for X. Thus it must fail
for one, say X;. But then &) is reducible, and has a proper subvariety X, for which
the theorem fails. Continuing in this fashion, we find an infinite descending chain of
subvarieties of X

X 2DXx 2 X 2D - -

=

If we consider the ideals of these varieties, we obtain an infinite increasing chain
of ideals in F[ty, ..., t,]

I(X) C I(X) € T(X) € ---

The union Z of these ideals is an ideal. By the Hilbert Basis Theorem 2.21, 7 is finitely
generated, thus there is some integer N so that Z(Xx) contains these generators, and
so Z = I(Xy), which is a contradiction. O
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If we write an affine variety X = U;&; as a finite union of irreducible subvarieties
&;, and we have X; C & for some i # j, then we may delete &; from this union.
Continuing in this fashion, we arrive at a decomposition X = U;X; where if i # j,
then X; ¢ X;. This decomposition is unique: If X = U,);, then as &; = U;(); N &;)
and &j is irreducible, we must have X; C Y; for some j. Applying the same reasoning
to Y; gives V; C A}, for some k. But then X; C X), and so i = k and &; = );. We
call these subvarieties X; the irreducible components of X. We summarize these facts
in the following basic structure theorem for varieties.

Corollary 2.29 (Unique Decomposition of Varieties) An affine variety X has
a unique decomposition as a finite union of irreducible subvarieties

X =4 U X U -~ UA;.

When F is algebraically closed, we have the following result comparing the alge-
braic and usual Euclidean notions of connected components. Cite Something?

Proposition 2.30 An irreducible complex affine variety is connected in the Fuclidean
topology.

Example 2.31 Irreducible real algebraic varieties need not have this property. Con-
sider the irreducible cubic plane curve V(y? — 2 + ) in Ad:

This has 2 (Euclidean) connected components, even though it is irreducible as an
algebraic variety.

2.4 Regular and Rational Functions

The algebraic-geometric dictionary of Section 2.1 is strengthened significantly when
we include regular algebraic maps between affine varieties and corresponding homo-
morphisms between rings of regular functions. In addition to regular functions and
maps, algebraic geometry also uses rational maps between varieties which are not
defined at all points of a variety. Working with functions and maps not defined at
every point is a special feature of algebraic geometry that sets it apart from other
branches of geometry.

Suppose F is algebraically closed. Then a regqular function f : X — F on an affine
variety X C A" is given by restricting a polynomial function F' € F[t,...,t,] to
X. Since we may add and multiply regular functions, the set of all regular functions
on a variety X forms a ring F[X] called the coordinate ring of X or ring of reqular
functions on X. The surjective ring homomorphism

Flt1, ... ta] — FX] (2.6)
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given by restricting polynomials to X has kernel those polynomials that vanish on X,
that is Z(X). Thus we see that

FIX] ~ Flt,....t.]/Z(X). (2.7)

When F is not algebraically closed, suppose that the variety X = V(Z), where Z is
radical. Then we define the coordinate ring F[X]| of X’ to be the ring F[ty,...,t,]/Z.
This is consistent with our desire to have definitions that are stable when we pass to
the algebraic closure of our ground field.

Suppose X C A™ and ) C A™ are varieties respectively defined by radical ideals
7 and J, and we form their product X x Y C A" as in Example 2.4. Since X x )
is defined by the ideal Z+ 7, we see that F[X x )] = F[X]®pF|[Y], the tensor product
of the coordinate rings.

By (2.6), the coordinate ring F[X] is a finitely generated F-algebra. Since Z(X)
is radical, if 0 # f € F[X], then f™ # 0 for every integer m > 0. We call such an
algebra with no nilpotent elements reduced. When F is algebraically closed, these two
properties characterize coordinate rings of affine varieties.

Theorem 2.32 Suppose F is algebraically closed. Then a F-algebra R is the coordi-
nate ring of an affine variety if and only if R is finitely generated and reduced.

Proof: Suppose that R is a reduced F-algebra with generators fi,..., f,. Consider
the surjective ring homomorphism

¢ : Flty,...,t,] — R

given by t; — f;. Let Z C F[ty,...,t,] be the kernel of ¢. Since R is reduced, Z is a
radical ideal.
When F is algebraically closed, the algebraic-geometric dictionary of Corollary 2.9

shows that Z =Z(V(Z)), and so R ~ F[ty,...,t,]/Z = F[V(Z)]. O

Note that a different choice of generators gy, ..., g,, for R in this proof will give a
different affine variety with coordinate ring R. One goal of this section is to under-
stand this apparent ambiguity.

Among the coordinate rings F[X]| of affine varieties are the polynomial alge-
bras Flty,...,t,] = F[A"]. Many properties of polynomial algebras, including the
algebraic-geometric dictionary (Corollary 2.9) and the Hilbert Theorems (Theorems 2.8
and 2.21) hold for coordinate rings F[X]. We briefly describe that here.

Given regular functions fi,..., fs € F[X] on an affine variety X C A", their set
of common zeroes
Vi, fs) = {z e X| filz) =+ = fi(x) = 0}

is a subvariety of X'. To see this, let F,..., Fy € F[ty,...,t,] be polynomials repre-
senting f1,..., fs. Then

V(fi,....fs) = XNV(F,...,F).
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As in Section 2.1, we extend this notion and define V(Z) for an ideal Z of F[X].
Similarly, if Z C X, then Z(X) C Z(2) in F[ty,...,t,] and so Z(Z)/Z(X) is an ideal
of FIX] =F[A"]/Z(X).

Both Hilbert’s Nullstellensatz and Hilbert’s Basis Theorem have analogs for affine
varieties X and their coordinate rings F[X]. These are consequences of the original
Hilbert Theorems which follow from the surjection F[A"| — F[X] and the correspond-
ing inclusion X C A™.

Theorem 2.33 (Hilbert Theorems for F[X]) Let X' be an affine variety. Then
1. Any ideal of F|X] is finitely generated.

2. If Z C X, then I(Z) C F[X] is a radical ideal.

3. Suppose F is algebraically closed. An ideal T of F[X] defines the empty set if
and only if T = F[X].

We obtain a version of the algebraic-geometric dictionary between subvarieties of
X and radical ideals of F[X] in the same fashion as the original algebraic-geometric
dictionary of Corollary 2.9.

Theorem 2.34 Let X be an affine variety. Then the maps V and Z give an inclusion
reversing correspondence

Radical ideals RN .y
{I of F[X] } — {Subvarieties Y of X'} (2.8)

with T one to one and V onto, and V(Z(Y)) =Y. When F is algebraically closed, the
maps L and V are inverses, and hence bijections.

Definition 2.35 A list fi,..., f,, € F[X] of regular functions on an affine variety X
gives a regular map

QY X — A™
z — (fi(@), .., fm(2)).

Regular maps between affine varieties are continuous in the Zariski topology.

If g(ty,...,tm) € F[A™] is a polynomial, then ¢*g(x) := g(fi(x),..., fm(x)) de-
fines a regular function ¢*g, equivalently, ¢*g := g(f1,..., fm) € F[X]. This pullback
©* : F[A™] — F[X] is a ring homomorphism and when F is algebraically closed, its
kernel consists of those polynomials g € F[A™] which vanish on ¢(X). In this way,
we say that p(X') is a subset of an affine variety Y if and only if ¢*(Z(Y)) = 0 in
F[X]. When F is algebraically closed, this characterizes the affine varieties Y with
©(X) C Y, and when F is not algebraically closed, it provides an adequate notion
that is stable under extension to the algebraic closure. Thus if ¢ : X — ) with Y
an affine variety, then the ring homomorphism ¢* factors through the coordinate ring
FIY] = F[A™]/Z(Y) of .

Conversely, let ¢ : F[Y] — F[X] be a ring homomorphism between the coordinate
rings of affine varieties Y C A™ and X C A". Let ty,...,t, be the images in
F[Y] of the coordinate functions on A™ and for i = 1,...,m, set f; := 1(t;). Then
fi,-- -, fm € F[Y] defines a regular map ¢ : X — Y C A™ such that ¢* = 1.
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Example 2.36 Matrix multiplication is a regular map. If (z;;) and (yx) are the
coordinates of Mat,,, and Mat,,y,, respectively, then the multiplication map p :
Mat,,xm x Mat,,x, — Mat, ), is defined by the np regular functions

fi = Tayu + TiYau + -+ TimYmi -

Definition 2.37 A regular map ¢ : X — ) of affine varieties is an isomorphism if
© has an inverse which is also a regular map.

By the correspondence between maps of affine varieties and homomorphisms of
their coordinate rings, we can see that ¢ : X — ) is an isomorphism if and only if
©* : F[Y] — F[X] is a ring isomorphism.

Example 2.38 The map ¢ +— (¢,t?) from A® to the parabola V(y — z?) is an isomor-
phism as it has inverse (z,y) — x. On the other hand, the bijection ¢ : ¢ — (¢%,3)
from A! to the cuspidal cubic (y* — %) is not an isomorphism as the image of ¢* in
[F[t] consists of those polynomials f without a linear term, that is f’(0) = 0.

We refine the algebraic-geometric dictionary. A map between mathematical struc-
tures which takes maps to maps, but reverses directions of arrows is called a con-
travariant functor [19].

Theorem 2.39 (Algebraic-Geometric Dictionary II) The association X — F[X]
of an affine variety X its coordinate ring F[X| is a contravariant functor

(2.9)

{Affine algebraic varieties } U, {sztely genemted}

reduced F-algebras

When T is algebraically closed, there is an inverse map Spec such that if R is a finitely
generated reduced F-algebra, then R ~ C[Spec(R)], and if X € A" is an affine variety,
then X ~ Spec(F[X]).

We remark on this map Spec. Given a finitely generated reduced C-algebra
R =Ft,...,t,]/Z, let Spec(R) = V(Z) C A}. Even though this map depends upon
the choice of algebraic generators ti,...,t, for R, any two such choices are canoni-
cally isomorphic. Theorem 2.39 is the strongest statement about the equivalence of
algebraic and geometrical concepts.

We use the notion of isomorphism to introduce the important construction of a
principal affine open set.

Definition 2.40 Let X C A" be an affine variety and let f € F[X] be a non-zero
regular function. Define the principal (affine) open set Xy by

Xy = {re X | fx) £0}.
Let F' € F[A"] be a polynomial representative of f € F[X]. Consider the affine variety

in An—i—l

U = V(Fl,...,Fs, Ftn+1_1)7 (210)
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where F7i, ..., F, generate the ideal of X and ¢, is the last coordinate function on
A" The projection A"*! — A™ on to the first n coordinates maps U bijectively
to Xy, with inverse given by x +— (z, 1/f(x)). Identifying X, with U gives Xy the
structure of an affine variety with coordinate ring

F[Xy] = FlX][tnga] /(Ena f — 1) = F[X][1/ f].

Example 2.41 Set F* := A! — {0}. If x is the coordinate function on A!, then F*
is Al and the variety U in (2.10) is the hyperbola V(xy — 1).

Example 2.42 The general linear group GL, from Example 2.18 is the principal
open subset of Mat, «, defined by the non-vanishing of the determinant polynomial
det. By Definition 2.40, GL,, is an affine variety. Since the inverse of a matrix is
given by its adjoint matrix divided by its determinant, and the entries of the adjoint
matrix are polynomial functions of the entries of the original matrix, we see that the
inverse map

M +— M~

is a regular map on GL,,.

Definition 2.43 A linear algebraic group G is a subvariety of GL,, for some n which is
closed under matrix multiplication and matrix inverse. More abstractly, an algebraic
group is an algebraic variety whose multiplication and inverse maps are regular.

These two notions are related by a Theorem of Chevalley!.
Theorem 2.44 FEvery affine algebraic group is a linear algebraic group.

Example 2.45 Both the general linear group and the special linear group SL, :=
V(det —1) C Mat,,«,, are linear algebraic groups.
Let g7 be the transpose of a matrix g € Mat, »,. Then for M € Mat,,xn,

Gy = {g¢€ SLn|gMgT:M}

is a linear algebraic group, as the condition gM ¢” = M is n? polynomial equations in
the entries of g, and G, is closed under matrix multiplication and matrix inversion.
When M is skew-symmetric and invertible, G,; is a symplectic group. In this
case, n is necessarily even. If we let J, denote the n x n matrix with ones on its
anti-diagonal, then the matrix
0 Jn
]

is conjugate to every other invertible skew-symmetric matrix in Matg, x2,. We assume
M is this matrix and write Sps, for the symplectic group.

When M is symmetric and invertible, G, is a spectal orthogonal group
SO, C. When K is algebraically closed, all invertible symmetric matrices are conju-
gate, and we may assume M = J,. For general fields, there may be many different
forms of the special orthogonal group. For instance, when F = R, let k£ and [ be,

Ts this Chevalley’s?
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respectively, the number of positive and negative eigenvalues of M (these are conju-
gation invariants of /. Then we obtain the group SOy ;R. We have SO ;R ~ SO, ;R.

Consider the two extreme cases. When [ = 0, we may take M = I,,, and when
|k =1 <1, we take M = J,. We will write SO,F and SO,, 1F for the special
orthogonal groups defined for M = J,, and M = Jo,,11.

When F = R, this differs from the standard convention that the real special
orthogonal group is SO,, oR, which is compact in the Euclidean topology. Our reason
for this deviation is that we want SO,R to share more properties with SO, C. Our
group SO,R is often called the split form of the special linear group.

When n = 2, consider the two different real groups:

SOs0R = {{ cosf sm&] |0€51}

—sinf cos®

SOLlR = {[8 agl} |CL€RX}

Note that in the Euclidean topology SOs R is compact, while SO; ;R is not. The
complex group SO,C is also not compact in the Euclidean topology.

Let G be one of the groups GL,F, SL, 1F, SOz, 1F, Sps,F, or SO,,F defined
here, considered as a subgroup of the obvious general linear group. Then the set of
diagonal matrices in G is maximal torus T of G, and any subgroup of the form ¢g7'¢g*
conjugate to T is also a maximal torus of G. Any maximal torus of these groups is
isomorphic to (F*)™. The upper triangular matrices B (or By) in G form a Borel
subgroup of GG, and any subgroup conjugate to B is also a Borel subgroup. The lower
triangular matrices in GG form the Borel subgroup B_ opposite to B,. Those upper
triangular matrices U with 1’s on their diagonal form a wunipotent subgroup of G.

Suppose X is any irreducible affine variety. By Theorem 2.27, its ideal Z(X) is
prime, so its coordinate ring F[X] has no zero divisors (0 # f, g € F[X] with fg = 0).
A ring without divisors of zero is called an integral domain. In exact analogy with
the construction of the rational numbers Q as quotients of integers Z, we form the
function field F(X) of X as the quotients of regular functions in F[X]. Formally, F(X")
is the collection of all quotients f/g with f,g € F[X] and g # 0, where we identify

é:é < figa — fog1 = 0 in F[X].

g 92
Example 2.46 The function field of affine space A" is the collection of quotients of
polynomials P/@Q with P,Q € F[ty,...,t,]. This field F(¢y,...,t,) is called the field

of rational functions in the variables tq,...,t,.

Given an irreducible affine variety X C A", we may also express F(X) as the
collection of quotients f/g of polynomials f,g € F[A"] with g € Z(X), where we

identify
fi [

== = fig2 — fon € I(X).
g1 g2

Rational functions on an affine variety X do not in general have unique representatives
as quotients of polynomials or even regular functions.
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Example 2.47 Let X := V(a? 4+ y* + 2y) C A? be the circle of radius 1 and center
at (0,—1). In F(X) we have
T Y+ 2

Yy T

A point x € X is a regular point of a rational function ¢ € F(X) if ¢ has a
representative f/g with f, g € F[X] and g(x) # 0. From this we see that all points of
the neighborhood &, of x in & are regular points of ¢. Thus the set of regular points
of ¢, which we call the domain of reqularity of @, is a nonempty Zariski open subset
of X.

When z € X is a regular point of a rational function ¢ € F(X), we set p(z) :=
f(z)/g(x) € F, where ¢ has representative f/g with g(z) # 0. The value of ¢(x)
does not depend upon the choice of representative f/g of ¢. In this way, ¢ gives a
function from a dense subset of X' (its domain of regularity) to F. We write this as

p: X ——F

with the dashed arrow indicating that ¢ is not necessarily defined at all points of X.

The rational function ¢ of Example 2.47 has domain of regularity X — {(0,1)}.
Here ¢ : X——TF is stereographic projection of the circle onto the line y = —1 from
the point (0,0). (See Figure 4.1.)

Example 2.48 Let X = A} and ¢ = 1/(1 + 2%) € R(X). Then every point of X is
a regular point of ¢. The existence of rational functions which are regular at every
point, but are not elements of the coordinate ring is a special feature of real algebraic
geometry. Observe that ¢ is not regular at the points ++v/—1 € AL.

Theorem 2.49 When F is algebraically closed, a rational function that is reqular at
all points of an irreducible affine variety X is a reqular function in C[X].

Proof: For each point x € X, there are regular functions f,, g, € F[X]| with ¢ = f./g.
and g.(x) # 0. Let Z be the ideal generated by the regular functions g, for x € X.
Then V(Z) = (), as ¢ is regular at all points of X'

If we let gi,...,gs be generators of Z and let fi,..., fs be regular functions such
that ¢ = f;/g; for each i. Then by the Weak Nullstellensatz for X (Theorem 2.33(3)),
there are regular functions hy, ..., hs € C[X] such that

L = higi+- + hgs.
multiplying this equation by ¢, we obtain
Y = h1f1+"’+hsfsv

which proves the theorem. |

A list f1,..., fin of rational functions gives a rational map

p: X ——— A"
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This rational map ¢ is only defined on the intersection U of the domains of regularity
of each of the f;. We call U the domain of ¢ and write ¢(X) for p(U).

Let X be an irreducible affine variety. Since F[X] C F(X), any regular map is
also a rational map. As with regular maps, a rational map ¢ : X—— A™ given
by functions fi,..., f,, € F(X) defines a homomorphism ¢* : F[A™] — F(X) by
©*(g9) =9g(f1,..., fm). If Y is an affine subvariety of A™ then ¢(X) C Y if and only
if p(Z(¥)) = 0. In particular, the kernel J of the map ¢* : FIA™] — F(X) defines
the smallest subvariety Y = V(J) containing ¢(X), that is, the Zariski closure of
©(X). Since F(X) is a field, this kernel is a prime ideal, and so ) is irreducible.

When ¢ : X—— ) is a rational map with ¢(X) dense in Y, then we say that
@ is dominant. A dominant rational map ¢ : X—— ) induces an embedding ¢* :
F[Y] — F(&X). Since Y is irreducible, this map extends to a map of function fields
©* : F(Y) — F(X). Conversely, given a map ¢ : F(Y) — F(&X) of function fields,
with ) C A™, we obtain a dominant rational map ¢ : X —— ) given by the rational
functions ¥ (ty),...,¥(t,) € F(X) where ti,...,t, are the coordinate functions on
Yy CcA™.

Suppose we have two rational maps ¢: X—— ) and ¢: Y—— Z with ¢ dominant.
Then ¢(X) intersects the set of regular points of 1, and so we may compose these
maps ¥ o ¢: X—— Z. Two irreducible affine varieties X and ) are birationally
equivalent if there is a rational map ¢ : X —— ) with a rational inverse ¢ : Y—— X.
By this we mean that the compositions ¢ 01 and 1o ¢ are the identity maps on their
respective domains. Equivalently, X and ) are birationally equivalent if and only if
their function fields are isomorphic, if and only if they have isomorphic open subsets.

Exercise 2.2 Show that if two varieties X and ) are isomorphic, then they are
homeomorphic as topological spaces. Show that the converse does not hold.

Exercise 2.3 Prove the Hilbert Theorems (Theorem 2.33) for an affine variety X.

Exercise 2.4 Prove that a regular map ¢: X — ) between affine varieties X and )
is continuous in the Zariski topology.

Exercise 2.5 Show that the bijection ¢ : ¢ — (¢2,¢3) from A! to the cuspidal cubic
(y* — 2?) is not an isomorphism of affine varieties.

Exercise 2.6 Let M € Mat, «,. Prove that the subvariety G, C Mat, «,, defined by
Gy = {g€SL, | gMg" = M}
is a linear algebraic group.

Exercise 2.7 Let M € Maty,x2,F be a skew symmetric matrix. Show that M is
conjugate to the matrix
0 J,
]

where J,, is the n X n matrix with ones on its anti-diagonal.

Exercise 2.8 Show that irreducible affine varieties X and ) are birationally equiv-
alent if and only if they have isomorphic open sets.
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2.5 Smooth and Singular Points, Dimension

Some of the algebraic varieties we have seen, particularly in Examples 2.2 and 2.24,
have singularities—points which do not have a neighborhood that is a manifold.
We develop the tools and language to treat this common phenomenon in algebraic
geometry.

Given a polynomial f € F[ty,...,t,] and a point x = (x1,...,z,) € A" we
can make a linear change of variables and write f as a polynomial in new variables
¢ :=1t — x. This gives the Taylor expansion of f at the point x:

where the remaining terms are homogeneous with degree greater than 1 in the differ-
ences & = (t;—z;). When the characteristic of F is zero, this is the usual Taylor expan-
sion of multivariate calculus where the coefficient of the monomial & = 1¢2 ... gin
is the mixed partial derivative of f:

L (9N (0N (9N,
iqlig) - -4, \ Oty Ots oty '

If we use £ as coordinates for F”, then the linear term in the Taylor expansion is a
linear map d, f: F* — [ called the differential of f at the point x.

Definition 2.50 Let X' C A™ be a subvariety with Z = Z(X'). The (Zariski) tangent
space T, X to X at a point x € X is the joint kernel of the linear maps {d,f | f € Z}.
Since we have

d.(f+g9) = dof +dug and
d.(fg) = f(x)deg+g(x)d.f,

only a finite generating set for the ideal Z is needed to define T, X" at all points x € X.

Example 2.51 Consider the polynomials f = y?> — 23, g = y?> — 2% — 2%, and h =
y? — 2% + x which define (respectively) the cuspidal cubic, nodal cubic, and elliptic
curve of Example 2.2. Their differentials are

deyf = (=32%,2y),
diwyyg = (=32 —2z,2y), and
dzgph = (=32°+1,2y).

We see that d(,,) [ vanishes only at the origin, which is on the cuspidal cubic. Simi-
larly, d(,,)g vanishes at the origin and at the point (—2/3,0), and of these only the
origin is on the nodal cubic. Thus the tangent spaces of both the cuspidal and nodal
cubics have dimension 1 at all points except at the origin, where they have dimension
2. The elliptic curve in contrast has all of its tangent spaces one-dimensional, as
d(z4)h vanishes only at the points (£1/ v/3,0), which are not on the elliptic curve.
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Example 2.52 The special linear group SL, has all of its Zariski tangent spaces
isomorphic to F"°~1. Indeed, SL,, = V(det —1), and the partial derivative

0 det

8xm~

is the cofactor of z; ; ((—1)"*7 X the determinant of the (n—1) x (n—1) matrix obtained
by deleting the ith row and jth column). Thus d, det = 0 only when all such cofactors
vanish, but the vanishing of all cofactors implies that det = 0, which does not occur
at any point of SL,.

Theorem 2.53 Let X' be an affine variety. Then there exists a (non-empty) open
subset of X consisting of the points of X whose tangent space has minimal dimension.

Proof: Let fi,..., fs be generators of Z(X). Let M € Maty,(F[A"]) be the matrix
whose entry in row ¢ and column j is df;/0t;, which is a polynomial in F[A"]. Then,
for € € F™ and x € A", M(z)¢ is the s-tuple of the differentials of fi,..., fs. Thus
when z € X, the Zariski tangent space T, X is the kernel of the matrix (M (z)).

For each number [ = 1,2,... min{s,n}, define the degeneracy locus A; C A™ to
be the variety defined by the collection of all [ x [ minors of the matrix M, and set
Ay := A™ if [ is greater than min{s,n}. Then we have

Al - AQ c - CAmin{sm} C A" = A1—&—rnin{s,n}-

On the set Ay 1 — A, the matrix M (z) has constant rank 7. Thus if x € A1 — A,
the kernel of M (z) has dimension n — i. Let i be the minimal index with X C A;4;.
Then X — A; ={z € X | dim7T, X =n — ¢} is open in X, and n — i is the minimum
dimension of a tangent space to X. |

A subset X C A" is locally closed if X is a Zariski open subset of the closure X
of X in A™. In the proof of Theorem 2.53, we showed the following.

Theorem 2.54 Let X be an affine variety. For each number k, the set of points
x € X such that dimp T, X = k 1s locally closed.

Definition 2.55 A point x of a variety X is smooth if it has an open neighborhood
U C X such that dimyp 7, X is minimized on & when y = x. Points of X where
dimg 7T, X is not locally minimal are called singular. Let Xy, be the open subset of X
consisting of its smooth points and Xgne be its closed subset of singular points. Thus
the cuspidal and nodal cubics are singular only at the origin, while the elliptic curve
and special linear group SL,, are smooth varieties.

We make the definition of tangent spaces intrinsic so that it becomes functorial
under maps of algebraic varieties. To that end, let X be an affine variety and I =
Z(X). Let x € X and consider a regular function f € F[X]. If we define d,f = d,F,
where F' € F[A"] is any polynomial representing f, then d, f is only defined modulo
the subspace {d,G | G € I} of differentials of polynomials in the ideal of X. Thus d, f

30



is a well-defined linear map on the common kernel of the differentials {d,G | G € I},
in other words, d, f is a linear map on the tangent space T, X to X at x.

Thus we have a linear map d,.: F[X]| — T,X*, the space of linear maps on T, X.
Since d,a = 0 for € F a constant, d, f = d.(f — f(x)), and so it suffices to consider
the restriction of d, to the mazimal ideal of functions vanishing at x, my , or m, to
be {f € F[X] | f(x) = 0}. Observe that the inclusion X C A™ induces the restriction
Mpn o = My 5.

Theorem 2.56 The map d, defines an isomorphism of the vector spaces m,/m2 and
T,X*.

Proof: To see that d, is surjective, observe that the differential of any linear map is
that linear map. Since T, X is a linear subspace of F", the restriction of linear maps
on F” to T, X gives all linear maps on 7T, X. But this restriction factors through the
composition of the quotient map F[A"] — F[X] with the differential d,.

Suppose now that f € m, satisfies d,f = 0. Let F' be any polynomial representa-
tive of f. Since the linear map d, F" vanishes on T, X it equals d,G for some G € [I. If
we set H = F'— G, then d,H = 0 as a linear map on A", and so the Taylor expansion
of H has no constant or linear terms. But this says that H € minm, the square of
the maximal ideal of x in F[A"™]. Since H is another polynomial representative of f,
we conclude that f € m2 in F[X]. O

Henceforth, we will define the tangent space T,X at a point z of an algebraic
variety X to be (m,/m2)*, where m, is the maximal ideal in the coordinate ring of X
of functions vanishing at x. This intrinsic definition is functorial: A map ¢: X — Y
induces maps d,p: T,X — T,,)) and if we have ¢: Y — Z as well, then the
composite map T, X — Ty, — Ty(p2))Z is the composition of d,p and dy ).

To see this, let ¢: X — Y C A™ be a map of affine varieties given by the functions
fi,.- ., fm € E[X]. Then the map ¢*: k[Y] — k[X] is given by g — g(f1,..., fm). Let
r € X and g € my,(,). Then ¢*g(z) = g(p(x)) = 0, and so we see that p*: my) —
m,, and also ¢*: mfo(x) — m2. Thus the map

My — My —» my/m

factors through the quotient m(,)/ mi(x). Dualizing, we obtain the map d,p: T, X —
Ty@)Y. The functoriality of d,p follows from the functoriality of the maps ¢*.

This functoriality has an immediate consequence: If p: X ~ Y is an isomorphism,
then d,p is an isomorphism for every z € X. In particular, we have the following.

Theorem 2.57 Algebraic groups are smooth.

Proof: Let G be an algebraic group and g € G. Left multiplication by g, Aj: G — G,
which is the map h — gh, is an isomorphism of the variety G. Thus we have

d)y: T.G =5 T,G .

Sine all tangent spaces of GG are isomorphic, G is smooth. [
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We generalize this Theorem to group actions on varieties. Let G be an algebraic
group and X a variety. A (left) action of G on X is a map ¢: G x X — X which
we write as (g,z) — g¢g.x, and which satisfies e.x = z and h.(g.x) = hg.x for all
g,h € G and v € X. The map x — g.x is written p,: X — & and we have that .
is the identity map on X and ¢p(p,) = @ng. Since @, -1(py) = ., each map ¢, is
an isomorphism of X. An orbit of G is the set G.x of all translates of a single point
reX.

Theorem 2.58 (Equisingularity of orbits) Let X be an affine variety equipped
with the action of an algebraic group G. The tangent spaces at any two points of a
G-orbit are isomorphic. Furthermore, each orbit of G in X is a smooth, locally closed
subset of X whose boundary is a union of orbits of strictly smaller dimension. In
particular, minimal orbits are closed.

Proof: Let x € X, then since d,p,T,X ~ T,,X, we see that the any two points of
a G-orbit are isomorphic. Let Y = G.z, the orbit of z in X. Since Y is dense in Y,
it meets the open subset ()),, of smooth points of V. Since all tangent spaces T,
have the same dimension, from which it follows that all points of ) are smooth points
in).

We have that ) is the image of the map G — Y given by g — ¢.y, and so Y is
constructible.? Let U be an open subset of ) contained in ). Since G.U = Y, we see
that ) is a union of open subsets, and so is open in ) and thus locally closed.

Finally, ), and hence ) are G-stable, agd so Y —) is closed and G-stable, and has
lower dimension than ), as ) is dense in ). Thus it is a union of G-orbits. O

Example 2.59 We illustrate this Theorem. Consider the following group action of
the multiplicative group F* of a field on A? given by t.(z,y) = (t*x,t3y). The orbits
of this action are the origin, (0,0), each coordinate axis with the origin removed, and
the cuspidal cubics V(a®y? — b*x3) with the origin removed. This last type of orbit
consists of the smooth points of the cubic.

We use this work to define the dimension of an affine variety.

Definition 2.60 If X is irreducible, then the dimension of X is the dimension of the
Zariski tangent space T, X at any smooth point x of X. If X is reducible then the
dimension of X is the maximum dimension of its irreducible components.

Example 2.61 The dimension of A" is n. The dimension of the cubic curves of
Examples 2.2 and 2.51 are 1. The dimension of the special linear group SL,, is n? — 1.

We call an algebraic variety, all of whose components have dimension 1 a curve.
A surface is an algebraic variety where each component has dimension 2.

Remark 2.62 When F is the real or complex numbers, and X" is an affine variety,
then the smooth points of X' are precisely those points where X’ is a manifold. Fur-
thermore, when X is smooth at a point x, the Zariski tangent space coincides with the
usual tangent space of X at x, as given in differential geometry. As a consequence,
when X is irreducible the dimension of X, as a manifold agrees with its dimension
as an algebraic variety.

2Define constructible sets somewhere!
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We have the following facts concerning the locus of smooth and singular points
on a real or complex variety

Proposition 2.63 The set of smooth points of an irreducible complex affine subva-
riety X of dimension d whose complex local dimension in the Euclidean topology is d
15 dense in the Fuclidean topology.

Example 2.64 Irreducible real algebraic varieties need not have this property. The
Cartan umbrella V(z(z? + y?) — 2?):

is a connected irreducible surface in A3, where the local dimension of its smooth points
is either 1 (along the z axis) or 2 (along the ‘canopy’ of the umbrella).

There are a number of equivalent definitions of dimension. One particularly alge-
braic definition is the following;:

dim X := max{fi,..., fn € FIX]| fi1,..., fn are algebraically independent } .

When X is irreducible, this is the transcendence degree of the function field F(X') of

Theorem 2.65 Suppose Y is a closed subset of X. Then dim)Y < dimX. If X s
wrreducible and dim) = dim X', then Y = X.

Proof: For the first statement, suppose dim X = n. Given n + 1 functions in F[)],
lift them to F[X]. Then they are algebraically dependent, and this dependence drops
to F[)).

For the second statement, suppose dim X = dim) = n. Let fi,..., f, € F[V] be
algebraically independent. Then any lifts to F[X], also denoted fi,..., f,, are also
independent. For ¢t € F[X], there is a polynomial a(X,T) € F[X;,...,X,|[T] such
that a(f,t) =0 in F[X], and so

a(f,t) = ao(fu, - f)t' + -+ a(fr, . fa) = 0. (2.11)

Suppose further that we have chosen the polynomial a(X,T) to be irreducible with
this property (which we may do as F[X] is a domain).

Suppose t vanishes on ). Since (2.11) holds on Y, we have that a;(f,..., f,) =0
in F[)]. Since fi,..., f, are algebraically independent, we see that a;(X) = 0 as a
polynomial, which contradicts the irreducibility of a(X,T). O
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The second statement can be strengthened as follows:

Theorem 2.66 If X is irreducible and has dimension n, and f € F[X] is non-zero,
then every irreducible component of V(f) has dimension n — 1.

We give a proof later, when we do Noether Normalization.

A consequence of this is the combinatorial definition of dimension. The dimension
of a variety X is the largest number n for which there exists a chain of irreducible
subvarieties of X.

X X A C-CA CA,
Exercise 2.9 Let X be an affine variety. Show that my, = {f € F[X] | f(z) = 0}
is a maximal ideal of the coordinate ring of X.

Exercise 2.10 Give another proof that A! and the cuspidal cubic are not isomorphic
using their tangent spaces.
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