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Abstract

This paper is a survey of distance-regular Cayley graphs of
diameter two and three, primarily focusing on diameter three (due to
the extensive amount of research already done in diameter two). The
graphs were classi ed by their properties and related eigenvalues and

multiplicities. Each classi cation was studied in depth to determine
whether certain patterns held. Though many of the graphs could be
formed in abelian groups, some were found to be genuinely
non-abelian. Of special interest were the graphs formed by the
dihedral and cyclic groups. In addition the existence of a (400,21,2,1)
strongly regular graph is explored.
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1 Preliminaries

We will begin with the basic de nitions of distance-regular graphs and Cay-
ley graphs. Distance-regular graphs have very speci c propgies which are
interesting and we will focus primarily on diameter 3 graphs Cayley graphs
are also de ned. Cayley graphs are interesting because thegllow algebra
to be employed to study their properties since they obey theadws of groups.
Our de nitions come from [1] and [3]

1.1 De nitions

De nition 1 (Distance-Regular Graph) Given two verticesx andy in
a graph of distanceh de ne

PP = jfzz 2 the graph, @x;z) = i, @y;2) =j g ]

A graph is said to be distance-regular ifPif} (x,y) does not depend on x and
y, but only h.

The diameter of the graph (d) = max f @x;y)j x;y 2 V(G) g. Through-
out this paper we will refer to v as the number of vertices in a graph andk
as the degree of the vertices.

De nition 2 (Cayley Graph) A Cayley graph is a graph whose vertices
are all elements of a group. The graph can be generated by a sabof that
group, which is called S. For all vertices x and y in the graphx is adjacent
to y if and only if xs =y for some s2 S

In this paper we are dealing with only undirected graphs, so ér every x 2
S, x12s

Below is an example of both a Cayley and distance-regular grap It is Zig
and S= fx, x3, x’, x°g and degree 4.




Another example is the graph generated by the Dihedral groupof order 14
and degree 4.S = fs, rs, r?s, rsg

Eigenvalues: P?, P 3,-4,4
Multiplicities: 6, 6, 1, 1



2 Tools Used in Analyzing the Graphs

In order to study distance-regular graphs, we will use sevetaools to nd
important properties, eigenvalues and the eigenvalues' mpective multiplic-
ity. Our notation follows that of [1] and [6].

2.1 Intersection Numbers

De nition 3 (Intersection Numbers) The intersection numbers result
directly from the values of Pif} . We de ne the intersection numbers as fol-
lows:

G =P} sfor( i d
a=Pjfor(0 i d
b= Pl for( i d1)

A convenient way to nd and display the intersection numbers is the
diagram below. This diagram can begin with any single vertex The graph
is divided into adjacency classes 1, 2, and 3. If X is are starting vertex,
these are de ned as follows:

1(x) == fyj@x;y)=1g
2(x) = fyj@x;y) =29
3(x) = fyj@x;y) =39

which include all the vertices distance 1, 2, or 3 away from tle starting
vertex respectively. ¢ is the number of ways a vertex in ; can get 1 step
closer to the starting vertex. Any vertex in  is adjacent to a vertices in
i- by is the number of ways a vertex in ; can get 1 step closer to the
starting vertex.

De nition 4 (Intersection Array) The intersection array is particular
way of arranging the intersection numbers:
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There are additional conditions that must hold with the inte rsection
numbers. (from [1] pg. 158, Proposition 20.4)
jjdb a=jgig @ j d

1 ¢ ¢ i ¢4

k b b by 1.

a + b +c =K

Due to the last property listed, there is a simpler way to write the inter-
section array.

f by, by, ::: by 1 ¢, €, i &g

Note: This form of the intersection array does not includecy or by since
these are not de ned.

2.2 Matrices

Matrices are crucial in studying distance-regular graphs ast allows us to
nd eigenvalues and multiplicities. The eigenvalues and mdtiplicities carry
important information which we will examine. We will also see how to create
a simpli ed matrix that contains all the necessary information on eigenvalues
and multiplicities.

De nition 5 (Adjacency Matrix) The adjacency matrix (A)) is a v
v matrix with entries a;; where8 u; and u; in the graph

ai = 1 if @Ui,Uj): |
b 0 if @ui, u;) 6 |
In general, A1 is denoted simply A.

With a matrix we can then nd eigenvalues for the graphs which can be
used in studying the graphs. We can nd eigenvalues 1, 2, 3 and 4 as
there will always be d + 1 distinct eigenvalues of the graph (from [5] pg.
566, F61.). Each of these eigenvalues also has a respectiveltiplicity. The
eigenvectors form a subspace which is called the eigenspackhe dimension
of the eigenspace is the multiplicity. Another way to view this is if the v
v adjacency matrix is diagonalized, the multiplicity of an eigenvalue is the
number of times the eigenvalue appears on the diagonal. NoteWe know
that k will always be an eigenvalue with multiplicity 1 (from [1] Proposition
3.1)

De nition 6 (Intersection Matrix) The intersection matrix is a useful
tool to help us analyze distance-regular graphs. The matrikas the following



arrangement: 0 1

a o 0
aQ a b
2 a by
B =
C3 as
by 1
0 Cd aq

This matrix is a simpler way to nd all the information that we need
from the larger adjacency matrix A.

Theorem The intersection matrix (B) has the same eigenvalus as the
adjacency matrix (A).

Proof: (This is shown for diameter 3, however it can be gened&ed for
that all distance-regular graphs [1])

Let ~be an eigenvalue of B. Then9 an eigenvectorv such that BV = V.
Let v = 2 3
\41
Gl
V3
Vg
Thus by the relationship of eigenvalues and eigenvector, B= V. Using

matrix multiplication we get
Vv 1= kvy;
V2= Vit aivp = bpvs;
V3= CVa+ apVz+ v,
V 4 = C3V3

If we arrange A according to its associate classes as shownloe, we
can create an eigenvector by extendingv to v*. This is done by including
j i 1] copies of eachv;.

0 1
Uo | U1 ::: Uk |Uk+1 20 Um |Um+1 5 Uy
Ug o1 ::: 1 o ::: 0 0 o 0
uq 1
: ai bl 0
Uk 1
Uk+1 0
: Co ap bZ
Um 0
Um+1 O E
: 0 C3 as
Uy 0




In the matrix above we have that the row and column sum of the eitries
in the matrix a; equalsa;. Similarly, the row and column sum of the entries
in the matrix b; equalsky. The same idea applies toc; and all the entries
in 0 are 0. ' '

By using matrix multiplication, A v* gives us the same equations as B.
Thus is the same for both matrices. Thus A always gives us at least 4
eigenvalues, all of which are shared by the intersection maix B.

Now we show that A has exactly 4 eigenvalues.

Using the properties of the graph we getAAi= I 1A; 1 + aA; +
Ci+1Aj+1

AA1= A% = byi + a1A + CA, 1)
AA;Z = bjA + axAs + C3A3 (2)
AA3 = bbAs + azAs (3)

By substitution, we get I, A, Ao, Az in terms of |, A, A2, A% and vice
versa. Furthermore, spanfl, A, Ay, A3 g=span fl, A, A%, A3g. SoA% can
be written as a linear combination of fI, A, A2, A3gin the form A*= A3
+ A%+ 3A+ 4. Therefore,9 P(A) = 0, where P(A) = A%-( A3+

oAZ +  3A + 4l)=0. If we multiply both sides by an eigenvector !v*,
we get P(A)!v* =0 !v*. This allows A to be replaced by . Therefore we get
13- 5 2- 3 -1, which equals 0 since 9* = 0. Thus we have a fourth
root polynomial which has at most 4 roots, which are the eigemalues. Thus

B and A have the same eigenvalues.

We get equations that describe our multiplicities by the trace of certain
matrices. We can diagonalize A by Q. We get D=QAQ 1.

Tr(D)=Tr( QAQ 1)

A property of linear algebra is Tr(AB)=Tr(BA)
So, Tr((QA) Q H=Tr( Q *(QA))

So, Tr(D)=Tr(A)

We can then create equations from this.
Tr(l)= V gives us

1+f+g+h=V
Tr(D)=Tr(A) gives us
0=k+ 1f + 29+ 3h
Tr(D?)=Tr( A?) gives us
Vk= K+ ff + g+ 3h

From these equations, we use a system of equations to nd,g,h in terms
of our eigenvalues.



3 Classi cations

In order to further understand the distance-regular graphs they were clas-
sied, by their properties as graphs, their algebraic propeties, and their
multiplicities. The following terms appear in [1] and [2]

3.1 Classications of the graphs

Distance-regular Cayley graphs of diameter 3 can be classia according to
their the properties of their graph, such as bipartite, antipodal and Taylor.

De nition 7 (Bipartite graph) A graph is bipartite if its vertices can be
partitioned into two sets in such a way that no two vertices inthe same set
are adjacent.

De nition 8 (Antipodal graph) A graph of diameter d is said to be an-
tipodal if, for any vertices u, v, w such that@u, v) = @u, w) = d, it follows
that @v, w)=d or v = w.

De nition 9 (Taylor graph) A Taylor graph is a distance-regular graph
of diameter 3 with the intersection arrayf k, ,1;1, ,kgfor some 2
Z.

Lemma 1 For all Taylor graphs, j oj =1, ] 1j =k, | 2 =k, and j 3j =
1.

Proof: We know | oj always equals 1.
Sincely = k, we know| 1j = k.
Sinceby andc, = we knowk = 5 soj 2j = k

Finally since b, =1 and ¢c3 = k, k1 = j 3jk, soj 3j=1.
From this we also know that all Taylor graphs are antipodal.

Lemma 2 A graph is both Taylor and bipartite if and only if its intersection
array is fk;k  1;1:;1;k  1;kg

Proof: If the graph is bipartite, all a3 = 0 where 0<i d. Alsoa + b
+ ¢ = k. Soby + ¢; = k. Sincec; =1, by = k 1. Similarly we can
nd that c; = k 1. Since it is Taylor we knowhy = k, b3 =1, ¢; =
1, andc3 = k.

If the intersection array is fk;k 1;1:; 1,k 1, kgthena = a =0
so the graph is bipartite. Additionally, the graph is Taylor since we
cansetk 1=



3.2 Algebraic Classi cations

Many of the distance-regular Cayley graphs we found can be gemated by
both abelian and non-abelian groups, most commonly the cyati and dihedral
groups. In a few instances, however, we found graphs that wergenuinely
non-abelian.

De nition 10 (Genuinely Non-Abelian) A Cayley graph is called gen-
uinely non-abelian if it can only be generated by non-abeliagroups.

Many of the genuinely non-abelian groups that we found are onf gen-
erated by a single group, the dihedral group. However, thereare a few
instances in which a distance-regular Cayley graph is genetad by more
than one group, all of which are non-abelian. An example of ths is the
graph with 30 vertices and degree 7. This is generated both byhe dihedral
group and also the direct product of the dihedral group of orcer 6 and Z5

In order to further classify graphs and study them, we broke hem into
three classi cations according to their multiplicities. A s mentioned in sec-
tion

3.3 Multiplicities

Type 1 None of the non-trivial multiplicities are the same. f 6 g6 h

Type 2 Two of non-trivial the multiplicities are the same. f = g6 h
Note: All bipartite graphs are Type 2 graphs (Lemma 7).

Type 3 All three of the non-trivial multiplicities are dierent. f 6 g6 h

GAP programing is a very powerful tool in this research [4]. With some
programming, it was able to develop a list of possible paramter sets and
also potential multiplicities and whether the graph was Type |, Il or Il
The list was further re ned as GAP helped determine which of the probable
parameter sets for distance regular graphs of diameter 3 werCayley graphs.
Due to some limitations of GAP which exist in all computer programs, the
research was limited to graphs withv ~ 50.

10



4 Findings and Theorems

This chapter will explore some distance-regular Cayley graps that have
interesting properties.

4.1 The graph generated by Z,,

Theorem 1 When S = the set of units (U), the group Zy,, where p is
prime, always forms a distance-regular graph of diameter 3 hich is Taylor,
bipartite and antipodal.

We know that U = ; andjUj = p 1= k. Inaddition, all u; + u; 2U
and uj + u; =0 or 2n for somen 2 Z.

Lemma 3 , is the set of even integers 2n where (& n< p)ifp > 3.

Proof: Let x =2n.
If 2n-1 6 pthen x =1 + (2 n-1).
If 2n-1 = pthen x =3 + (2 n-3).
Thereforex 2 .

Lety2 ».

y = U+ y;.

uj =2t 1landuj =2w -1 wherew,t 2 Z.
y = 2(t+w-1).

soy =2m wherem=1t+ w - 1.
soy 2 2n.
Therefore , =2nforO<n<p.

Lemmad4 3=p

Proof: p=(2n+l) where2n 2 ,and 12 U whenn = pTl

Sop2 3.
Letx 2 zandx 6 p.

X =2n + u; for somej 2 Z.

Thus x 2 U except when 2 + ug = p.
Thus, x 2 3 unlessx = p.

So 3=p.

Lemma 5 Eachx 2 » is adjacent to an equal number of units in ;.

11



Let x 2 .

X can be written in terms of any unit, u; in the form of x = u; + (x-u;)
except whenu; + p = x. Thus x is adjacent to every unit exceptu; where
ui + p = x. Due to the cancellation law, 8 x 9! u;.

Thus 8 x 2 , is adjacent to exactly k 1 units.

Lemma 6 The graph is antipodal, Taylor, and bipartite.

The graph is antipodal sincej 3j = 1.

To be Taylor and bipatrtite, the intersection array must be

fk,k 1,1;1,k 1,kg(Lemma 2)

Clearly p = kand c; = 1.

ap = 0sinceu; + u; 2 U sob; must equalk 1.

Both ; and » havek elements andb; isk 1.

Thereforek (k-1) = k .

By the cancellation laws we havek 1 = c,.

ap, = 0 since 2n+ u; 2 2n, thus b, must equal 1.

Finally, az = 0 since p cannot be adjacent to itself, socs must equal k.
Therefore, the graph generated by the units ofZ,, is a Taylor, bipartite,
and antipodal distance-regular graph of diameter 3.

Below are some examples of graphs that belong to this familyfaZ .

Group Z, 3 and degree 2
S= fx, x°g

Eigenvalues: -1, 1, 2, -2
Multiplicities: 2,2, 1, 1

12



Group Z, 7 and degree 6
S=fx,x3x5,x9,x11 x13g

Eigenvalues: -1, 1, -6, 6
Multiplicities: 6, 6, 1, 1

4.2 Taylor and Bipartite graphs

The family of graphs formed by Z», is also interesting since all the mul-
tiplicities of the graph correlate to the sizes of the associte classes. This
property holds for all graphs that are Taylor and bipartite.

Theorem 2 If a distance regular diameter 3 graph is both Taylor and bi-
partite then the multiplicities of its eigenvalues will re ect the sizes of the
associate classes and will be 1, k, k, and 1.

Lemma 7 -k is an eigenvalue if and only if the graph is bipartite. If sgthen
for every eigenvalue , - is also an eigenvalue with the same multiplicity.

Proof. This is shown in Proposition 3.2.3 of [2]
From section 2.2 we knowk is an eigenvalue with multiplicity 1.
Lemma 7 shows that k must also be an eigenvalue with multiplicity
1. These two multiplicities correlate to ¢ and 3 since in a Taylor
graph,j oj andj 3j = 1. (Lemma 1) Furthermore, Lemma 7 shows
that 9 eigenvalues and - such that both have the same multiplicity,
f, wheref 2 Z. The sum of the multiplicites = v,so & = v 2.

13



Moreover,j i1j andj »j = k (Lemma 1) so it follows that 2k = v 2.
Thus 2k=2f and by the cancellation laws,k=f . Therefore, if a graph
is both Taylor and bipartite, its multiplicities will alway s be 1,k, k,
and 1 which re ect the sizes of the associate classes.

Since all graphs from the family of Z,, are Taylor and bipartite, the
graphs in the last section demonstrate this property. Howeer, there are

groups that are not a member ofZ,, and still Taylor and bipartite. Below is

a graph of the Dihedral group of order 18 and degree 8 which isdih Taylor

and bipartite. 2E
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Eigenvalues: -1,1,-8,8
Multiplicities: 8,8, 1,1

The graphs must be both Taylor and bipartite as shown by the fdlowing
example in which the graph is Taylor but not bipartite. Itist he alternating

group of order 12 and degree 5.
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Eigenvalue: P 5, P 5-1,5

Multiplicity: 3,3,5,1

In the following section, we will see graphs that are bipartte but not Taylor
and thus all the multiplicities will not re ect all the assoc iate classes.
4.3 Dihedral groups

A correlation between the multiplicities and the sizes of the associate classes
is not unique only to Taylor and bipartite graphs, but also occur to a smaller
extent in dihedral groups.

Theorem 3 | ,j always equals the multiplicity6 1 for all distance-regular
Cayley graphs on dihedral groups.

Lemma 8 Every non-trivial distance-regular Cayley graph on a dihedl
group is bipartite and diameter 3.

Proof. This is stated in [6] (Theorem 1.3)
Lemma 9 j of +j 2j = 1 +] 3
We know|j oj=1, ) 1j = k, by = k, c1=1, a;=0, a»=0 and a3=0. From this

we can nd that b; = k-1 and ¢z = k.
With this information we can derive:

k(k 1)= c2j 2] 4)
Ki s =] 2 5)
=k b (6)
from 4 5 and 6 we get
Ki o
Kk 1)=(k )= 2 ()
from 7 and 6 we get
. (ko )k 1)
= 8
j sl ) (8)
if we addj 1j or kto 8 we get
o k? k+c
jajtk= — 2 9)
C2

15



if we solve forj ,j in 5 and then addj oj or 1 we get

o k2 k+c
jag+l= — 2 (10)
C2
Thus from 9 and 10 we have
Jol+i2=ja+] 3 (11)
Thus we know that j of + j 2j = j 1)+ ] 3j = 3

joj=1s0j 2j= 3-1

From Lemma 7 and Lemma 8 know that9 double eigenvalues and double
multiplicities (1 and f where f 2 Z)
Therefore 2f=v-2 or f= % -1 =] .
Thus f=j »j

One example of this theorem is the Dihedral Group of order 12 ad
degree 5.

16



5 An Interesting Graph

Currently, only three strongly regular graphs are known that have =1.

These three graphs are the pentagon, the Peterson graph, aritie Ho man-

Singleton graph. Previously, the smallest open case was th§00,21,2,1)
strongly regular graph. This report explains some necessgrcharacteristics
of the graph.

5.1 De nitions

De nition 11 (Strongly Regular Graph) A (V, k, , ) strongly reg-

ular graph is a distance-regular graph with V vertices, adjaent to exactly k
other vertices. It must also have the property that if two vetices are adja-

cent, they share exactly vertices. If the two vertices are not adjacent they
must share exactly vertices.

5.2 Proof

Start with any vertex. We know this vertex is adjacent to exactly 21 points.
Soj 31jis 21. Sincej oj+] 1j+] 2j= 400, | 2] must be 378.
Certain values from the intersection array are known.

bp=k=21 =1
J 0j=1 j 1j=21

Using this information, the values of a;, ap, b; and ¢, can be found. Because
of the properties of the intersection array, we know that , = 1czb2. So
378 = %. If ;> 1,thenky 36, which is impossible, so the only possible
solutions areb;=18 and c,=1. Since a; + b + ¢=k, a;=2 and a,=20.

In 1, the 21 vertices must be adjacent to exactly 2 others in 1.

Lemma 10 If two vertices in 1, x and y, are adjacent, they must each be
adjacent to exactly one more vertex in 1. In fact, they must be adjacent to
the same vertex.

Proof: Let x andy be two adjacent vertices in 1. Assumex is adjacent to
z and y is adjacent to w. Assumez6w. Since =1 and x and w are
not adjacent, they must share exactly 1 vertex. x and w share both

o and x, which is a contradiction.

Therefore, 1 is composed of 7 disjoint triangles.

In 1 we label the 21 verticesAg, By,..., Ug. Becausec,=1 and b;=18,
each vertex in 1 is adjacent to 18 unigque vertices in ».

17



De nition 12 (W-class) A W-class consists of all of the points in , that
are adjacent to same verteXWg in 1, where W is from A...U. Each W-
class consists of 18 point3V;...W1s. Two classes, X and Y, are considered
adjacent if the vertices X and Yg in 1 are adjacent.

Lemma 11 If two vertices in 5, X1 and X, X1 is adjacent to exactly one
more vertex in the same W-class.

Proof: AssumeX is adjacent to three verticesX ,,X3,X4 in the same W-
class. X1 and X are adjacent, so by =2, we know they must share
exactly 2 vertices. They shareX ,,X 3,X 4, which is a contradiction, so
X, is adjacent to at most one vertex besideX ,.

Assume X; is adjacent to only X, in the X-class. X1 and X, are
adjacent,so they must share 2 verticesX 1 and X, are both adjacent
to Xp. If X1 is adjacent to only X 2 in the X-class, then both X1
and X 2 so must both be adjacent to 1 more vertex in a non-adjacent
W-class (See Lemma 13). This is a contradiction that is proveriater
in Lemma 14. SoX1 must be adjacent to at least one more vertex
beside X in the X-class.

Therefore, if X1 and X, are adjacent X1 must be adjacent to exactly 1
more vertex in the same W-class.

Lemma 12 If X1 is adjacent to X3 and X, is adjacent to X 4, X3=X34.

Proof: Let X1 and X, be adjacent vertices in the same W-class. LeX 1 be
adjacent to X3 and X, be adjacent to X 4. AssumeX36 X4. Then X1
is not adjacent to X4, so by =1, X; and X4 must share exactly one
vertex. They share X and X, which is a contradiction. So, X3=X34.

Therefore, each W-class in , is composed of 6 disjoint triangles.

Lemma 13 If two points in , are in adjacent W-classes, they cannot be
adjacent to each other.

Proof:
Let X, and Y3 be points in two adjacent W-classesW (X ) and W (Y)
and let X1 be adjacent to Y1. X will be non-adjacent to Y1, so by
=1 they must share exactly one vertex. Both are adjacent toX o and
Yo, which is a contradiction.

Lemma 14 A vertex X, , 1 n 18 in the X-class can be adjacent to
only one vertex in each non-adjacent W-class.

18



Proof: Assume a vertexX; is adjacent to two points, Y1 and Y,, in a non-
adjacent W-class. If Y; and Y, are adjacent, then Y; and Y, share
a third vertex in the Y-class(by Lemmas 10)X1, and Yy which is a
contradiction of =2. If Y; and Y2 are not adjacent, they share the
vertices X 1 and Yg, which is a contradiction of =1.

Therefore, a vertex in one W-class can only be adjacent to 1 véex in
another W-class.

Lemma 15 If two vertices X; and Y; are adjacent, then no vertex adjacent
to X; in the X-class can be adjacent to any vertex adjacent td; in the
Y-class.

Proof: AssumeX; is adjacentto X, X and ;. Y; is adjacenttoY; and Y.
AssumeX; is adjacent to Yj. By Lemma 14, we know that X; cannot
be adjacent to Yj, so they must share exactly 1 vertex. However, they
will share both X; and Y;, which is contradictory.

By using this, it should be possible to rule out the existenceof the
(400,21,2,1) graph. If it is ruled out in this way, it will be i ndependent of
the value of k, and so all graphs with =2 and =1 would be ruled out.

6 Appendix

In the appendix, there is a list of possible parameter set fodistance-regular
Cayley graphs. In the excel v is the order of the group, or numler of vertices
in the graph. The cn is the catalog number which GAP used to reognize
that group (always denoted as 'SmallGroup(v, cn)' in GAP). T he name of
the group if known at the time to the authors. Whether the graph is Cayley
and the degree (k) of the graph. Some of the parameter do not hae a cn
number listed, but rather 'prob with GAP'. This means that GA P either ran
out of memory, could not extend its workspace any further, ordid not have
enough time to nish. (The authors ran computers for 5 straight days, but
even after that GAP had not nished looking in some groups. All the graphs
are of diameter 3, and all are believed to be Type 11 with the eseption of
v= 27 and cn= 4 and k=6.
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