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ABSTRACT. Given a graph G on n vertices, we prove upper bounds on the
pebbling number. For any graph of radius r, f(G) < (2 r_l )n+ O(1), and for

r41
a large class of graphs of diameter d, f(G) < (2 [2”71 4+ O(1).
2

We also prove upper bounds for the (r, m) pebbling number of paths, trees,
cycles, and most general graphs.

Lastly, we take a look at the 2-Pebbling Property and show that it holds
for certain classes of graphs.

1. PRELIMINARIES

Throughout this work, G = (V, E') will denote a connected graph on n vertices.
Suppose pebbles are placed on the vertices of G according to a distribution D given
by D:V — NU{0}. If a vertex u has two or more pebbles, then we can make a
pebbling move, which consists of the removal of two pebbles from u and placing one
of these pebbles on any adjacent vertex v.

Given a target vertex set ¢ C V(G), the pebbling number of G with target
t, f(G,t), is the least number of pebbles such that for any distribution of these
pebbles, a pebble can be placed onto at least one vertex in ¢ after some number
(possibly 0) of pebbling moves.

We say that a vertex set ¢ is pebblable by the vertex set A, where t, A C V(G),
if given a distribution D*,

D*(v) = {D(v), ifveA;

0, otherwise.

a pebble can be moved to a vertex of t after some number (possibly 0) of pebbling
moves on D*. For a distribution D and v € V(G), we denote the potential of v,
p(v), as the greatest number of pebbles that can be moved to v after some sequence
of pebbling moves on distribution D.

A mazimal saturation distribution of pebbles refers to any distribution of the
maximum number of pebbles such that G is not pebbleable. As a result, the number
of pebbles in a maximum saturation distribution is one less than the pebbling
number.

In this paper, we prove that the pebbling number of a large class of graphs of

d
diameter d on n vertices is not more than (Z(F;]*l)n + O(1). Several results on
2
f(G) for graphs of diameter one, two, and three were previously known. If G is
a graph of diameter 2, Patcher, Snevily, and Voxman [2] showed by case-checking
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that f(G) < n+ 1. If G is a graph of diameter 3, Boris Bukh [1] proved that
f(@) < %n + O(1) by examining the paths in the graph. Our approach is to
partition the vertex set into pieces which can be examined individually.

2. ENDPOINTS AND SECTIONS

Given any target ¢ on a connected graph G, and given a maximal saturation
distribution D, we define the following terms.

Definition 1. A vertex v is called an endpoint if p(v) = 1. Let EP(G) denote the
set of endpoints in G.

Definition 2. A section S of a graph G is a connected induced subgraph of G \ ¢
such that N(S) C EP(G) U {t}, where N(S) denotes the neighbors of S, and for
any vertex v ¢ V(.9), v is not pebblable by S.

Note: V(G)\ {t} is a section. Let S be the induced subgraph of G on the vertex
set V(S) U {t}.

Definition 3. A sectioning of G is a collection of sections S* = {S;}%_, such that
the following conditions are satisfied:
(1) V(S;) N V(SJ) = g for i # j;
(2) Yo e V(G)\ {t}, v € V(S;) for some 1 < ¢ < k.
Let M be the maximum number of sections possible for any sectioning of G.
Then if |S*| = M we call the sectioning S* a refined sectioning of G.

Lemma 1. For any connected graph G, there exists a unique refined sectioning of

G.

Proof. Let V(G) = {v1,va,- -+ ,vp_1,t} where n = |V(G)|

Let X be a collection of sets {z;}~' where z; = {v;} for 1 <i <n — 1.

For each set z; € X, look at the vertices pebblable by ;. For each vertex w; ¢ x;
pebblable by x;, since w; # t, then w; € y; for some set y; € X.

xz; and y; must be in the same section. Replace z; and y; in X by the set
zi =2y Uy;.

We begin with a finite number of sets in X and everytime two sets are replaced
by their union, |X| decreases by 1. Therefore, after a finite number of iterations
through the sets of X, we must reach a point where for every set z; € X, {the set
of vertices pebblable by z;} = x;.

Since each set x; € X is a section and each section is its minimum size, then X
is the unique refined sectioning of G. (]

Definition 4. The length of a section S is I(S) = maz,cv(s){d(v,1)}.
Remark 1. It follows from the definition that 1 <[ < d.

Lemma 2. Given a refined sectioning S* of G, for any two sections of S*, say Sy

Proof. Suppose [(S1) 4+ 1(S2) > d + 2. Then Ju € V(S;) and v € V(Ss) such that
d(u,t) =1(S1) and d(v,t) = 1(S2).

Since sections can only be connected by their endpoints, then d(u,v) > (I(S1) —
1)+ 1+ (I(S2) — 1) = d + 1, which is a contradiction. O

Corollary 1. There can be at most one section with length > (%-\
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Definition 5. Let the ratio of a section be r(S) = {# pebF‘l/e(sS(;T VIS)}

Lemma 3. r(S) is mazimal when S is a path of mazimum length.

Proof. Let H be the subgraph S with edges added so that EP(S) U {t} forms
a clique. Connecting any two endpoints does not lower the pebbling number, so
F(H,#) = £(S.).

Since H is connected, there exists a shortest path spanning tree T' on H with
start vertex t.

By Fan Chung’s paper [3], f(T,t) = 2%t 4+2%2 4. ..42% —t41, where aj, as, -+ ,a;
corresponds to the lenghts of the paths in the maximum path partition of T. Since
T is a subgraph of H, f(T') > f(H). Hence, r(T) > r(H) = r(95).

Since 2% + 2% < 29%b for a,b > 1, f(T,t) is maximal when T is a tree with the
maximum number of disjoint paths of length I(S). Since the pebbling number of a

. ol _
path of length [ is 2!, then r(5) < 252 O
3. AN UprPER BOUND ON f(G) FOR A GRAPH OF RADIUS r

Theorem 1. If G is a connected graph on n vertices, then f(G) < (%)n—i—O(l),
where r s the radius of G.

Proof. By definition, there exists a vertex v € V(G) such that d(v,u) < r for all
u € V(G). Let T denote a shortest path tree with v as the root. Let the path from
v to any target t be P = {v,v1,v9,- - ,t}.

A maximal saturation distribution on 7' is determined by finding a maximum
path partition [3]. In f(T,v), all paths have a length < r, and hence, have a ratio
< -1

We will examine f(T,v;)— f(T,v;11). When the target is moved from v; to v;41.
Only one path in the maximum path partition will be extended by a length one.
All other paths either remain unchanged, or decrease in length. Hence, f(T,v;) —
F(T,vig1) <24

Since the target needs to be moved at most ¢ times, then f(G,t) < f(T,t) <
f(T,0) < (F2)n+0(1).

O

4. AN UPPER BOUND ON f(G) FOR GRAPHS OF DIAMETER d

Definition 6. A graph is a good graph if for any section S in the refined sectioning
of G, at least one of the following is satisfied:
(1) [EP(S)] < 2

2l81 1

Theorem 2. If G is a good, connected graph on n vertices, then f(G) < (
o(1)

Proof. Let S™®* be a section of maximum length in the refined sectioning of G.
From [previous theorem], there can be at most one section with length > [4].

We will induct on 1(S™ax) — [4].

When [(S™e®) — [4] < 0, then every section has length < [%]. Then the

. . L r41_ . .
maximum ratio for any section is < 2 Fd] Land f(G) is as desired.
2
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Assume f(G) < (%)n + O0(1) for [(S™*) — [4] =k > 0.

When [(S™8%) — [4] = k + 1, let 7™ be a shortest path tree on S™** with ¢ as
d
the start vertex. If r(S™a*) < %, we are done.
2
Since G is good, we may assume EP(S™#) < 2¢. Therefore, in any path
partition of 7™2% there can be at most 2¢ paths of length I(S™a),
Let the new target set be t* = {¢t}UFEP(S™**). Then the length of the maximum
section with this new target is I(S™) — 1 = k.
d
Then by the induction hypothesis f(G,t*) < (Q(F;]*l)n +0(1)
2
Then when the target is reduced to the original vertex {t}, looking at S™*  at
most 2¢ paths are extended by length 1. Thus, the maximum increase in f(G,t)
from (f(G,t*) is < 27 % 2¢. Since the target can only be “extended” at most |4 ]

d
and thus f(G,t) < (%)n + O(1) as desired. O
2

5. ADDITIONAL PROBLEMS

The main question that still remains to be solved is whether all graphs are good
or not. Experimentally, we have not found any graphs that violate the good graph
property. In fact, condition (1) in the good graph property could be changed to
|[EP(S)| < g(d) for at least one funtion ¢ of d and the main result would still hold.

The implied constant is very large, and could be immediately improved by a
more careful investigation of how the pebbling number changes when moving the
target.

An (r,m) pebbling move consists of removing r pebbles from one vertex and then
placing m pebbles at an adjacent vertex.

In this section, we describe an algorithm for finding f, ,,,(G) explicitly for paths
as well as the pebbling number of even cycles. We will also discuss the pebbling
number or odd cycles for when r|m and a possible upper bound for when r fm.

6. (r,m) PEBBLING OF PATHS

The (2,1) pebbling number of a path is known to be 2™ where n is the length of
the path. We will discuss an algorithm for finding the (r, m) pebbling number of
paths.

Algorithm for finding the (r,m) pebbling number of paths

Let v, 01V, _2...v201t be a path of length n with ¢ as the target vertex. Begin
by saturating the path with m — 1 pebbles on the target vertex and r — 1 pebbles
an every other vertex.

r—1 r—1 r—1 m—1
[ 4 o @ L4
VU3 V2 U1 t

Next, find the number of pebbles were needed to achieve as many of the r — 1
pebbles that are on v — 1 as possible, and add that to the » — 1 pebbles on ws.

Intuitively, that number is =1 ] - r
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Now the pebbling of the graph looks like:

r—1 7"_1+L%J'T r—m-—1 m—1
[ L 2 L 2 ®
U3 V2 U1 t

Repeating this step by moving pebbles from vs to w3, the saturated graph will

contain r—1+ | =21 | -r- LLJ -m pebbles on vy and r—14r—1+4 ==L r-
L%J -7 pebbles on vs.

We introduce notation to represent the number of pebbles on each vertex in or-
der to present this algorithm as a recursive formula.

For P,, a path of length n, let v; be the vertex that is a distnance j away from
the target, v; € V(P,) and 1 < j < n. Also let f(v;) represent the maximum num-
ber of pebbles on vertex v; in which the saturated state of the path is maintained.
Let G(v;) be the number of pebbles on v; (1 < i < j) that maintains the saturated
state of the path when f(vj) pebbles are placed on v;.

It is impossible to move any pebbles from ¢ to vy, so we begin with the pebbles
on v;. Begin the algorithm at f(v1) = r—1 and do an iteration for j = 1,2,3,...,n

flog) = %) vt (r =)

m
§(v;) = f(v;) mod m where 1 <i < j

glug) =r—1 where j < k <n
By use of this algorithm, the pebbling number of a path of length n would be

From(Pa) = f(on) + 22750 4(vi) + (m — 1) + 1

When mlr, f(v,) = m(L ). Notice that with each iteration, a number of peb-
bles remains on each vertex (denoted by g(v;)). When m|r, (m — 1) pebbles are
left on each intermediate vertex,therefore the pebbling number of a path of length
n when m|r is

Jrm(Pn) =m(-)" + (m —1)(n — 1) when m|r

However, when m Jr, there exists a more complicated pattern to a path’s §(v;).
For the same path v,v,—1v,—2...v2v1t of length n, it is clear that g(¢t) = m — 1 and
g(v1) = (r — 1) mod m. To find §(ve) without having to compute f(vs)

g(v2)= [g(v1) + (r — m)] mod m.
Continue the pattern
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d(vi—1) + (r —m) mod m 1<i<n

until the shortest sequence §(vy), ..., §(v;) ceases to be a sequence of increasing
numbers. At this point, we start at g(v;) to find §(v;).

G(Viyj) = §(vigj—1) +2(r —m) for0<j<n—i

We do this until the sequence §(v;), §(vit1), ..., §(vj—1), §(v;) is no longer increas-
ing. We then add 3(r — m),4(r — m), .... until we reach §(v,—_1).

Example:
(8,7) Pebbling of a path of length 13

151 1 6 4 2 0 6 5 4 3 2 1 0
® L L L L L L 2 L g L L L L L
V13 V12 V11 V10 Vg U8 U7 V6 Us V4 U3 V2 U1

7. (r,m) PEBBLING OF CYCLES

Theorem 3. (Pachter, Snevily, Vozman) [2] f(Cai) = 2*

(2,1) pebbling of a cycle of length 2k is the same as pebbling a path with a
length equal to diameter of the cycle. We find the (r,m) pebbling number for even
cycles of length 2k for which we prove necessity, and sufficiency can be proved by
case-checking.

Theorem 4. f,,(Cox) =m- (£)* + (m—1)-(n—1)

Proof. Let Cog11 = T0k_1Vk—2...v201tU I Us...u_2uk—1T and let ¢ be our target ver-
tex.Let Py be that path zvi_1vi_o...v0v1t and Py be the path ug_jug_s...usu;t.
Note that frm,(Py) = frm(Pr) =m(L)FL

First we prove necessity. Suppose we are given m - (£)¥ — 1+ (m — 1)(2k — 2)
pebbles. Place m - (£)* — 1 pebbles on # and (m — 1) pebbles on each remaining
vertex of Cop. m - (%)’“*1 — 1 pebbles is the potential of vg_; (or ug—1). That is
clearly not enough to pebble the entire cycle.

O

Theorem 5. (Pachter, Snevily, Vozman)[2] f(Cart1) = 2L¥J when m|r

Pachter, Snevily and Voxman proved the (2,1) pebbling number of an odd cycle
of length 2k + 1. We have the (r,m) pebbling number of a cycle of length 2k + 1
for which we prove necessity, and sufficiency can proved by case-checking.

Theorem 6. frm(Cox1) =2 [m- (5)F=1—| (5)F - ()] -mH(m—1)(2k—
1)+1

+~@ >
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Proof. Let Cogt1 = VpUk—1Uk—2...U201tU1Ug... Uk _2Uk—1ULV; De the odd cycle of
length 2k 41 and let ¢ be our target vertex. Let Py be the path tvyvs... vk _ovr_1vk
of length k, and let Py be the path tujus...ur_sug_1uy also of length k. Note that
frm(Pv) = frm(Pu) =m- (£)* + (m —1)- (n — 1). First, we show necessity.

Suppose we are given 2- [m- (5)F =1 — | (Z)*1. (5] - m]+(m — 1)(2k —

r+m
1) + 1 pebbles. Place [m- (£)* —1— | (£)¥1- (2)] - m] pebbles on vy, and [m-
(£)F =1 =1 (&)1 (%)) - m] pebbles on uy and (m — 1) pebbles on each of

the remaining vertices of Ca41. Suppose we make an (r,m) pebbling move from
uy, to vg. Then we will have m(%) — 1 pebbles at vi. Since m/|r, another pebbling
move from vy to vg—1 places m(Z=)*~1 + (m — 1)(k — 1) pebbles on P,. This will
not pebble t.

O

8. THE TwoO PEBBLING PROPERTY

We define ¢ to be the number of vertices containing pebbles and then we say a
graph satisifies the two pebbling property, if given 2f(G) — ¢ + 1 pebbles in any
configuration, two pebbles can be moved to any specified target vertex. It is known
that all trees, cycles, and diameter two graphs have the two pebbling property.
Because all trees and cycles have it, it was conjectured by Snevily that all bipartite
graphs also have the two pebbling property S. This paper proves the result for two
subclasses of bipartite graphs, Cs, * P, and Cy,, * Py * Cs,, shown below.

an * PmZ

X

C2m *Pk *CZn:
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Lemma 4. The pebbling number of Ca,, * P, is 2™,

Proof. LetG = Cy,, * P, with vertex set tv1vy...Vp_1ya102 ... 0p_1Tby_1...boby
such that x and t are the ends of the two longest paths. Call zvivs...vm_1Yy, Pn,
a1as . ..an_1,P,, and b,_1...b2b1, P,. Without loss of generality is enough to
consider the longest path. Let t be the target vertex in our graph. Note that there
are two ways to get from x to t: P, U P,andP, U P,,.Because the the pebbling
number of a graph is at least 2¢, f(Cq, * Py,) > 2"T™. So it is enough to show that
27T™ will pebble the graph. Assume there are no pebbles on x. Then the 277
pebbles are divided amongst two paths, both of length m +n — 1. One path is sure
to have at least 2" ~1 pebbles on it, allowing a pebble to reach t.

Now assume there are pebbles on x. If either P, U P, or P, U P, have 2m*t"~1
pebbles, then a pebble can reach t and we are finished, so assume neither one does.
In fact, let the number of pebbles on P, U P,, be 2™t"~1 _ 5 and on P, U P, let
there be 277~ — 1 pebbles. Then x must have at least s + r pebbles. If s = r,
then without loss of generality, r pebbles can be moved to P, U P, and t can be
pebbled. Now suppose s > r then x has greater than 2r pebbles on it, and r pebbles
can be moved to P, U P,,, allowing a pebble to reach t. Thus, f(G) =2mt". O

Definition 7. piyerter is the number of pebbles on a given vertex.

Definition 8. Given a vertex, d;, on a path, the weight, wg, of that vertex is
2% % 114, For a path of length n,

n
Z 2" * Hd;
=0

is the weight of the path, w,.

Lemma 5. SIn a path of length n, if w, > k + 2™ then at least k pebbles can reach
the target vertex.

The proof of the following theorem follows closely to that of Snevily and Foster’s
that all cycles have the 2-pebbling property S.

Theorem 7. All lasso graphs have the two pebbling property.

Proof. Let G = Co,# Py, with vertex set {t,v1,v2 ... Um—1,¥,01,02 ... Qpn_1,T,bp_1 .
such that x and t are the ends of the two longest paths. Call zvivsy...vm_1Y, Pn,
a1as . ..an_1,P,, and b,_1...boby, P,. Without loss of generality, it is enough to
consider the longest path. Let t be the target vertex in our graph. Notice that
g < 2m*t"=1 Now, assume p, < 2™+t —q+42. Then 22" — g4+ 1 — p, > 2m+",
Once again, either P, UP, or P,, UP, must have 2™+"~1 pebbles, allowing a pebble
toreach t. Using at most 2™ ~! pebbles leaves 2x2™m+" —g41-2m+n—1 > gm+n 1 |

b, by}
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pebbles, allowing a second pebble to reach t.

Now, assume i, > 2™t — g+ 2. Let ¢ = 2r if q even, and 2r + 1 if q odd. Then
at least one of the paths must have r vertices with pebbles on them. Assume r is
at least 3, now note that 2 + 22 4 ...2" > 2¢. Then, using a pebble from each of
the a;,1 < j < r vertices on the path and 2™*" — 2¢ pebbles from x, by lemma 2,
a pebble can reach t. The cost of this is at most 2™*" — 2¢q + r pebbles, leaving
2m+n 4 2 — r + 1 pebbles, enough to pebble t again.

The cases when ¢ = 2,3,4,5 remain to be considered.

q=2: The two vertices must lie on the same path, and so by lemma 2, two pebbles
will be able to reach t.

g=3: If all the vertices lie on the same path, then two pebbles can certainly reach
t. So, assume they don’t. So two of the vertices must lie on opposite sides of the
cycle, say on b; and a;. Now assume that Pa; = po, = 1. Then p, = 2% 2™t — 4
Because the three vertices do not lie on the same path, both i and j must be at
least 2. Therefore, by lemma 2, it is possible to get 2 pebbles to t. So, without loss
of generality, assume p,; > 2. Then, 2m+n=1 _32 pebbles can be moved to a; at the
cost of 2MT" —44-2 = 2m+" 2 pebbles. This leaves 2x2™M+" —2—(2m+n_2) = 2m+n
pebbles, enough to send a second pebble to t.

The proof when q=4,5 is similar and shall be omitted. [

Lemma 6. The pebbling number of Coy, * Py x Coy, is 27Tk,

Proof. Let G = Cy,, * Py x Cy,, with vertex set
{u,a1,...am—1,2,bm—1...b2,b1,91,...gk—1,w,h1,ha ... hp_1,2,0n_1,... 02,01 } such
that v and z are the endpoints of the longest paths, of which there are four. Con-
sider the endpoints, and let z be the target. Assume that p, = 0. Then one
of the longest paths must have at least 2™+k+7=2 pebbles. Then the weight of
the path must be at least 2 x 2™T5+t"=2  3llowing a pebble to reach z. Now,
assume g, > 0. If any of the paths have 27+tF+n=1 pebbles, then it is easy
to see that a pebble can reach z, so assume that none of them do. Then label
Heachpath = 2R —p ombkdn _ g omtktn _p o op gmFh+n _ kg pebbles. Then
u has at least r + s + h + k pebbles, and {WJ can reach any one of the four
paths. Certainly |ler + s+ h+ k2] is at least r, s, h, or k, and so for one of the
paths it is possible to get 27547 =1 pebbles, and thus get a pebble to . [

Theorem 8. All graphs of the form Ca,, x Py x Cay have the 2-pebbling property.

Proof. Assume ji, < 2™T*t" — g 4+ 2. Then 2 % 2mHk+n _ g 11 — py,, > 2mtktn,
The first pebble can thus reach z at a cost of at most 27 t**7=1  This leaves
2 Qmtkdn _ g4 1 — gmtkin—l > gmtkdn 41 hebbles, allowing another pebble to
reach z. Now, consider when p,, > 2m+5+" — ¢ + 2. Some path in G must have at
least  vertices with pebbles. Assume ¢ > 17 note that this means 24224 42i >
2¢. And so, using one pebble from each of the vertices and 2™T*+" — 2¢ pebbles
from w, it is possible, by lemma 2, to get a pebble to z at a cost of 2 Tk+7 —2¢ 4 4
pebbles, leaving 2m+F+n 4 ¢ — 4 + 1 pebbles, surely enough for another pebble to
reach z.

The cases where ¢ < 17 remain to be examined.
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g=2: Then, as one of the vertices must remain u, the vertices must lie on the
same path, and so by lemma 2, two pebbles will certainly be able to reach .

q=3: If the vertices lie on the same longest path, then by lemma 2, we are finished,
so assume they do not lie on the same path. Then they lie on opposite sides of
the same cycle. Assume they lie on a; and b;, and further, assume pq, = pp, =1

Then ji, = 2% 2™Tk+7 _ 4 At the cost of %, gmtktn—1 _ 1 pebbles
can be moved to each of the paths. Each of the paths now have a weight of at
least 2" t++7—1 allowing a pebble from each path to be moved to z. Now assume,
without loss of generality, that p1,, > 2 Then by moving 2™ +#+7=1 — 2 pebbles to
a;, at a cost of 2mTk+™ _ 2 pebbles, it is possible to get a pebble to 2. This leaves
2m+k+n pebbles, enough to send another pebble to .

The cases for 4 < ¢ < 16 are similar and will be omitted. O
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