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During the summer of 2002 at Central Michigan University under the guidance of Dr.
Sivaram Narayan, I conducted research sponsored by the Summer Research Scholars
Program. I researched a problem in the area of graph theory regarding the pebbling
number and the optimal pebbling number of two classes of unicyclic graphs, in particular,
“lassos” and “suns”. In general, lassos can be defined as a cycle with n vertices adjoined
to a path of length m and a sun can be defined as any number of paths of length one
adjoined to the n vertices of a cycle. My research has culminated in the attached paper.



PROPOSITION 1

Letn€ Z > 2. Let m€ Z > 1. Then, f(Cap - Py) = 27*™

Proof.

Let G =Coy - P

V(G) = {V(Can)} W V(P } = {tayv1, vas sonimne a FO 00y UpyiWpns = 2 s Ypim 4 Vs I
E(G) ={E(C2n)} U{E(Pn)} = {vov1,v1v2, ..., V2n-1%0} U {¥0Vp,, Vp, Vps, - - -, Upo_y Vp o }
diam(G) = d(vn,vp,,) = n +m.

WLOG, we will designate v, our target vertex.

Since diam(G) = n+m. v = 2"*™ —~ 1 is the maximum number of pebbles that can be placed at v,
such that a pebble could not be moved to v, . Suppose z pebbles are placed at v,. Let the path
Pa={vpvn_1...v1% ... %, _,Vp,. } and let the path Pg = {va¥n41...V2n_1%0... v, _, ¥, }. Since
l(P4) = I(PB) = diam((). if a pebble were placed on a vertex in either P4 or Pg, then it would
be possible, with the + pebbles at v,, to move a pebble to v,,, via the path in which the pebble
was placed. Thus, no additional pebbles can be placed on the graph. Since the pebbling number
is one more than the maximum number of pebbles that can be placed on the graph such that a
pebble could not be moved to every vertex in the graph, the pebbling number is @ + 1. Therefore,
f(Con - Pp) =271 o

PROPOSITION 2

Let n,m € Z > 1. Then, f(Cang1 - Bm) = 227tm 427 — 1.

Proof.

Let G = Cant1 - Pm.

V(G) = {V(Cin41)} U{V(Prn)} = {vo,v1,v2,.. ., %40} U {¥0,Vp, s Vpas - -, Vppu_ 1 Vpm |-
E(G) = {E(Can+1)} U{E(Pn)} = {vov1, v102, ..., Vanvo } U {v0Vp, , Vp, Vpy, - - -, Up,._, Up,. }-
diam(G) = d(van, vp,,) = 2n + m.

WLOG, we will designate v, our target vertex.

Since diam(G) = 2n + m, x = 2?2"+™ — 1 is the maximum number of pebbles that can be placed
at van such that a pebble could not be moved to v,,,. Suppose z pebbles are placed at vo,. Let
the path P4 = {vonvan—_i...01%...Vp,_,Vp, } and let the path Pg = {v3n¥an41...vanvo}. Since
l(P4) = diam(G), if a pebble were placed on a vertex in P4, then it would be possible, with the 2
pebbles at v, to move a pebble to v,, . Thus, no additional pebbles can be placed in P4 nor do
we want any pebbles moved to P4 by placing pebbles on any vertex in Pg. Suppose some of the z
pebbles at vo, were used to move 1 pebble to each of the vertices in P, (except v,,,), then 227 — 1
pebbles would remain at ve,. Since I{(Pg) > diam(Can+1), pebbles can be placed in the “middle” of
Pg such that a pebble can not be moved to ve, and, with the remianing pebbles from vs,, not be
able to move a (second) pebble to vg. Since vz, is n vertices from va, and van4 is n vertices from
vg, ¥y pebbles can be placed at vz, and z pebbles can be placed at vz, such that:

() y+i<2n and (2) +L2;——l+z<2"



Since y and z are integers,

B wy+i<2-} and (4 “E24zg20-4
Solving for y + z,

(6) y+zg2r—3 implies 6) y+z=|2"-%]=2"-1.

Since the pebbling number is one more than the maximum number of pebbles that can be placed on
the graph such that a pebble could not be moved to every vertex in the graph, the pebbling number
is 4+ y + z + 1. Therefore, f(Canq1 - Pn) = 22"t 420 — 1. 0

PROPOSITION 3

Let n,m € Z > 1. Then, f(Canys - Pn) = 220+m+1 127

Proof.

Let G = C4n43 - Pm.

V(G) = {V(Can+3)} U{V(Pn)} = {vo,v1,v2, ..., vans2} U {v0, Upy, Vpsy - - -, Vp s Vpom }-
E(G) = {E(Cin+3)} U{E(Pm)} = {vov1,v1¥2, .. ., Van42v0} U {VoUp, , Up, Vpay -+ -, Upra_1 Vpom }-
diam(G) = d(van+1,vp, ) =2n+m+ 1.

WLOG, we will designate v, , our target vertex.

Since diam(G) = 2n+m+1, z = 227+™+1 1 is the maximum number of pebbles that can be placed
at van41 such that a pebble could not be moved to v,,,. Suppose x pebbles are placed at vap4.
Let the path P4 = {v2n41v20 ... 010 ... Vp,,_, Up,. } and let the path Pp = {vant+1¥2n42. .. Vanyavo}-
Since I(P,4) = diam(G), if a pebble were placed on a vertex in P4, then it would be possible, with
the z pebbles at van., to move a pebble to v,_,. Thus, no additional pebbles can be placed in P,
nor do we want any pebbles moved to P4 by placing pebbles on any vertex in Pg. Suppose some of
the z pebbles at va,4; were used to move 1 pebble to each of the vertices in Py, (except v,,,), then
227+1 _ 1 pebbles would remain at van4;. Since I(Pg) > diam(Cyny3), pebbles can be placed in
the “middle” of Pp such that a pebble can not be moved to vs, 41 and, with the remianing pebbles
from va,41, not be able to move a (second) pebble to vg. Since vgn42 is n+ 1 vertices from both
v2n41 and vg, y pebbles can be placed at v3,42 such that:

(1) wyggid and (2) y+2"-1< 27t
Since Vn, y + 2" — 1 > y, we will solve for y from equation (2):
(3) y<2"+1 implies 4) y=2"

Since the pebbling number is one more than the maximum number of pebbles that can be placed on
the graph such that a pebble could not be moved to every vertex in the graph, the pebbling number
is  +y + 1. Therefore, f(Cyngs - Pm) = 220FTm+1 4 27, o

DEFINITION 7(In progress)

A simple, connected graph, G, is called a sun if it contains exactly one cycle, Ci, and R distinct
vertices not in Cy such that each v, € R is connected to exactly one v; € Cix. A sun is denoted

Ci - R\", where i € I iff {viv,} € E(G) and (d) = maz{d(ia,is)} Via,is € I.



LEMMA 7
Suppose n > 2 and R > 2 are integers. If d = n and Vi € . then f(Can - B\V) = 2°+2 + R~ 2.
Proof.

Let n > 2 and R > 2 be integers. Let G = Csy, - R(,d’ and let d = n. Then V(G) = {V(C2,)} U
(V(R)} = {v0,v1,2, ..., 0201} U{vj, 05,00 : 1 < j < R =2}, B(G) = {E(C2n)} U{E(R{*)} =
{vovi, viva, ..., van—1v0} U {vivj, vavs,v0v: : v € V(Can)}. and diam(G) = d(vs,v:) = n + 2.
WLOG, we will designate v; our target vertex. Since diam(G) = n+2, z = 2"*2 — 1 is the
maximum number of pebbles that can be placed at v, such that a pebble could not be moved to
v;. Suppose z pebbles are placed at v,. Let the path Py = {.tqva-1...v1v9v:} and let the path
Pg = {v;03Vn41 - - - v2n_1vo0: }. Since [(P4) = [(Pg) = diam((), if a pebble were placed on a vertex
in either P4 or Pg, then it would be possible with the » pebbles at v,, to move a pebble to v, via
the path in which the pebble was placed. Thus, no additional pebbles can be placed in either P4 or
Pp nor do we want a pebble moved to any vertex in either P4 or Pg from placing pebbles at any
v;j. Hence, only one pebble can be placed at each v;. Since there can be at most (R — 2) v;’s in G,

the pebbling number is  + R — 2 + 1. Therefore, f(Ca, - R\¥) = 2"+2 4+ R— 2. o

PROPOSITION 4
Suppose n > 1 is an integer. Suppose G = Cis, - Rgd) .
(8) ifd=2nand Vi€ I, then f(G) =2*2+ R~ 2.
(i) ifd=2n—1(n>2)and3n—1,3n¢€ I, then f(G) =22+ 4 | X2)=21 L p_ o
(55) fd=2n—-1(n>2)and3n—1€1,3n¢ I, then f(G) =22+ L 7+l L R 3,
(iv) ifd=2n—-1(n>2)and3n—1¢ 1, 3n€ I, then f(G) =2?"+1 4 3(2"")+ R-2,
(v) ifd=2n—1(n>2)and3n—1,3n¢I, then f(G) =22+ 4|10l L p_o
(vi) ifd<2n—2andVi€l, then f(G) =2"*' + R— 1.

Proof. (In progress.)
In all cases, let n > 1 be an integer énd let G = Cyp - R(,d).
Let d = 2n. Then, by LEMMA ?, f(G) =22+ R—-2Vie ]

In each of Case (#¢) through Case (v), we willlet d = 2n—1 (n > 2). WLOG, we will designate v; our
target vertex. Then, in each case, diam(G) = d(van, v:) = d(vs, v:) = 2n+1. Since diam(G) = 2n+1,
z = 227+1 _ 1 pebbles can be placed at either vz, or v, such that a pebble could not be moved to
v;. Suppose z pebbles were placed at vy,. Let the path P4 = {vanvan—1...v1v0v:} and let the path
Pp = {v2nv¥2n41...Van—190%: }. Since {(P4) = I(Pp) = diam(G), we can use the same argument as
in LEMMA ? and conclude that 22**! + R — 1 (Vi € I) would be a sufficient number of pebbles in
this configuration. However, in each case, placing ¢ pebbles at v, provides a worse configuration.

Case (i1)



Let 3n~ 1, 3n € I. Suppose we placed z pebbles at v,. Let the path P4 = {v,v2n_1v2n-2...v;1v00,}
and let the path Pp = {vsv2n-1v2n ... van—1v0%:}. Since {(P4) = diam(G), if a pebble were placed
on a vertex in P4, then it would be possible with the 2 pebbles at v,, to move a pebble to v,. Thus,
no additional pebbles can be placed in P4 nor do we want a pebble moved to any vertex in P, from
placing pebbles in Pg.

PROPOSITION 5

F(Cansr - B
=2+ 4 mH t R—4ifd=2nfor 3n,3n+1€ 1,
=242 Lontl L R_5ifd=2nfor3nel, In+1¢l,
=2:+2 4 m L R-3ifd=2nfor3n¢ I, 3n+1€1,
=2t2  R—2ifd=2nfor 3n,3n+1¢ I,
=2l Lontl p_3ifd=n+1fornel,
=2+t pontl R difd=n+1forngl,
=2t 4"+ R-2ifd=nViel
=221 L R—1ifd#2n,n+1,nfor3n,3n+1¢I.

Proof. (In progress.)

PROPOSITION 6

f(Cany2 - R({fi)
=273t R_2ifd=2n+1Vie {i},
=2+2 L 3(") + R—2ifd = 2ﬁ for 3n +1 € {3},
=2+ L 3(2» Y+ R—2ifd=2nfor 3n+1 ¢ {3},
=92 L R-1ifd#2n+1,n+1Vie {5}

Proof. (In progress.)

PROPOSITION 7

f(Canys - R({?g)



=22n+3+2n+1+R—2ifd=2n+1for3n+2€{i},
=243 L 9n 4 R_2ifd=2n+1for 3n+2 ¢ {i},
=222 L vt L R Lifd = n+1Vi€ {i},
=M+ oM L R-1ifd#2n+1,n+1Vie {i}.

Proof.(In progress.)

PROPOSITION 8
Of(Cs X C;-,) — 8
Proof. (In progress.)

ProrosITION 9
Suppose n > 3 is an integer. If 7 = 1, then of(Ck) = of (C - 1 P1) = [ %] = | 2882 ].

Proof. (In progress.)

ProrPoOSITION 10
Suppose n > 1 is an integer. If k =3n + 2, r; = 2, and Vd, then of (Ck - 1 P {d,I}) = 2n + 2.

Proof. (In progress.)

PRroPosITION 11

Suppose n > 0 is an integer. If k =3n+ 3, r; = 2, and
if 3| k, then of (Cx -7 P1{d, I}) =2n + 2,
if 3t k, then of (Cx - v P {d,I}) =2n + 3.

Proof. (In progress.)

PROPOSITION 12

Suppose n > 0 is an integer. If k =3n+4, r; =2, and
if 3| k, then of (Cy - i P{d,I}) =2n+3,
if 31k, then of (Cy - 11 P1{d,I}) =2n+4.

Proof. (In progress.)



